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Nonexistence of global solution to some second
order quasilinear hyperbolic equation
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Abstract. We show the nonexistence of a global solution of the Dirichlet
problem of a quasilinear hyperbolic equation.
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§1. Introduction

In this paper, we consider the Dirichlet problem for the nonlinear wave equa-
tion: 

∂2
t u = u div(u∇u) + up, (t, x) ∈ (0, T ]× Ω, (1.1)a

u(0, x) = u0(x), x ∈ Ω, (1.1)b

∂tu(0, x) = u1(x), x ∈ Ω, (1.1)c

u(t, x) = A, ∂tu(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω, (1.1)d

(1.1)

where u(t, x) is an unknown real valued function, A is a nonnegative constant
and Ω is a bounded domain in Rn with smooth boundary. We denote Lebesgue
space L2(Ω) with the norm ‖ · ‖L2 , Sobolev space Hm(Ω) with Sobolev norm

‖ · ‖Hm = (
m∑
k=0

‖∂k
x · ‖2L2)

1
2 for m ∈ N and the closure of C∞

0 (Ω) with the

topology of H1(Ω) by L2, Hm and H1
0 respectively, and set Hm

] := Hm ∩H1
0 .

The hyperbolic equation:

∂2
t u = u div(u∇u)
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describes the wave of temperature in the superfluid, which is called second
sound equation. In [9], L. D. Landau and E. M. Lifshitz explain the details of
second sound equation and its background.

Theorem 1. Let u0 − A ∈ H
[n
2
]+2

] , u1 ∈ H
[n
2
]+1

] satisfying the compatibility
condition of oder [n2 ] + 1. Suppose that A > 0, p > 3, (u0 − A, u1)L2 > 0 and
either

P ′(‖u0 −A‖2L2) ≥ 0,(1.2)

or

P ((
Cm + 8E(0)

Cp
)

2
p+1 ) + C ′ > 0 for Cm + 8E(0) ≥ 0,(1.3)

where

P (x) =
2Cp

p+ 3
x

p+3
2 − (Cm + 8E(0))x,

P ′(x) =
dP

dx
(x), Cp and Cm are some positive constants depending only on

A, p and Ω,
C ′ = 2(u0 −A, u1)

2
L2 − P (‖u0 −A‖2L2)

and

E(0) =
1

2
‖u1‖2L2 +

1

2

n∑
j=1

‖u0∂xju0‖2L2 −
1

p+ 1

∫
Ω
up+1
0 (x)dx.

Then a time global solution u of (1.1) satisfying

(1.4)

u−A ∈
[n/2]+2∩
k=0

Ck([0,∞);H
[n/2]−k+2
] ) and u(t, x) > 0 for (t, x) ∈ [0,∞)× Ω,

does not exist.

Many authors(e.g. M. Tsutsumi[1], J. M. Ball[2], R. T. Glassey[3], H. A.
Levine[4] and B. Straughan[5]) have considered the nonexistence of a global
solution of the following semilinear wave equation:

∂2
t u = ∆u+ |u|p−1u, (t, x) ∈ (0, T ]× Ω,

u(0, x) = u0(x), ∂tu(0, x) = u1(x), x ∈ Ω,
u(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω.

(1.5)

The strategy of their proofs is based on the argument of the differential in-
equality which is derived by the conservation law of energy such that
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Ẽ(t) :=
1

2

n∑
j=1

‖∂xju(t, ·)‖2L2 +
1

2
‖∂tu(t, ·)‖2L2 −

1

p+ 1

∫
Ω
|u(t, x)|p+1dx = Ẽ(0) .

Roughly speaking, the theorems of the above papers state that the solution
u(t, x) of (1.5) blows up in finite time with the negative energy (Ẽ(0) ≤ 0). In
[5], B. Straughan introduces a condition for the initial data that the solution
u(t, x) of (1.5) blows up in finite time with the positive energy.

Our proof of Theorem 1 is based on the same strategy as above. The solution
of (1.1) does not vanish on the boundary, which is the necessary condition for
(1.1) being strictly hyperbolic. We introduce the local well-posedness of the
strictly hyperbolic equation (1.1) in Section 2. In Section 4, we show the
nonexistence of a global solution of (1.1) in the case where A = 0.

Remark 2. The constants Cp and Cm introduced in the assumption of The-
orem 1 are

Cp =
p− 3

p+ 1
|Ω|−

p−1
2 ,

Cm = C|Ω|Ap+1,

where |Ω| =
∫
Ω 1dx and C depends only on p.

In the case where E(0) < 0 , Cm+E(0) is negative for sufficiently small A.
Hence the assumption (1.2) is satisfied.

