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Nonexistence of global solution to some second
order quasilinear hyperbolic equation
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Abstract. We show the nonexistence of a global solution of the Dirichlet
problem of a quasilinear hyperbolic equation.
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8§1. Introduction

In this paper, we consider the Dirichlet problem for the nonlinear wave equa-
tion:

( 0?u = udiv(uVu) +uP, (t,z) € (0,T] x £, (1.1),
u(0,z) = up(z), = €9, (1.1)y
(1.1)
ou(0,z) = ui(z), =€, (1.1),
u(t,z) = A, ow(t,x) =0, (t,z)€[0,T]x0Q, (1.1)4

where u(t, x) is an unknown real valued function, A is a nonnegative constant
and € is a bounded domain in R™ with smooth boundary. We denote Lebesgue
space L?(2) with the norm || - |2, Sobolev space H™(£2) with Sobolev norm

| lgm = (Z 0% - H%z)% for m € N and the closure of C§°(§2) with the
k=0
topology of HY(Q) by L?, H™ and H} respectively, and set H™:=H™N Hg.
The hyperbolic equation:
O*u = u div(uVu)
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describes the wave of temperature in the superfluid, which is called second
sound equation. In [9], L. D. Landau and E. M. Lifshitz explain the details of
second sound equation and its background.

Theorem 1. Let ug — A € HFHQ, uy € Hﬁ[%Hl satisfying the compatibility
condition of oder [§] 4 1. Suppose that A >0, p > 3, (up — A,u1)2 > 0 and

either

(1.2) P'(Jlug — Al[72) > 0,
or
'm E 2
(1.3) P((C+C8m))z7i1) +C" >0 for Cy, +8E(0) > 0,
P
where o0
P(x) = —22"% — (Cp + 8E(0
(@) = 20— (Co 4 SO
, dpP . .
P'(z) = —(z), Cp and Cy, are some positive constants depending only on
x
A, p and €,
C" = 2(ug — A, u1)72 — P(|lug — A|72)
and
B0) = Sl + 5 oyl — 2 [y
9 112 2].:1 00z; UO|| 1,2 p+1 QO .
Then a time global solution u of (1.1) satisfying
(1.4)
[n/2]+2
u—Ae€ ﬂ c*([o, oo);Hén/QlkarZ) and u(t,z) >0 for (t,z) € [0,00) x €,
k=0

does not exist.

Many authors(e.g. M. Tsutsumi[l], J. M. Ball[2], R. T. Glassey[3], H. A.
Levine[4] and B. Straughan(5]) have considered the nonexistence of a global
solution of the following semilinear wave equation:

Pu = Au+ |[ulP~tu, (t,x) € (0,T] x Q,
(15) ’LL(O,CE) = 'LLO(.T), atu(07‘r) = U1($), T e Qv
u(t,z) =0, (t,z)€[0,T] x 0.

The strategy of their proofs is based on the argument of the differential in-
equality which is derived by the conservation law of energy such that
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- 1 1 1 .
() 1= 5 2 0ttt 51000t = g |t aptias = £(0)
Roughly speaking, the theorems of the above papers state that the solution
u(t,z) of (1.5) blows up in finite time with the negative energy (E(0) < 0). In
[5], B. Straughan introduces a condition for the initial data that the solution
u(t, ) of (1.5) blows up in finite time with the positive energy.

Our proof of Theorem 1 is based on the same strategy as above. The solution
of (1.1) does not vanish on the boundary, which is the necessary condition for
(1.1) being strictly hyperbolic. We introduce the local well-posedness of the
strictly hyperbolic equation (1.1) in Section 2. In Section 4, we show the

nonexistence of a global solution of (1.1) in the case where A = 0.

Remark 2. The constants C), and Cy, introduced in the assumption of The-
orem 1 are

p—3, ., _p=1
P = |Q| 2,
p+1
Cm:C\Q|APH,

where [ = [, 1dz and C depends only on p.

In the case where E(0) < 0, C,, + E(0) is negative for sufficiently small A.
Hence the assumption (1.2) is satisfied.

