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Abstract. Given two m-sectorial operators in a reflexive Banach space X, a
sufficient condition is presented for the family {T'+kA; x € ¥} to be holomor-
phic of type (A), where X is a closed convex region in the k-plane such that 9%
is the left branch of a hyperbola. The abstract formulation is almost identical
with Kato’s when X is a Hilbert space. However, 0 is typically reduced to a
parabola when X is a Hilbert space. The m-sectoriality is a generalized notion
of the nonnegative selfadjointness so that Schrédinger operators with singular
potentials in the LP-spaces (1 < p < oo) are typical examples of the abstract
theory. In this connection a detailed analysis is given in the case of —A+x|z| 2.
This application is an LP-generalization of Kato’s.
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§1. Introduction

This paper is concerned with holomorphic families of the Schrodinger operator
~A+kV(z)in LP = LP(RV), 1 < p < 0o, N € N. Here V() is a nonnegative
potential with singularity at the origin or at infinity, and x is a complex
parameter running outside a closed convex region ¥ in the k-plane. Namely,
we ask when {—A 4+ kV(z); k € X}, ¥¢:= C\ %, forms a family of closed
linear operators with constant domain in LP. A solution of this problem with
p = 2 had already been given by Kato[9] using the abstract theory in the
Hilbert space setting. For example, put

So = {6 +in € C;n? < 4(o(2) — )} = {+1in € C; £ < Bo(2) — n?/4},
*Partially supported by Grant-in-Aid for Scientific Research (C), No. 20540190.
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where

2
(1.1) Bo2) =1 =2 IN=4IN oy
4 4

Then Kato proved that, in his terms, {—A + k|z|~2; k € £§} forms a holo-
morphic family of type (A) in L?. His result means that this family consists
of closed operators with constant domain in L2. Later, Borisov-Okazawa [3]
proved that {d/dx + k2~ 1; k € X{} forms a holomorphic family of type (A)
in LP(0,00) (1 < p < 00), where

1 1 1
Elzz{ﬁEC;Reng——/} (74——/:1).
p p D
Recently, Tamura [21] proved that {A%+x|z|~%; k € 2§} forms a holomorphic
family of type (A) in L?, where

Syi={6+ineC;n* < f(§), £ <112-3(N —2)%}

however, f is too complicated to be stated here.

In this connection we note that the practical use of the holomorphic families
of type (A) and other types is exemplified in Kato [8].

Let T and A be two linear m-accretive operators in a Hilbert space H; the
domain and range of T" are denoted by D(T) and R(T'), respectively. Then
Kato gave two abstract theorems [9, Theorems 2.1 and 2.2] on holomorphic
families of the form {T'+xA; k € ¥ °}. For a general definition of holomorphic
families of type (A) see Definition 1 in Section 2. It seems from the viewpoint of
operator semigroups that [9, Theorem 2.1] deals with generators of “general”
contraction semigroups on H, while [9, Theorem 2.2] deals with generators of
“analytic” contraction semigroups. In [9, Theorem 2.1] he assumes that A~!
exists (but not necessarily bounded) and there is a constant a € R such that

(1.2) limsup  Re((A+¢) o, T*) > —a|v||*> Vv e D(T),
(|E|71}§{?EOZ5>O)

where T™* is the adjoint of T' (and § may depend on v). Under these conditions
he proves among others that {T'+ xkA; Rex > a} forms a holomorphic family
of type (A), that is, a typical case of ¥ is the left half-plane:

(1.3) Yace = {k € C; Rek < a}.

In this case the family maintains the m-accretivity for only real £ > a4 :=
max{a,0}. Kato remarks that if A~! is bounded, then (1.2) is equivalent to

(1.4) Re (A, T*v) > —aljv]|? Vv e D(T*)
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which is identical with the condition introduced by Sohr[19] and [20]. For

an interesting characterization of condition (1.4) with a = 0 is presented by

Miyajima [10]. In his proof the notion of Yosida approximation is employed.
Now let {A.; e > 0} be the family of Yosida approximation of A:

Aci=A(l+eA) =1 -(1+eA)7Y, e>0.

Then the second author of the present paper introduced the following condition
for T+ A (or its closure) to be m-accretive in H: there are constants a < 1
and b, ¢ > 0 such that

(1.5) Re (Tu, Acu) > —al|Acul|* — bl|Acul| - Jul| — c|lul|* Y u e D(T)

(see [12, Theorem 4.2 and Corollary 5.5]). As stated in [3, Introduction],
we can show that (1.5) is also a generalization of (1.4). It should be noted
further that A need not be invertible in condition (1.5). Inequalities of the
form (1.5) makes sense even in a (reflexive) Banach space X if we replace the
inner product (Tu, Acu) with the semi-inner product (Tu, F/(A.u)):

(1.6) Re (Tu, F(Acu)) > —ay||Azul® = bi[| Acul - [Jull = e1fful]?

for all w € D(T), where F' is the duality map on X to its adjoint X*, that
is, (f,g) denotes the pairing between f € X and g € X*. By virtue of
(1.6) we could generalize [9, Theorem 2.1] from the Hilbert space case to
the (reflexive) Banach space case (see [3, Theorems 2.2 and 2.4]). As an
application we considered the first order singular differential operator d/dz +
kz !l in LP(0,00), 1 < p < oo. However, a detailed analysis of the second
order singular differential operator such as d?/dz? + k2 ~2 in LP(0,00) has
been left open over ten years.

In order to generalize [9, Theorem 2.2] let 7" and A be two linear m-sectorial
operators in a (reflexive) Banach space X (in applications in [9, Section 7] Kato
assumed in addition that T and A are also selfadjoint in L?). As introduced by
Goldstein [4, Definition 1.5.8] (see also Ouhabaz [17, p.97]), a linear operator
T in X is said to be sectorial of type S(tan@) if (Tw, F'(u)) € S(tan#) for
u € D(T), where S(tan#) is the sector defined by

[0, 00) (0 =0),
(1.7) S(tan6) := {z€C; Imz| < (tanf)Rez} (0<6b< g),
{z € C; Rez > 0} (9:§>;

additionally, an accretive operator is sectorial of type S(tanm/2) and a sec-
torial operator T is m-sectorial if R(1 + T) = X. It should be noted that
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sectoriality (or more precisely, sectorial-valuedness) was first introduced in a
Hilbert space (see Kato [7, Section V.3.10]) as an extension of the notion of
nonnegative selfadjointness. In fact, a linear operator T is the generator of
an analytic contraction semigroup on X if and only if —7T is an m-sectorial
operator in (reflexive) X (see [4, Theorem 1.5.9 and Proposition 1.3.9]).

Given two linear m-sectorial operators T and A, we introduce, in addition
o (1.6), the bound on Im (Tu, F(Acu)):

(1.8) |Im (Tu,F(Agu))\2
<di{Re(Tu, F(Aw)) + ar||Acul|® + by || Acul| - [|u]| + er[|ull*}
x {dsRe (T, F(Acu)) + aall Acull? + bol Acuu] - Jul + callul}

for w € D(T), with a1da < as. Letting € | 0 in (1.8) with w € D(T") N D(A),
we have

|Im (T, F(Au))|?
< di{Re(Tu, F(Au)) + a1 || Au® + bi[| Au] - [|u]| + e1]|ul*}
x {daRe (T, F(Au)) + as|| Aul|* + bo|| Aul| - [ul| + e2]|u]?}.