One can verify that there exists the initial data of (1.1) satisfying (1.3) for
sufficiently small |E(0)|, A and large |Ω|.

Remark 3. If (1.1) does not have a global solution u satisfying (u(t) −
A, ∂tu(t)) ∈ H [n

2
]+2 × H [n

2
]+1 and u(t, x) > 0 for (t, x) ∈ [0,∞) × Ω, then

Theorem 5 implies that there exists a time Tm < ∞ such that the solution
satisfies either

lim
t↗Tm

‖u(t)‖
H[n2 ]+2 + ‖∂tu(t)‖H[n2 ]+1 = ∞,

or

lim
t↗Tm

u(t, x0) = 0 for some x0 ∈ Ω.

Remark 4. By almost the same proof as the one of Theorem 1, (1.1) does
not have a global weak solution u satisfying (u(t)−A, ∂tu(t)) ∈ H1 × L2 and
u(t, x) > 0 for (t, x) ∈ [0,∞)× Ω.
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§2. Local existence and Uniqueness

In this section, we introduce the result of the well-posedness of (1.1), which
is proved by using Theorem 14.3 in [7] and Theorem 5.3 in [6]. In [7], by the
abstract theorem, T. Kato shows the well-posedness of some class of second
order quasilinear hyperbolic equations including (1.1)a. In [6], by using the
energy method, C. M. Dafermos and W. J. Hrusa show almost the same result
as [7].

Let [x] denote the largest integer not greater than x ∈ R. We introduce
the compatibility condition, which is derived by (1.1) and the regularity of the
solution of (1.1).

Substituting 0 for t in (1.1)a, we have the compatibility condition of oder
2 such that

u2 = u20∆u0 + u0|∇u0|2 + up0 ∈ H1
]

for u0 −A ∈ H3
] and u1 ∈ H2

] .
By differentiating the both side of (1.1)a with respect to t formally, we have

∂3
t u = u2∆∂tu+ 2u∂tu∆u+ ∂tu|∇u|2 + 2u∇u · ∇∂tu+ pup−1∂tu,

from which we have the compatibility condition of oder 3,{
u2 ∈ H2

]

u3 = u20∆u1 + 2u0u1∆u0 + u1|∇u0|2 + 2u0∇u0 · ∇u1 + pup−1
0 u1 ∈ H1

]

for u0 −A ∈ H4
] and u1 ∈ H3

] .
By the same process as the above argument, we get u2, u3, . . . , uk in-

ductively, which are introduced in the the compatibility condition of oder
2, 3, . . . , k respectively. However it is not easy to give an explicit represen-
tation of uk. The compatibility condition of oder m is uk+2 ∈ Hm−k−1

] for

u0 −A ∈ Hm+1
] , u1 ∈ Hm

] and k = 0, 1, . . . ,m− 2.

Theorem 5. Let u0 − A ∈ Hm+1
] , u1 ∈ Hm

] satisfying the compatibility con-
dition of oder m with m ≥ [n2 ] + 1 and p ∈ R. Suppose that there exists a
positive constant δ ≤ A such that u0(x) ≥ δ for all x ∈ Ω. Then there exists
T > 0 and a unique solution u of (1.1) such that

u−A ∈
m∩
k=0

Ck([0, T ];Hm−k+1
] ) and u(t, x) ≥ δ/2 for (t, x) ∈ [0, T ]× Ω,

where T depends only on ‖u0 −A‖Hm+1, ‖u1‖Hm and A.

Remark 6. For p ∈ R, the local existence and the uniqueness of the solution
of (1.1) obtained by Theorem 1 hold by the positivity of u.
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§3. Proof of Theorem 1

In this section, we prove Theorem 1.
First we introduce the conservation law of (1.1). We set

E(t) =
1

2
‖∂tu‖2L2 +

1

2

n∑
j=1

‖u∂xju‖2L2 −
1

p+ 1

∫
Ω
up+1(t, x)dx,

which is a conserved quantity. In fact, multiplying the both side of (1.1)a by
∂tu, integrating over Ω and using the divergence theorem, we have

dE(t)

dt
= 0.

We assume that there exists a global solution u(t, x) of (1.1) satisfying (1.4).
We define the functional F (t) as

F (t) :=

∫
Ω
(u(t, x)−A)2dx.

From (1.1), we have

d2

dt2
F (t) ≥ 2

∫
Ω
(∂2

t u)(x)(u(x)−A)dx

= 2

∫
Ω
(u(x)−A)u(x) div(u(x)∇u(x))dx+ 2

∫
Ω
up(x)(u(x)−A)dx.