One can verify that there exists the initial data of (1.1) satisfying (1.3) for
sufficiently small |E(0)|, A and large |€2|.

Remark 3. If (1.1) does not have a global solution u satisfying (u(t) —
A, 0u(t)) € HIEF?2 5 HEFY and w(t,z) > 0 for (t,z) € [0,00) x €, then
Theorem 5 implies that there exists a time 7T;, < oo such that the solution

satisfies either

tlfir;lm [w()l iz + [Ou(t)[| g142 = 00,

or

li t =0f Q.
tflr%lm u(t, zo) or some xo €

Remark 4. By almost the same proof as the one of Theorem 1, (1.1) does
not have a global weak solution u satisfying (u(t) — A, dyu(t)) € H' x L? and
u(t,z) > 0 for (t,x) € [0,00) x 2.
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82. Local existence and Uniqueness

In this section, we introduce the result of the well-posedness of (1.1), which
is proved by using Theorem 14.3 in [7] and Theorem 5.3 in [6]. In [7], by the
abstract theorem, T. Kato shows the well-posedness of some class of second
order quasilinear hyperbolic equations including (1.1),. In [6], by using the
energy method, C. M. Dafermos and W. J. Hrusa show almost the same result
as [7].

Let [z] denote the largest integer not greater than x € R. We introduce
the compatibility condition, which is derived by (1.1) and the regularity of the
solution of (1.1).

Substituting 0 for ¢ in (1.1),, we have the compatibility condition of oder
2 such that

Uy = U(Q)AUO + | Vug|* + ub € Hﬁl

for ug — A € Hg’ and uq € Hﬁ2
By differentiating the both side of (1.1), with respect to ¢ formally, we have

8f’u = w2 Adyu + 2udulu + Gtu\Vulz + 2uVu - Vowu + puP~tdu,

from which we have the compatibility condition of oder 3,

Ug € HuQ
ug = udAuy + 2uguy Aug + ur|Vuo|? + 2ugVug - Vuy + publuy € Hﬁ1

for ug — A € HgL and uq € Hg’

By the same process as the above argument, we get wo, us,...,u; in-
ductively, which are introduced in the the compatibility condition of oder
2,3, ...,k respectively. However it is not easy to give an explicit represen-
tation of ug. The compatibility condition of oder m is ugio € Hg”_k_l for

uo—AeHg”“,uleHé” and k=0,1,...,m — 2.

Theorem 5. Let ug — A € Hﬁmﬂ, uy € Hy" satisfying the compatibility con-
dition of oder m with m > [§] + 1 and p € R. Suppose that there exists a
positive constant & < A such that ug(x) > 0 for all x € Q. Then there exists
T > 0 and a unique solution u of (1.1) such that

u— A€ m Ck([O,T];Hgn_kH) and u(t,x) >0/2 for (t,x) € [0,T] x Q,
k=0

where T depends only on ||ug — A||ggm+1, ||ui|gm and A.

Remark 6. For p € R, the local existence and the uniqueness of the solution
of (1.1) obtained by Theorem 1 hold by the positivity of u.
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83. Proof of Theorem 1

In this section, we prove Theorem 1.
First we introduce the conservation law of (1.1). We set

1 s 1 9 1 1
EB(t) = 5\@“”9 t3 ; [u0zull72 — P Qup+ (t,x)dx,

which is a conserved quantity. In fact, multiplying the both side of (1.1), by
Oyu, integrating over ) and using the divergence theorem, we have

dE(t)

7:0.

We assume that there exists a global solution u(t,z) of (1.1) satisfying (1.4).
We define the functional F'(t) as

F(t) = /Q (u(t, z) — A)2da.
From (1.1), we have
EFO = 2 [ @) - A
= 2/9(14(;16) — A)u(z) div(u(z)Vu(x))dz + 2 /Q uP(z)(u(x) — A)dx.
The divergence theorem of Gauss and the conservation law yield that
2 / (u(z) — Au(z) div(u(z)Vu(z))de

Q

= —Q/Q(V((U(fﬁ) — Au(x))) - (w(z)Vu(z))ds

> —4/Qu2(x)|Vu(a:)|2dx

> 8 [ o (@)de — 8E(0),

- pt+1lJg

from which we have

2
%F(t) > (2- p—8F1) /Q uP T (x)da — 2A/Qup(a;)d:c —8E(0)
(3.1) _ /Q up(x)((w)u(x) — 94)dz — SE(0).