The closedness and m-accretivity of 7'+ kA for a fixed & is equivalent to that
of t(T+kA) = (tT)+~k(tA) for every t > 0. Therefore the essential parameters
in (1.6) and (1.8), with A, replaced with A, seems to be a; and d; (j = 1,
2). In fact, (1.6) and (1.8) yield the “hyperbolic” region (bounded by the left
branch of a hyperbola) in terms of a; and d; (j =1, 2):

(1.9) Ysee = {z +1iy € C; y2 <dj(x —ay)(dex —az), —co<x<aj}

such that {T' + kA; k = v + iy € £&,} forms a holomorphic family of type
(A) (see Theorems 3.1 and 3.3 below); note that .. C X5, (if a1 = a) as a
consequence of the difference between accretivity and sectoriality.

Here we want to explain that our result (Theorems 3.1 and 3.3) below is
regarded as a generalization of [9, Theorem 2.2] to the (reflexive) Banach space
case. To this end we give a brief description of two examples of ¥4, given by
(1.9). Let T := —A be the minus Laplacian in L? = LP(RY), with domain
D(T) := W2%P(R¥). Then it is well-known recently that T' is m-sectorial of
type S(cp) in LP:

[Tm (—Au, F(u))| < cyRe (=Au, F(u)) YV u e WHP(RY),

where the best constant ¢, := |p —2|/(2y/p — 1) was found by Henry [6, p. 32]
(see also Okazawa [14] and Voigt [23]). Next, let A := |z|~2 be the maxi-
mal multiplication operator in LP. Then —A + k|z|~2 is an example of the
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Schrodinger operator in LP for which the hyperbolic region is given by

. —2/?
%={$+W€QyKQ$—%@D’Z_1x—@,—m<x<%@&,
with
az p—l

a1 = Po(p) < d maz

(for the details see Theorem 5.1 below). Letting p — 2, we see that ag — 4
and the “hyperbolic” region ¥, is reduced to the “parabolic” region (bounded
by a parabola)

(1.10) Yo = {z+iy € C; y? < 4(Bo(2) — ), —oo <z < Bp(2)}

as described in [9, Theorem 7.1 and Example 7.4 (a)] (for the constant £y(2)
see (1.1)); note that

2 p-1 — 000 (p—2)

—=——>a 00

dQ |p —9 |2 2 p )
while a; = fy(p) remains bounded. This explains the restriction a1dy < as
in (1.8). In this connection, if N > 5 then —f5p(2) = (N — 4)N/4 > 0 is
well-known as the constant in the Rellich inequality

D el 2] < [-Apullze, v € BHRY) € Dlja] )

(for a simple proof see, e.g., [16, Lemma 3.2]).

In the next example the potential is of harmonic oscillator type: T+ kA =
—A + k|z|%2. In this case, computing for V(z) + a = |z|*> + « instead of
V(z) = |z|? itself, we have the “hyperbolic” region ¥, (a) (depending on o > 0)
defined by the following inequalities:

2 2

—1 p—2 p
e ) (2
e\t T P

where p(a) := 16/(27a?). Letting @ — oo, we obtain the sector on the left
half-plane:

p(@)), —o0 <z < P2 p(0),

_plp—2]

2p<oo) = {x+iy e G |y’ < m

r, —co< < 0}.

This is a special case of Examplel in Section 4. In this limiting process it
should be noted that the closedness of —A + kV (z) is equivalent to that of
—A+ k[V(z) + o], while the maximality R(1 — A+ kV (z)) = LP is equivalent
to R(1 — A+ k[V(z) + a]) = LP if Rex > 0. Thus we see that if p — 2 then
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the sector 3, (oc0) degenerates into the ray ¥o(co) = (—o00,0], as described in
[9, Section 7, Remark (b)].

Actually, X9 given by (1.10) and Y2(c0) are typical examples of the closed
convex subset S which was employed by Kato in the second abstract theorem
[9, Theorem 2.2]. That is, our result forms a generalization of Kato’s to the
(reflexive) Banach space case.

This paper is divided into six sections. Section 2 is concerned with the
holomorphic family of type (A) of closed linear operators in a Banach space. In
Section 3 we prepare an abstract result (Theorems 3.1 and 3.3) for holomorphic
family of linear m-sectorial operators in a reflexive Banach space, satisfying
(1.6) and (1.8). We consider in Section 4 the general Schrédinger operator
—A + kV(z) in LP. Detailed analysis of the inverse square potential case is
carried out in Section 5. The final Section 6 is concerned with the parabolic
Cauchy problem for the Schrédinger operator with inverse square potential.

§2. Preliminaries

Let T and A be two closed linear operators from a Banach space X to another
Y. Then we consider the operator

(2.1) T + kA with domain Dg:= D(T)N D(A),

where k is a complex parameter and Dy is assumed to be non-trivial. We
want to ask if 7'+ kA forms a holomorphic family of type (A) on a non-empty
complex region in the sense of Kato. To this end let us recall the general
definition of holomorphic family of type (A).

Definition 1 ([7, Section VIIL.2]). Let Gy be a domain in C. Then a family
{T'(k); k € Go} of linear operators (from X to Y) is said to be holomorphic

of type (A) if
(i) T'(k) is closed for every k € Gg, with D(T'(k)) = Dy independent of  ;
(ii) T'(k)u is holomorphic with respect to k € Gy for every u € Dy.

In particular, if T'(x) is a linear function of k as in (2.1) then only (i) is

required. In this case kK = 0 may be an exceptional point; in fact, D(T)
D(T'(0)) may differ from D(T') N D(A) = D(T'(k)) with  # 0.

Now we introduce the duality map F on X to X*, the adjoint of X:
(2.2) F(v):=={f e X" (v,f) =lv|*=fI"} VveX.

Then we have the homogeneity of F: F(rv) = rF(v), r > 0, and an answer to
the above-mentioned question is given in terms of (Tu, f), f € F(Au).
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Proposition 2.1. Let T and A be closed linear operators from X toY. As-
sume that for every u € Dy there is f € F(Au) such that

(2.3)  Re(Tu, f)> —ar|Aul® — bi|| Au| - u] — e1llu]?,
(2.4) |Im(Tu, f)|* <di{Re (T, ) + a1||Au||® + by | Au| - [Jul| + c1]|ul*}
x {dsRe (T, f) + azl| Au||® + bo||Au| - [[ul| + c2]|ull*},

where aj € R, bj, ¢j, dj > 0 are constants (j = 1,2), with arda < ap. Let 3
be the closed convex subset of C given by

(2.5) Y :={z+iy €C y? < di(z — a1)(dax — az), —o00 <z < ay}.

Then
(i) T+ kA is closed for k € £.¢. In particular, if bj =¢; =0 (j = 1,2), then
(2.6) | Au|| < dist(r, X)7H(T + kA)ul|, u € Dy.

(ii) {T + kA; k € ¥ Kk # 0} forms a holomorphic family of type (A); k =0
s an exceptional point even if a1 < 0.

In the next lemma we prove an inequality which yields the (7" 4+ xA)-
boundedness of A (and hence of T').

Lemma 2.2. Let T, A be closed operators from X to'Y satisfying (2.3) and
(2.4). Define the following four functions of 6 with |0| < w/2 :

1 1
(27)  8(0) =1+ 7 drds tan?0 +itand, a(f) :=a; + 102 tan? 6,

(2.8) ﬁ(@) = b1 + i bo dyq tan? 0, 7(9) =c1 + % co dy tan? 6.

Then, the following assertions hold.

(i) Let 0 be an arbitrary angle with |0] < 7/2 and put 6 = §(0), o = «(0),
B = B(0) and v = ~(0) for simplicity. Then for every u € Dqy there is
f € F(Au) such that

2.9) Re (Tu,8f) > —af Aul* — Bl Aul - [[ull — ¥]Ju]/*.

(2.

(ii) If & is a complex number with Re {6(9) k} > a(8) for some 6 with || < 7/2
(& k€ X°), then A is (T + kA)-bounded: for u € Dy,
(

2.10) lAull < 18] (Re {d 5} — o) (T + wA)u]

+|8Re 3k} — a)™ + /7 (Re (3} — )| Jull,



192 Y. MAEDA AND N. OKAZAWA

and hence T is also (T + kA)-bounded: for u € Dy,
(211)  ||Tull <[+ x| [8] (Re {3 £} — a) (T + wA)ul

+ k|| B (Re{dr} —a)™" + \/V(Re {0k} =)~ {|lull.

Proof. Fix 6 with |0| < w/2. Then it follows from (2.4) that

Re (Tu,e'? f) — (cos O)Re (Tu, f) = (sin 0)Im (Tu, f)

—dy"?|sin 0{Re (T, f) + a| Aul]® + by || Aul| - ] + e fu]*} /2
x {daRe (Tu, f) + as|| Au|[* + ba|| Aul| - [l + cal|u]*}'/?

= —2(cos§)"/*{Re (T, f) + a1 || Aul® + b1 | Au]| - [[ul| + e1|Ju]*}'/?

d}/2| sin 0|
2(cos 6)1/2

v

{doRe (Tu, f) + az|| Aul|? + bal| Aul| - ul + ez lul*}72.

Applying the inequality 2ab < a? + b%, we have

Re (Tu, e’ f) > — (Sing)Zdlnge (Tu, f) — a(cos 8)|| Aul|?
’ ~  4cosf ’

— B(cos 0) || Aul| - [[ull — (cos 0) [lul|*.

Thus we obtain (2.9) with «, 8 and y given by (2.7) and (2.8).

Now let k be a complex number with Re {§(f) x} > «(0) for some 6 with
10| < 7/2. Then it follows from (2.9) that

Re (T + kA)u, 6 f) =Re (Tu, 6 f) + Re {0 x}|| Aul|?
> (Re {0} — a)l|Aul® = B Aul - fJull = Jul®

and hence
(Re {0k} — )| Aul]® < (16] - (T + cA)ull + 8 |ull) || Aul| +  |ul/?

which implies (2.10) and (2.11). (We shall prove the equivalence x € ¥¢ <

Re{d(0) k} > «a(f) for some O with |#| < 7/2 in the proof of Proposition
2.1.) O

Proof of Proposition 2.1. Obviously, (2.10) and (2.11) imply that if & is a
complex number with Re {§(0) k} > «(0), then T+ kA is closed in X. Thus
it remains to prove the equivalence:

(2.12) ke X’ < Re{d(0)k} > a(f) for some 6 with |0 < /2.

First we have to determine the shape of X or its boundary 0%.. The key lies
in the equation Re{dx} = a. In fact, we see from (2.7) that the equation
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depends on the parameter tan6 (|0| < 7/2). Thus we have a one-parameter
family of lines on the (z,y)-plane:

(2.13) Re{6k} —a=Re{d(z+iy)} —a
. 1 2 1 2 _
= (1 + ZdldQ tan 0):5 + (tan )y (a1 + Zazdl tan 0) =0.
Setting A := tanf € R, these lines are rewritten as
— 1 2 _ 1 2 _
(2.14) F(z,y,\) = (1 + didz) >:c+)\y (al + aadi\ ) = 0.

Now it is easy to understand that 0% is nothing but the envelope E of the
family (2.14). In fact, E is determined as

E={r+iy € C; F(z,y,\) = 0= F\(z,y,\)},

where F)(x,y,A\) = (1/2)did2Az + y — (1/2)azdi A. By a simple computation
we obtain

0¥ = {z +iy € C; y* = di(x — a1)(dox — ag), —oo <z <ay}

as required. Incidentally, for a fixed A, (2.14) is a tangential line of 0% at
(0, yo) with
T — a) — (1/4)a2d1)\2 _ (1/2)(&2 — aldg)dl)\
CT A T/ didan2 T T (1) didaN?

In particular, we have (xg,yo) = (a1,0) when A = 0. Therefore we can conclude
that T+ kA is closed for k € ¥¢ so that {T + kA; k € ¥k # 0} forms a
holomorphic family of type (A).

Finally, we show that if b; = ¢; = 0 (j = 1,2), then (2.10) is simplified as
(2.6). Given k € X ¢, we can find a supporting line ¢ to ¥ such that

(2.15) dist(k, X) = dist(k, £),

where ¢ is one of the lines in the family (2.13). Therefore it suffices to remind
of the well-known formula

(2.16) dist(k, £) = |6| Y (Re {0 K} — ).
It then follows from (2.10), (2.15) and (2.16) that
| Au|| < dist(x, )" H[(T + kA)ul|, u € Dy;

note that 5 = 0 = v is a consequence of b; = 0 = ¢; (j = 1,2). This completes
the proof of Proposition 2.1. O
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Remark 1. In the perturbation theory of (unbounded) linear operators the
relative boundedness is a very popular condition (see [7, Section IV.1.1]). Now
suppose that A is T-bounded:

[Au]l < aollull + bol Tull, we D(T) C D(A).
Then for every g € F(Au) we have
(2.17) Re (Tu, ) > —||Tul| - [|Aul| > =bo[| Tu* — ao||Tull - ||ull.

This is obviously different from (2.3). We note that (2.17) is used by Borisov [2]
when X is a Hilbert space.

83. Holomorphic families of linear m-sectorial operators

Let F' be the duality map on a Banach space X to its adjoint X™* (see (2.2)).
Then we begin with the definition of a sectorial operator in X.

Definition 2. A linear operator T"in X is said to be sectorial of type S(tan 6r)
if there is 67 € [0, 7/2] such that for all w € D(T") thereis a f € F'(u) satisfying

(3.1) (Tu, f) € S(tanOr),

where S(tanfr) is the sector defined as (1.7) with § = 7. In other words,
a linear operator T in X is sectorial of type S(tanfr) if e'T is accretive for
every 6 with || < w/2 — Op. In particular, T is m-sectorial in X if T is
sectorial of type S(tanfr) and R(1+7T) = X.

We say that an operator 7' in X is simply sectorial if T' is sectorial of type
S(tan @) for some 6 € [0,7/2].

Let T be m-sectorial in a reflexive space X. Then, since €*?T is m-accretive,
we have

Re (e''Tu, f) >0 VY feF(u), Yue D(T), |0 <n/2—0r

(see Pazy [18, Theorem 1.4.6] and Tanabe[22, Theorem 2.1.5]). Therefore
we obtain (3.1) for all f € F(u) and v € D(T). Thus we see that as for m-
sectorial operators in a reflexive space Definition 2 coincides with that given by
Goldstein [4, Definition 1.5.8]. Consequently, if 7" and A are two m-sectorial
operators in a reflexive space, then T + A is also sectorial.

Now let T and A be linear m-sectorial operators in a reflexive Banach
space X. In this section we consider the m-sectoriality of T'+ kA with domain
Dy = D(T) N D(A). Our basic assumption (A1) is stated in terms of the
Yosida approximation {A.} of A:
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(A1) For every uw € D(T) and € > 0 there is f, € F(A.u) such that
(3.2) Re (Tu, f2) > —an || Acul® = by || Acul| - [Jul| — e [lul?,
(3.3) [ (Tw, f2)?
< di{Re (Tu, fo) + arl| A + b1 || Azul| - [[ul| + e ]|ul*}
x {daRe (T, f2) + as|| Acul|* + ba|| Acul| - [|ul| + e2lul*},
where a; € R, bj, ¢j, d; > 0 (j = 1,2) are constants, with ai1day < as.
Then we have the first half of the main theorem in this section.