Wesetv=u—A, C; = 229;13). We prove the following elementary inequality.
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Proposition 7. Let u, v, A and Cybe as above. We have

(3.2) uP(Chu—24) > %UPJA — CL AP for v > 261'4 —A>0,
1
(3.3) wP(Cru—24) > CroP™t + APTH(C — 2(03)1?) for %A —A>0v>0,
1 1

(3.4) uP(Cyu—24) > Cy|o[PT — APTH(Cy +2) for 0> v > —A,
4p p 2 Ch

where 022(01(p+1)) il 2

Proof. First, we show (3.2). By the elementary computation, we have

4Ap o 2A ; 2A
or u
Ci(p+1)

> —.
p+1 C1
The inequality uPTt > vP+1 4 APT! for v > 0 yields that

1
501Up+1 — 2Aup Z —(

1 1
uP(Cru —24A) = iClupH + iClupH —24AuP > %vf”ﬂ — Oy AP

2A
Secondly, we show (3.3). By uPt1 > vPH1 4 AP*! for v > 0 and w” < (7)7’,
1
we have

2
W (Cru—24) = Cra? ™ — 24P > Crort 4 AFL(CyL - 2(5)P).
1

Finally, we show (3.4). From u? < AP for v < 0 and Ciu — 2A < 0, it
follows that
uP(Chu —24A) > AP(Chu — 24).

By A > |v| and u > |v| — A, we have

AP(Chu — 2A) > Cy|u|P™t — APTH(Cy 4 2).

We divide €2 into three parts as
Q=0,UQUQ3,

with Q) = {z € Q| v(t,z) > %—A}, Q= {z € Q| %—A > v(t,z) > 0} and
QW ={reQ0>uv(t,z) > —-A} for t > 0.
From (3.1) and the above devision of (2, we have

/Q (@) (Cru(e) — 24)ds — SB(0) = 3 /Q WP (@)(Crulz) — 24)dz — 8E(0).

]:1 3
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By Proposition 7, we have

p C p
/Qu ()(Cru(a) —24)dz > ! /Q (@) P dz — Co,

2
where C),, = |Q max{Cy, 2(?)” — C,Cy + 2} x APTL,
1

By Holder’s inequality, we estimate the first term of the right hand side of
the above inequality as

5 [ @prias = ¢, p ),

C _
where C), = ?1|Q\_%

Therefore, we obtain the following differential inequality,

2 1
%(t) > C,F"% (t) — 8E(0) — Cp.

Next, we prove the following lemma.

Lemma 8. Let G(t) be a solution of the differential equation

d?G

CRIN

(t)=alGt)|T—pB fora>0, BE€R and qg> 1.

If G(0) and %(0) satisfy G(0) > 0, %(O) > 0 and either

(3.6) P'(G(0)) > 0,
(3.7) P((g)%) FC" >0 for >0,
where
— qu L Br
P(.T) - q+ 1 + B )
Pla)= L) ama 0" = L0 poq)),

then there exists a time T < oo such that

e

li = 00.
o (t)>00n[0,T) and tl/‘H%G(t) 00
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dG
Proof. First, we show that %(t) is a strictly positive function of ¢.

t
Under the assumption of (3.6), since dC;Et) - dCZh(fO) = / (a|G(9)|7—B)ds,
0

e
it follows that E(t) is a nondecreasing function of ¢.
We assume (3.7). If there exists a time Tj such that

dG(Tp) dG(t)

L =0 and

> 0 for t € [0,Tp),

then multiplying the both side of the (3.5) by %(t) and integrating on [0, Tp],

we have
P(G(Ty))+C" =0,

which is contradictory to (3.7).

Therefore, E(t) is a positive function.