Theorem 3.1. Let T and A be linear m-sectorial operators in a reflexive
Banach space X . Assume that condition (A1) is satisfied. Let 3 be the closed
convex subset of C given by

(3.4) Y ={z+iy eC; y? < di(z — a1)(dox — az), —oo <z < ay}.

Then the following assertions hold:
(i) Let a; > 0. Then T + kA is closed for k € ¢ and hence {T +kA; k € ¥}
forms a holomorphic family of type (A). In particular, ifbj =c¢; =0 (j = 1,2),
then for u € Dy,

| Aul| < dist(k, 2) 7 |(T + kA)ul|.

(ii) Let a1 < 0. Then 0 € X¢ and A is T-bounded with T-bound less than or
equal to (—ay)~! = dist(0,X)71 : for u € Dy = D(T),

(3.5) | Au]| < (=a1) " Tull + [br(=a1) ™" + Ver(—an) " [lull.
Consequently, {T + kA; k € X} forms a holomorphic family of type (A).

Proof. First we note that the constants in (3.2) and (3.3) are identical to those
in (2.3) and (2.4).

(i) In the same way as in the proof of Lemma 2.2 we can obtain

(3.6) Re (Tu,6f:) > —allAzul]® = Bl Azul - [[ull = yllul]?,

where o, 3, v and 0 are the same as in (2.9). Hence we can obtain (2.10)
and (2.11) with A replaced with A.. Since A.u — Au for u € Dy, we have
(2.10) and (2.11) themselves. Therefore it follows from Proposition2.1 that
{T + kA; k € ¥¢} forms a holomorphic family of type (A).

(ii) Since —a; > 0, it follows from (3.2) that
(—an) | Azull® < (| Tull + bal|ull) | Acull + e1|ull?,
which implies
[Acull < (=a)7H|Tull + [br(=a1) ™" + VVer(—a) " ull, we D(T).
Therefore we conclude that v € D(A) and Acu — Aw as € | 0, with (3.5). O
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Remark 2. The m-sectoriality of T and A was not used in the proof of

Theorem 3.1. However, the notion is essential in applications in Sections 4
and 5.

Lemma 3.2. Assume that (A1) above and (A2) below are satisfied:
(A2) Letv € X and e > 0. Then Im (A.v,g) =0 for every g € F(v), and

(v,9:) > 0 sothat Im(v,g:) =0 Vg. € F(A.v).
Then (3.2) and (3.3) hold, with T replaced with T + X (A > 0).
In fact, we have Re (Tu, f:) < Re (T + MNu, fc) for f. € F(A:u).

Here we note that condition (A2) means that A is symmetric and nonneg-
ative if X is a Hilbert space.

Theorem 3.3. Let T be a linear m-sectorial operator of type S(tanfr) in
a reflexive Banach space X and let A be a linear m-sectorial operator in X.
Assume that conditions (A1) and (A2) are satisfied. Let ¥ be the region as
in (3.4). Then in addition to (i), (ii) in Theorem 3.1 one has

(iii) T+ kA is m-accretive in X for k € ¢ with Rex > 0.

(iv) T+ kA is m-sectorial of type S(tan@) in X for 0 € [0p,7/2) and k € X°¢
with |arg k| < 6.

Assume further that bj = c¢; =0 (j = 1,2) in (A1). Then one has
(v) R_ := (—00,0) belongs to the resolvent set of T + KA for k € X°.

(vi) In particular, if there exists a constant -y > 0 such that

(3.7) Re (Tu, f) > v(Acu, f), we D(T), f € F(u),

then T + kA is m-accretive in X for k € ¢ with Rex > —7v.
To prove Theorem 3.3 we need the following

Lemma 3.4. Let A be a linear m-accretive operator in a reflerive Banach
space X.

(i) Let {u:} be a family in D(A) such that ue = u € X (¢ 1 0). If ||Auc|| are
bounded as € tends to 0, then u € D(A) and Au. — Au (¢ ] 0).

(ii) Let {ve} be a family in X such that v — u € X (e | 0). If ||Acve|| are
bounded as € tends to 0, then u € D(A) and Acve — Au (¢ 1 0).

Note that (ii) is reduced to (i) in Lemma 3.4. In fact, put u. := (1+eA4) v..
Then Au. = A.v. is bounded and u. = v. —eA.v. — u (¢ ] 0).
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Proof of Theorem3.3. (iii) Since (A.u, f) is real-valued (see (A2)), we have
Re ((T + kAc)u, f) =Re (Tu, f) + (Acu, f)Rer, we D(T), fe€ F(u).

Therefore T+ kKA. (and hence T + kA) is accretive in X if k € ¥¢ with
Rex > 0. To prove the assertion it remains to show that

R(14+T+krkA)=X fork € X withRex > 0.

Let k € X¢ with Rex > 0. Since kKA. is bounded and accretive in X, T + kA.
is m-accretive in X, that is, for every v € X and & > 0 there is u. € D(T)
such that

Ue + Tue + kA ue = v,

with ||us|| < [|v]|. Thus we see from (2.10), (2.15) and (2.16) that

JAcue| < [(2+ B18]) dist (s, %) 71 + v/10] T dist(s, )1l

where ¢ is given by (2.7). This implies that v € R(1 + T + kA) (cf. [11,
Proposition 2.2]; see [4, Exercises 1.6.12 (7)]).

(iv) Let 6 be an angle with 07 < 6 < 7/2 and k € C with |argx| < 6. Here
we may assume that x # 0. Then condition (A2) yields that for every u € Dy
and f € F(u),

Im (7' + £A)u, f)| < [Im (T, )] + (Au, f) Im x|

|Im k|
< (tanfp)Re (Tu, f) + mRe (kAu, f)

= (tanfr)Re (Tu, f) + |tan(arg /i)‘Re (kAu, f)

< (tan@)Re (T + kA)u, f).
Since T+ kA is m-accretive (see (iii) above), we see that T'+ kA is m-sectorial
of type S(tan#) in X.

(v) Let k € ¢ Then Re{d(0) s} > «a(f) for some 0 with |0] < 7/2 (see
(2.12)), where 6 = §(f) and a = «(f) are given by (2.7). Next let

t > at = ag(f) == max{a, 0}.

Then we see that t/6 € ¢ with Re {¢/d} > 0 and hence (T + (t/5)A + \)~1
exists for A > 0 as a consequence of the m-accretivity of T+ (¢/0)A. Therefore
(T + kA + \)~1 also exists for A > 0. In fact, we can show that if A > 0, then
the resolvent of T+ kA is given by the Neumann series:

(3.8) (T +rA+ )1

=(T + (t/6)A4+ N1 i((t/E) — &)"MA(T + (t/8)A+ N1

n=0



198 Y. MAEDA AND N. OKAZAWA

To this end we have to show that
(3.9) JA(T + (t/5)A+ M"Y < 16|t —a)™t, A >0.
Now, it follows from (2.10) with 7" replaced with 7'+ A that

| Aul| < |8|(t — ) H[(T + (t/8)A+ Nul|, w € Dy, X >0

(see Lemma 3.2); note that 8 = v = 0. Since T + (t/6)A is m-accretive, we
obtain (3.9). Hence the resolvent (3.8) exists if x satisfies

(t/3) — k|- PB]t—a) L <1 & [t—0dn|<t—a

Noting that

{k € C; 3 0 such that Re{§(0) k} > a(0)}
= U {k € C; 3O such that [t —6(F) k| <t —a(h)},
t>a4(0)
we can obtain the conclusion.
(vi) Let k € ¥¢. Then, since (v) yields R(1+T + xkA) = X, it suffices to note
that if Rex +~v > 0,

Re (T + kA)u, f) = liﬁ)lRe((T+ kA:)u, f) >0, u e Dy.

This completes the proof of Theorem 3.3. O

Remark 3. Borisov-Okazawa [3, Theorem 2.4 (ii)] is false unless b =0 = ¢ in
(2.2).

§4. Application to Schrédinger operators in LP(R”)

Let V > 0 be a function in C*(RY) (or in C*(RV \ {0})), N € N. Then we
consider the Schrédinger operator —A + xV (x) in LP = LP(RV), 1 < p < oo,
with domain

W2P(RN) N {u € LP; Vu € LP}
(for the domain characterization of —A see, e.g., Hempel-Voigt [5]). We shall
figure out the region X for which {—A+ kV (z); k € X ¢} forms a holomorphic
family of type (A). To do so we shall use Theorem 3.3 with 7' := —A and A :=

A(a) :=V(x) +«a (a > 0) instead of V(x) itself. As stated in Introduction, T’
is m-sectorial of type S(cp):

[Tm (—Au, F(u))| < ¢,Re (—Au, F(u)) Y ue W*P(RY).
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Here (f,g) denotes the pairing between f € LP and g € ¥ (pt4+p~t=1),
and (f,g) is linear in f and conjugate linear in g. Thus the computation
depends on the single-valued duality map on LP: F(0) = 0 and

F(v)(z) = [[o]|*Plo(2)P"v(z), 0#wve L.

As for A(a) its m-sectoriality is a simple consequence of the positivity of
V(z) + a. In fact, it is easy to see that R(1 + A(«a)) = LP, with

Tm (A(a)u, F(u))| = 0 < Re (A(a)u, F(u)) = [|ul|*7? /RN [V (z) +af|u(z) [’ de.
Next we introduce the Yosida approximation A(«). of A(a): for v € LP and
e>0,
(4.1) Ala)zv(z) :=(V + a):(z)v(x)
(V(2) + )1 +e(V(2) + )] o ().
Then we see that A(«a). satisfies condition (A2):

Im (A(a)ev, F(v)) =0, (v,F(A(a):v)) >0 VYovelLP

In this section we do not use the Yosida approximation of V' (z) itself.
Now we assume that A(a) = V(x) + « satisfies

(V)e (V +a). € CYRY) and for every o > 0 and € > 0 there is a constant
p(a) > 0 (independent of € > 0) such that

(4.2) V(V + a)e(@)]> < p(@)[(V + a)e(2)]* VaeRY.
Before stating the main theorem we want to give a sufficient condition for
(V)e.

Proposition 4.1. Assume that V € C*(RN) and for every a > 0 there is a
constant p(a) > 0 such that

(4.3) IVV(2)]> < p()[V(z) + o)® VzeRY.
Then V (x) satisfies condition (V).
Proof. Since V € C*(RY), we see from (4.1) that

1 } _ VV(z)
1+e(V(z) + ) [L4e(V(z) +a)]?

V(V +a)e(a) = 1[1 -

Then it follows from (4.3) that

[(V +a)e(z)]?
1+e(V(z)+ )

This completes the proof. O

IV(V +a)-(2)]” < pla) < p(@)[(V + a)e ()],
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Let p(«) be as introduced in condition (V).. Then we assume further that
(4.4) p:= lim p(a) < 00
a—r00
(for this class of potentials cf. Kato[9, Section 6]).

In terms of p we can obtain a generalization of Kato [9, Theorem 7.1].

Theorem 4.2. For the potential V (z) assume that condition (V). is satisfied,
together with (4.4). Define the hyperbolic region ¥,(c0) as

—1
(45)  Xp(o0):={z+iyeC; y* < f(z), —o0o <z < pr},
where f is defined as
2 2 2
__ D p—1l N2 p”
f(x)‘_zl(p—l)(g” 4 p)( p—1 4p>'

Then

(a) {—A+kV(z); k € ¥p(00) ¢} forms a holomorphic family of type (A).
(b) —A+ kV(
(c) —A + kV(z) is m-sectorial of type S(tan6) in LP for 6 € [tan™!c,, 7/2)
and k € ¥p(00) ¢ with |argk| < 0.

Proof. Let ¥,(c0) be the region defined by (4.5). Then for k € ¥,(c0)¢ we
prove the assertions (a), (b) and (c). Since ¥,(00)© is open, we see from (4.4)
that k € ¥,(«) ¢ for sufficiently large o > 0, where ¥,(a) is defined by (4.5)
with f and p replaced with f, and p(«), respectively:

x) is m-accretive in LP for k € ¥,(00) ¢ with Rek > 0.
x)

-1
Ypla) == {x +iyeC; y? < fa(z), —00<z< pr(oz)},
2 2

= e~ 25 ) (2222 )

It is expected that ¥,(c) is the region associated with 7' = —A and A(«a) =
V 4+ a. Therefore it suffices to prove the closedness, m-accretivity and m-
sectoriality of —A + k[V(z) + o] for £ € ¥, ()¢ instead of (a), (b) and (c).
Since (A2) is already verified above, we are going to show that 7'= —A and
A(a)e = (V + a). satisfy condition (A1): for u € C°(RY),

(46)  Re(Tu, F(A()aw) > ~2 7 Fp(0) | ).
(@7 [ (T, FA(a)u)P
2 _
< i {Re (@ PlAG@)0) + 2 o) Al

v {“;_Ql‘Re (Tu, F(A(a)eu)) + %p(a)llA(a)suHQ};
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note that C5°(RY) is a core for T. The proof is divided into three steps.
Step 1 [Proof of (4.6)]. It suffices to show that for u € C§°(RY),

(48)  Re(Tu, | A(a)au A(0)cw)) > ~L 7L p(0) | Alo)oul”

First we note that if 1 < p < 2, then

Re (Tu, |A(a)ulP 2 A(q).u)) = 151&)1 Re I(9),

I@%Z-—/ [(V + @)e (@)~ (Ju(@)]* + 6)P 2 u(e) Au(w) de;
RN
if p > 2 then we may take § = 0 so that the computation will be simpler. Thus

we restrict ourselves to the case of 1 < p < 2. Put Q(z) := [(V + a)(z)]P~ L.
Then integration by parts gives

(4.9) I1(0) = - f(z,0)dx + /RN g(x,0)dx,
where f(x,8) := Q(x)(|u(z)|?> 4+ 6)P=2/2|Vu(x)|> and
_fp—2 VQ(z)
o(2,0) = {5 V(@) + S50 (@) +0) |

Q) (Ju(@)* + 8)P~ V2 u(@) Vu(w).
This yields that

(4.10) ReI(9) — f(:c 0)dr = Re /RN g(x,d)dx

—(p—2) / Q@) (@) 2(ju(@) 2 + 6) 7= /2| |u(a)|? da
+ / (@) (ju(@)[2 + 6)P-2/29Q(x) - Viu(x)) da.
RN

Now suppose that suppu C B = B(0, R) for some R > 0. Then, applying the
Cauchy-Schwarz and geometric-arithmetic mean inequalities to

(Ju(@)]* +8)P=22[u(x)| VQ(2) - Vlu(x)],

we can obtain

(4.11) Rel()+ iJ(a) - 5/RN Q(z)(Ju(x)|? 4 0) P~/ Vu(x)|? dz

> [ Q@@ P(u@) + 872 (1Fu(z)? - [Vlu(o)][*) do > 0
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(note that |V]u(z)|| < |Vu(z)|), where

2 T 2
)=l [ S G optas

Here (4.2) in condition (V). applies to give

(V
Ve _

—1)?p(a a)e(2)]P.