G(t)
dt

e d
From the positivity of and the same argument as above, we have

1 dG(t)

(3.8) 2( 7

)2 = P(G(t)) +C".

(3.7) and (3.8) yield that %(t) > \/2(P((§);) + C") for all t € [0, 00).

Hence we obtain lim;_,7 G(t) = oo for some T € (0, 00| under the assump-
tion either (3.6) or (3.7).
We prove T' < oc.

By the inverse function theorem, we can construct the inverse function
G~!:[G(0),00) —> [0,T), which satisfies

dG1(r) 1
LG
By (3.8), we have
dG=t(r) 1
dr 2(P(7") +C"y’
Integrating both side over ), , we have

/ 1/ +C”dr<oo

Therefore, G(t) blows up in finite time. O
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Let G(t) be a solution of the differential equation

d*G ptl
Lo (1) = GylC(1)| ™ —8E(0) ~ .
satisfying G(0) = F(0), 0 < d(;(ﬁO) < 2(up — A, u1) 2 and either

P'(G(0)) = 0,

or
Con + 8E(0)

P((—= G )T)+C>0forcm+8E(0) 0,
p

where P(z) is the function introduced in the assumption of Theorem 1 and
=~ 1.dG(0),
¢ = ()~ PGO)).

The standard comparison argument yields F'(t) > G(t) for t > 0, from
which, Lemma 8 yields that F'(t) becomes infinite in finite time. We complete
the proof of Theorem 1.

Remark 9. Under the assumption (3.6), the solution of (3.5) blows up in
finite time with the nonnegative initial data, which is proved in [1], [2], [3], [4]
and [5].

Remark 10. By the above computation, we have

1
T </ dT,
F(O)\/ 2 P52 (O + 8E(0))r + C7)

(557 2

where T, is the positive constant introduced in Remark 3.

84. Case where A =0

In Sections 1, 2 and 3, we assumed that A is a positive constant. In this
section, we treat (1.1) in the case where A = 0, that is, we consider the
following Dirichlet problem:

O?u = udiv(uVu) + |ulP~tu, (t,x) € (0,T] x Q, (4.1)
(4.1) u(0,2) = up(z), = €9, (4.1),
' Ou(0,2) = ui(x), =€ Q, (4.1)
u(t,z) = Ou(t,z) =0, (t,x) € [0,T] x ON. (4.1)
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Theorem 11. Suppose that p > 3, (ug,u1)r2 > 0 and either

P'(|luo|z2) > 0,

or
8E(0), 2
POt 4 0 0 for BO) 2 01

P

where c
2 r+3
P(z)=—Lx2 —8E(0
(IL') p_,_g'r 2 ( )x7
, dp ,
P'(z) = d—(x), C, is the same constant as the one of Theorem 1,
x

C' = 2(“’07“1)%2 - P(Huo”%ﬁ)v

and

1 1 — 1 1
BO) = glulfs + 5 3 lwdelfs - — [ o @)
j=1

Then a time global solution u of (4.1) satisfying u € C?([0,00) x Q) does not
erist.

Proof. We give the outline of the proof which is similar to the argument in
(1], [2], 3], [4] and [5].

We assume that there exists a global solution u(t,z) of (4.1) and set the
functional F(t) := [, u(t, z)*dz.

By the same argument as Theorem 1, we have the following differential
inequality as

d2F p+1

(1) = CF"E (1) — 8E(0).

By Lemma 8, F'(t) does not exist on [0, 00). O

Remark 12. If p is an odd number greater than 3 and the initial data of (4.1)
is analytic, by Cauchy-Kowalewsky Theorem(e.g. [8]), we can construct the
unique analytic solution of (4.1),. The solution of (4.1),, which is constructed
by Cauchy-Kowalewsky Theorem, vanishes at the boundary of €. In fact, By
the uniqueness of the solution of the ordinary differential equation, u(0, z¢) = 0
and Jyu(0, zg) = 0 for zy € 0N are equivalent to u(t, zg) = 0 and dyu(t, z9) =0
for ¢t € [0,T].
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