Therefore we have

@13)  Rel(5) < 7)< T pla) Al +8) 1

Letting § | 0, we obtain (4.8); the computation stated above is essentially the
same as in [13, Proof of Theorem 2.1].

Step 2. Before computing the Im I(§), we note that (4.11) is written as

(4.14) |p—2| ReI /fxé Llp= 2’2J(5)

>~ lp=2 [ Q@lu@P(u(@) + 6| Viu(w)| | dz.

Setting
2

VQ(r) 2
0w 1H@F +9)

x Q(x)(Ju(x)* +6)P~ /2,
we have |g(z,0)| < v/f(z,8)\/h(z,5); note that

f(2,8) > Q@)[u(@)(Ju(@)[* + 6) P2 Vu(z) .
Therefore the Cauchy-Schwarz inequality yields that

/RN o8y ds| < < [ @) dx) (/B(QR) h(z, 6) d:r).

Now we see that (4.10) can be written in terms of J(J) and h(z,d):

—2
h(z,d) := ’p2V|u(1‘)|2 +

(4.15)

2(p— ReI / f(z,0)d ( )J(é)

:/ h(z,0)dx
B(0,R)
+|p2l2/ Q@) u(@)P(Ju(@)|* + 6)"~/2|V|u(a)||* dz.
RN
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Combining this equality with (4.14), we obtain
(4.16) / h(z,d)dx < J(0) 4+ p(p — 2)[Re I(6) — K(9)],
B(0,R)

where we have set

K(6) := o f(x,6)dz

Step 3 [Proof of (4.7)]. First by virtue of (4.9) and (4.15) we have that

Im I(6)[2 = ‘Im/RN g(z, ) dx‘Q - ‘/RN g(z,9) dxf - ‘Re /RN 9(z,9) da:’Q
< (/B(O . h(, 8) dz ) K (8) — [Re 1(5) — K ()

Then we see from (4.16) that

T I1(8)[* < {J(8) + p(p — 2)[Re 1(8) — K(§)]} K () — [Re I(8) — K(6)[
= —(p— 1)’[K(9))?
+{J(6) + (p* —2p+2)Re I(6) } K(5) — |Re I(5)|>.

By completing the square we have

\Im](5)|2glM2{J(5) (p* —2p +2)Re I(§ } — [Re I(5)|?

_plp-2P 1 1
74( Y {R I(5)+p2J((5)}{ReI(5)+|p_2|2J(5)}.
It then follows from (4.13) that

2
I I(0)P < -2 {Re 1(5) + L% p(a) [ () (ul® +8) [ 5}

ip—1) 4
. 2
x {“;_'R 100) + Ep(@)l| A@)e(uf + 6) /2[5, ) |-

Letting 0 | 0, we obtain (4.7). Thus for T" and A(«)., (A1) is satisfied. O

Example 1. V(z) := |z|?! (I € (—o0, —1)U[1,00)). Then Theorem 4.2 yields
that

(a) {—A+k|z[?; k € ¥,(c0) €} forms a holomorphic family of type (A), where
¥ (00) is given by the following sector of the s-plane:

plp—2]

Zy(o0) = {o+iy €€ Iyl < ~ 50—,

x, —oo<x§0};
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(b) —A + k|z|?! is m-accretive in LP for x with Rex > 0;

(c) —A + k|z|?! is m-sectorial of type S(tan®) in LP for 6 € [tan~!c,, 7/2)
and k with |arg k| < 6.

The proof is divided into two cases.

Case 1: [ > 1 (Harmonic oscillator type potential). Put

4 _
pla) i= oo (U + 1) 20— 12!

1
Ql+1/1

Then we have

VV(@)]>  4P[a@D
V(z)+ a3 (|z]2+a) < p(a).

In fact, we can obtain p(a) as the maximum of g(t) := 412t2~1/(#! 4+ )3
(t := |z|? > 0). Therefore p(a) — 0 (a — o0).
Case 2: | < —1. Put k := —[ > 1. Then the Yosida approximation of V' (z)+«
is given by

1+ alz|?
(1+ ag)|z|?F + ¢

(V+a)(x) = (e > 0).

Put

(k . 1)171/16(2]{: + 1)2+1/k 1

4
pla) : al-1/k

2Tk
Then we have

IV(V 4+ a)e(@)]* _ 4P |a*D
(VT a)e@P = {1 +afapip <A

In fact, we can obtain p(a) as the maximum of g(t) := 4k*t*=1/(1 + at®)3
(t := |z|?> > 0). Therefore p(a) — 0 (o — 00). Thus we obtain the same
conclusion both in Case 1 and in Case 2.

Example 2 (Inverse square potential). V(z) := |z|72. Then we have

IV(V +a):(z)? < 4
[(V+a)e(x)]? — (1+alzf?)

5 <pla) =4 —4 (0 — 00).

Hence we see from Theorem 4.2 that

(a) {—A+k|z|7% Kk € B,(c0) ¢} forms a holomorphic family of type (A), where
¥, (00) is given by the following hyperbolic region of the -plane:

Yp(o0) ={z+iy € C; y* < f(z), —co <z <p-—1},
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and f is defined as
2

p lp—2[? 2
= — — —1 12 e .
f@) = o (- 0-0) (e ),
(b) —A + k|z| 72 is m-accretive in L? for k € ¥,(00)¢ with Re s > 0;

(c) —A + k|z| 72 is m-sectorial of type S(tan6) in L? for 6 € [tan™!¢,, 7/2)
and k € ¥,(00) ¢ with |arg k| < 6.

§5. More about the case of —A + x|z|™? in LP

In this section we shed new light on the Schrédinger operator —A + k|x|~2 in
LP? = LP(RY) through detailed computation (1 < p < oo, N € N). As stated
above, T = —A with domain D(T) = W?2P(RY) is m-sectorial in LP, while
A = |z|72 is also m-sectorial as a maximal multiplication operator in LP and
its Yosida approximation is given by

Ac= Al +eA) ™ =z +e)7 L, e>o0.

It is easy to see that condition (A2) is satisfied (see the previous section). On
the other hand, to derive (A1) we have utilized only the quotient

V(1272 + a)e /(27 + @),

As its consequence the boundary of ¥,(c0) was given by the function with
constants depending only on p. However, some of those constants are already
known to depend also on N. Thus, we shall derive (A1) and (3.7) with sharp
constants: for u € C§°(RY),

(5.1)  Re(Tu, F(Aw)) > — Bo(p)|| Acul)?,

(5.2) [Im(Tw, F(Aw)))* < {Re (Tu, F(A:u)) + Bo(p)||Asul?}

92
X {“;_21|Re (Tu, F(Acu)) + 51(p)||A5u||2},
(5:3) Re (Tu, F(u)) Z70(p)(Au, F(u)) = ~0(p)(Acu, F(u)),

where By(p), £1(p) and vo(p) depend not only on p but also on N:
Bo(p) :=p2(p—1)(2p— N)N (1<p<0),

44+ 2N(p —2) (2 <p<o0),
Bilp) =19 4 2N
E+7(2—p)2 (1<p<2),

Yo(p) :=p2(p — 1)(N — 2)? (N >3).
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Note that By(p) and ~o(p) are optimal (see [15, Section 5.2]).
Then as a consequence of Theorem 3.3 we can state the following

Theorem 5.1. Let T = —A, A= |z|72 and

Sy ={o+iyeCiy? < (@ - A®) [’pp‘_zl’zx - Bi(p)] . —o0 < = < fp) }-

(i) Let 2p > N. Then T + kA = —A + k|z| =2 is closed for k € Yy, with

||~ 2u|| < dist(k, Sp) 7H[(—A + klz| ||, we W2P(RY) N D(|z|72),

and hence {T + kA; k € B} forms a holomorphic family of type (A).

(i) Let 2p < N. Then —pBo(p) > 0 so that A is T-bounded with T-bound
[~Bo(p)] "

2
et 2ull < o= —g |2l we WHr@Y),

and hence {T + kA; k € B} forms a holomorphic family of type (A).
(iii) If N =1, 2, then T+ kA is m-accretive in LP for k € X7 with Rex > 0.

(iv) T + kA is m-sectorial of type S(tan6) in LP for 6 € [tan™'¢c,, 7/2) and
Kk € X5 with |arg k| < 0.

(v) R_ = (—00,0) belongs to the resolvent set of T + kA for k € .

(vi) If N > 3, then T+~KA is m-accretive in LP for k € ¥ with Rek > —~o(p)-
The conclusion of Theorem 5.1 is a considerable improvement of Example 2.

In fact, let ¥, and X,(c0) be as in Theorem 5.1 and Example 2, respectively.

Then, since By(p) — (p — 1) = —p~2(p — 1)(p — N)? < 0, we see from the

computation of asymptotes that

Yp(o0) ¢ C X7

Actually, both (5.1) and (5.3) had already been proved in [15, Lemma 3.5
and Theorem 2.4]. As for (5.1) we shall give a simplified proof in Lemma5.3
below. In this connection we note that for N > 3,

2
—0(p) <PBo(p) when 2 — N SP<oo

2
—0(p) > Po(p) when 1 <p<2-— e

Thus, in order to prove Theorem 5.1 it remains to prove the most complicated
inequality (5.2). This will be done in Lemma5.6 below.
The next lemma is a new version of Hardy’s inequality.
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Lemma 5.2. Let v € CH(RY) and § > 0. Suppose that suppv C B(0, R) for
some R > 0. Then one has
N2 2N2%5

5.4 / v(z)? + 6)P/% da + / o(z)2 +8) P2 4y
(54) B(O,R)(| ()" +0) 22— p) B(O,R)(| ()" +9)

S/ 2o (@) (jo(@)[* + 6) P~ /2| V(@) da.
RN
Consequently, if 1 < p < 2 then

(5.5) / [ |o(@) [ (jv(@)[* + 8) P~/ 2|Vo(a)* de
RN
2
>5[ (el + o2
p” JB(o,R)
On the other hand, if p > 2 then one can set 6 =0 in (5.4):

59 [ ehE@r v > [ pepa
These inequalities remain true even if v is replaced with [v] € WHP(RN) N
Co(RM).

Remark 4. The right-hand side of (5.5) can be replaced with (N/p)?||v]/?.
However, we need (5.5) itself at the end of the proof of Lemma 5.3.

Proof of Lemma5.2. Let v € C}(RY) and § > 0. Then we have

2
X

2 2 2 (r—4)/2 ﬁiv T "
0 [ Pl@P(o@ +8)°|Vola) + S ola)]| d
< /R eP@) P (@) +8) V| Vo(@)P da
#5  (R0) is
/ (@) +8) PV (2. V) |u(2)? da.

The integrand of the third term on the right-hand side is rewritten as

(@) ]2 (jo(@)]? +8) " (2 - V)|u()?
= (lo(@) +8) " (@ - V) |o(x)?
—5(jo(@)]? + )PV (@ V) [o(x))?

=2 D) (@) +8) = 2 D)ol +0)
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Therefore integration by parts gives

N

=~ [ @ Po@ P +0) " e Dfota) o

2
= _2]\;/ (\v(x)|2+5)p/2dm
p B(0,R)
2N?5 / 2, o\(P-2)/2

— v(z)]“+ 6 dz.

p(2—p) B(O,R)(| @) )

Thus we obtain (5.4). O

Lemma 5.3. Let T = —A and A = |z|72. Then (5.1) holds:
Re (T, F(Acu)) > —Bo(p) || Acul|®, uw e CP(RY), &> 0.

Proof. For u € C°(RY) and € > 0 let v := (|z]?> + &) "lu = A.u € C(RV).
Then we can express Tu in terms of v as follows:

Tu=TA'v = —2Nv(z) — 2 (z - V)v(z) — div][(|z|* + &) Vu(z)].
Therefore, instead of (5.1), we shall show that
(5.7) Re Io(8) > —Bo(p) (0] + 622,
where we assume that suppv C B = B(0, R) for some R > 0 and
(5.8) Io(8) := (T A Yo, (Jv]? 4 6)P=2/2y).

In addition 6 > 0 if 1 < p < 2, while § = 0 if p > 2. First we have
(5.9) Io(8) + 2N/ ()2 +6)P=2/2 4y
= [ n(e.0) + g0(2. ) ds
RN
+ 5/ (|* + &) (Jo()[* + 8) P2 |Vo(x)|* da,
RN
where fo;(x,6) (j =1,2) and go(z, ) are defined as follows:

for(x,6) := (|2* + ) |o(@) P (Ju(2)* + 8)~/2|Vo(z)
> (o + &) o(@)*(jo(@) ] + ) P2 |V]o(a)||* = foa(x, ),

9o(z,8) 1= { ~2(o(@) + 8} + L2 (o + ) Vhu(a)]?}
() + 5O TEIVo(e)



HOLOMORPHIC FAMILIES OF SCHRODINGER OPERATORS IN L” 209

The definition of go(x,d) and (5.9) respectively yield

2N
(5.10) Re [ go(w.8)do = X116 + 62
RN p
+ (p2)/ foz(z,9) dzx
RN
(5.11) Im go(x,d) dr =Im Iy(0).
RN

Now it follows from (5.9) and (5.10) that

2(p —

Re Io(8) + )N||(| 2+ 8)1/2

[
Z/ (for(z,6) + (p — 2) foz(x,6)) dx
RN
(1) /RN Jor (@, 8) dz — (p— 2) /RN (foi(2,8) — fon(z,8)) do
= (p — 1) fOQ(ZE, (5) d{E + /RN (f()l(CC, (5) — foz(:r, 5)) dl’.

RN

Thus (5.5) and (5.6) with v replaced with |v| apply to give

2(p—1
2D N + )21,

Refo(é) +
— /RN (f01($,5) - fog(x,5)) dx

>(p-1) /R NP @ Pe@l + )P0V jo() || de

> L NP + )21 5

Therefore we obtain a useful inequality

Re 1o(8) + A0(p) (0 + 215, > [ (on(@.) = fin(o. ) o = 0

which is more precise than (5.7). Letting § | 0, we have

Re (TAZ o, [o]P~0) = i Re Io(6) = —Bo(p)[lv]|".

This is equivalent to (5.1). O
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Now set
Jo(8) =Re Io(8) + So(®)([of? + 8) /2 %, .
Ko(6) := /RN (for(x,8) — foa(x,6)) dz
= [ (P + @ (@) + 2 (To@)? = [Vio(@)| ) da

In the proof of the previous lemma we have established the following

Lemma 5.4. Forwv € CSO(RN) let foj(x,0) be as in the proof of Lemmab.3
(j =1,2). Then one has

(5.12) mmnawm—-(ﬁ)ﬁuml+®”%@p3 <

RN

Re Iy(6 2N
O 4 2ol +8) 20,

(5.13) / Joo(z,8)dx <

(5.14) 0 < Ko(6) < Jo(0).

Next we can prepare a lemma in terms of fo;(x,0) and Ky(6) that will be
basic for the precise estimate of Im (T A 1w, [v|P~2v).

Lemma 5.5. For v € CP(RY) let fo;(x,0), go(z,8) be as in the proof of
Lemma5.3 (j =1,2). Set

o(@)?+6 [

ho(w, 8) = ’ P2 + )29l (e) P BR(EESEE

x (Jv(@)* + §)P=9/2,
Assume that suppv C B(0, R) for some R > 0. Then one has
(5.15) / ho(z,0) dx
B(0,R)
4N
<[t 2 0= D) I(eP + 02y )+ |p— 2P [ fal.0)da
p RN
2
(5.16) (F1H)(0) — ’Re/N go(z,9) daj‘
R
N2
<4mw2+®”wzw{/whu%®dx—(p)uwP+&“W@wj

4N
e mmw?+®”ﬂmwup2P4Nﬁxaﬁd4Kma,
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where we have set
(F1H)(0) := ( x foi(z,0) dm) </B(0,R) ho(x,0) dx).

Proof. Tt follows from the definition of ho(z,d) that

ho(z,6) — |p—2|* foa(x, 6)
= A o+ 072 = 2o 9 DI + a2
|z|* + e P
Integrating this equality over the ball B(0, R), we obtain (5.15). Then it
follows from (5.15) and the definition of Ky(d) that

(F1H)(6)
<[ 2= 2 U0 + 21 ([ 1.8 o)

+|p—2 \2(/ foi(z,9) dm) (/ foz(x,9) d:c)

=1 +8)" 2 (| oo 8)dn) = (25) U0 + 6212
4N
- mmwﬁ+®”wmwyup—z|/ hﬂ%&dﬂKM®

2
20 + 0120 5+ (0= D[ ) )

Therefore (5.16) is a consequence of (5.10). O

Now we are in a position to derive the estimate of Im (T'A- v, [v|P~2v) in
terms of Re (TAZ v, |[v[P~2v).

Lemma 5.6. Let T = —A and A = |z|~2. Then the inequality (5.2) holds:
for allu € C(RYN), e > 0,

[tm (T, F(Acu))|* < {Re (Tu, F(Azu)) + Bo(p)l|Azull*}

{222 E ke (1w FCa0) + 1147}
Proof. As in the proof of Lemmab5.3 we set v := (|z|> + &) lu = A.u €
C(RN) for u € CP(RY). Let Iy(d) be as defined in (5.8). Then we shall
show that for v with suppv C B = B(0, R) for some R > 0,

(517)  ImIp(8)* < {Relo(8) + Bo(p)l|([0* + 6) I, )}

{222 Re 5) + I + 01 5}
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Since |go(w, )| < /fo1(x,8)\/ho(z, ), the Cauchy-Schwarz inequality yields

2
(5.18) )/ ao(.8) da| < (FL)(9)
RN
It then follows from (5.12) and (5.16) that
2
(5.19) (FlH)(é) - ‘Re/ go(z, ) d:v‘
< r 1([0f* + 8)" 21 5 5, To(6)
g L _ 2 1/2p
(55 o7) 0= 2P +8)
+|p—2|2/ fog(x,(s)dx}Ko((s)
RN
In this way we can compute [Im Ip(d)|. In fact, (5.11) and (5.18) yield that
) 2 2
IIm I (8)? = ‘/ g0(z,9) dm‘ —‘Re/ 90(z, ) dg;)
RN RN
2
<(F1H)(9) — ‘Re/ go(z,9) dac‘ )
RN
Therefore we see from (5.19) that

(520) [ Io(8)* < ——— (v + 0)*I|%, ) Jo ()

+4(N+*)(p DIl +8) 7 5, Ko (5)

1

—l—‘ 2‘ / fog X, (5 dl’}Ko((s)
512

- “;_21' [K0(5)]2-

Applying (5.13) to the third term (and dropping the fourth term) on the
right-hand side of (5.20), we have

(5.21) [Im Io(8)[* < pill(lv\2 +0) 2117 ) Jo(6)

N

4 (5 ) 0= 20l + )y Fl)

elo(d 2
+p-2P{ B0 2oy 6, ) b (o),
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Now in order to use (5.14) we have to divide our computation into two cases.
In fact, the second term on the right-hand side of (5.21) contains the factor
(p — 2) so that the computation depends on its sign.

Case 1: 2 < p < co. Here we can set 6 = 0 and apply (5.14) to (or replace
Ky(0) with Jy(0) in) the second and third terms on the right-hand side of
(5.21). Then |Im I(0)|? is less than or equal to Jo(0) multiplied by

4 lp—2
j”””p + ije 1p(0)
2N 2

N
R e e R ) [CRRI

_9\2
=222 e 1y(0) + 14+ 280 — 2o

Thus we obtain (5.17) (with p > 2 and 6 = 0) which is equivalent to (5.2).

Case 2: 1 < p < 2. In this case we note that the second term on the right-
hand side of (5.21) is nonpositive. So we have

4
[Im Io(6)[* < - = lI(el® +8)" 2 5 o 0)

+ o2 P{ 02X o4 0 g b (o),

Now (5.14) yields that [Im Io(8)|? is less than or equal to Jo(d) multiplied by
1l + 9020y + 22 e 1)
p- ") L

+ =210 = 2P0l +6)

_2-p)°
1

L Reto(8) + [ + 20 @ = 0| Il + 821

Letting § | 0, we can obtain the inequality which is equivalent to (5.2) with
€(1,2). O

§6. Concluding remark

Here we want to give a rough description of the solvability of the Cauchy
problem for N > 3:

ou

——Au—i——u 0, (x,t) € RN x (0,00),
(6.1) ot |z (1) (9,00)

u(z,0) = uo(x), v eRY
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together with a conjecture. Let X, be the region as in Section 5. Then, since
T + kA = —A + k|z|~2 is m-accretive in LP for k € Y7 with Rex > —0(p),
—(T + kA) generates a contraction semigroup {exp(—t(T + kA)); t > 0} on
LP. Therefore for every ug € W2P(RY) N D(]x|~2) a unique solution to (6.1)
is given by exp(—t(T + kA))ug. Here we note that

—0(2) = - & ; 2r < —(Np_p,z)2 =—(p) Ypell, o).

In fact, we have

1 p—1 /1 1\2 1
Lerste (-l

pp p
Thus the lower bound of Rex for which (6.1) is solvable may be given by
—70(2). Therefore we may restrict ourselves to the case of p = 2.

Let k € 39 with Rex > —79(2) and assume that there exists § with |0| <
7/2 such that

Im x| < (tan6)(Re x + v0(2)).

Then we can show that T+ kA is sectorial in L?. In fact, it follows from (5.3)
that

Im (T + kA)u, u)| = [Im &|(Au, u)
(tan6)(Re k + 10(2))(Au, u)

(tan 0) ((Au,u)Re ks + (Tu,u))

= (tan@)Re (T'+ kA)u, u).

<
<

Now let F' be the Friedrichs extension of T+ kA (see, e.g., [7] or [17]). Then F
is m-sectorial in L? and hence —F generates an analytic contraction semigroup
{exp(—tF); t > 0} on L?. Therefore a unique solution to (6.1) is given by
exp(—tF)ug for every ug € L?. Though the argument is not perfect, the above
observation roughly explains the solvability of (6.1) for x with Rex > —70(2).

On the other hand, Baras-Goldstein [1] have shown that there exists no
solution to (6.1) with ug > 0 (up # 0) for Kk € R with K < —70(2). Thus we
may conjecture that there exists no solution to (6.1) with ug > 0 (ug #Z 0) for
k € C with Rerx < —v(2).
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