The divergence theorem of Gauss and the conservation law yield that

2

∫
Ω
(u(x)−A)u(x) div(u(x)∇u(x))dx

= −2

∫
Ω
(∇((u(x)−A)u(x))) · (u(x)∇u(x))dx

≥ −4

∫
Ω
u2(x)|∇u(x)|2dx

≥ − 8

p+ 1

∫
Ω
up+1(x)dx− 8E(0),

from which we have

d2

dt2
F (t) ≥ (2− 8

p+ 1
)

∫
Ω
up+1(x)dx− 2A

∫
Ω
up(x)dx− 8E(0)

=

∫
Ω
up(x)((

2(p− 3)

p+ 1
)u(x)− 2A)dx− 8E(0).(3.1)

We set v = u−A, C1 =
2(p−3)
p+1 . We prove the following elementary inequality.
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Proposition 7. Let u, v, A and C1be as above. We have

up(C1u− 2A) ≥ C1

2
vp+1 − C2A

p+1 for v ≥ 2A

C1
−A ≥ 0,(3.2)

up(C1u− 2A) ≥ C1v
p+1 +Ap+1(C1 − 2(

2

C1
)p) for

2A

C1
−A ≥ v ≥ 0,(3.3)

up(C1u− 2A) ≥ C1|v|p+1 −Ap+1(C1 + 2) for 0 ≥ v ≥ −A,(3.4)

where C2 = (
4p

C1(p+ 1)
)p

2

p+ 1
− C1

2
.

Proof. First, we show (3.2). By the elementary computation, we have

1

2
C1u

p+1 − 2Aup ≥ −(
4Ap

C1(p+ 1)
)p

2A

p+ 1
for u ≥ 2A

C1
.

The inequality up+1 ≥ vp+1 +Ap+1 for v ≥ 0 yields that

up(C1u− 2A) =
1

2
C1u

p+1 +
1

2
C1u

p+1 − 2Aup ≥ C1

2
vp+1 − C2A

p+1.

Secondly, we show (3.3). By up+1 ≥ vp+1+Ap+1 for v ≥ 0 and up ≤ (
2A

C1
)p,

we have

up(C1u− 2A) ≥ C1u
p+1 − 2Aup ≥ C1v

p+1 +Ap+1(C1 − 2(
2

C1
)p).

Finally, we show (3.4). From up ≤ Ap for v ≤ 0 and C1u − 2A ≤ 0, it
follows that

up(C1u− 2A) ≥ Ap(C1u− 2A).

By A ≥ |v| and u ≥ |v| −A, we have

Ap(C1u− 2A) ≥ C1|v|p+1 −Ap+1(C1 + 2).

We divide Ω into three parts as

Ω = Ω1 ∪ Ω2 ∪ Ω3,

with Ω1 = {x ∈ Ω| v(t, x) ≥ 2A
C1

−A}, Ω2 = {x ∈ Ω| 2A
C1

−A ≥ v(t, x) ≥ 0} and
Ω3 = {x ∈ Ω| 0 ≥ v(t, x) ≥ −A} for t ≥ 0.

From (3.1) and the above devision of Ω, we have∫
Ω
up(x)(C1u(x)− 2A)dx− 8E(0) =

3∑
j=1

∫
Ωj

up(x)(C1u(x)− 2A)dx− 8E(0).
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By Proposition 7, we have∫
Ω
up(x)(C1u(x)− 2A)dx ≥ C1

2

∫
Ω
|v(x)|p+1dx− Cm,

where Cm = |Ω|max{C2, 2(
2

C1
)p − C1, C1 + 2} ×Ap+1.

By Hölder’s inequality, we estimate the first term of the right hand side of
the above inequality as

C1

2

∫
Ω
|v(x)|p+1dx ≥ CpF

p+1
2 (t),

where Cp =
C1

2
|Ω|−

p−1
2 .

Therefore, we obtain the following differential inequality,

d2F

dt2
(t) ≥ CpF

p+1
2 (t)− 8E(0)− Cm.

Next, we prove the following lemma.

Lemma 8. Let G(t) be a solution of the differential equation

d2G

dt2
(t) = α|G(t)|q − β for α > 0, β ∈ R and q > 1.(3.5)

If G(0) and dG
dt (0) satisfy G(0) ≥ 0, dG

dt (0) > 0 and either

P ′(G(0)) ≥ 0,(3.6)

or

P ((
β

α
)
1
q ) + C ′′ > 0 for β ≥ 0,(3.7)

where

P (x) =
α

q + 1
xq+1 − βx,

P ′(x) =
dP

dx
(x) and C ′′ =

1

2
(
dG(0)

dt
)2 − P (G(0)),

then there exists a time T < ∞ such that

dG

dt
(t) > 0 on [0, T ) and lim

t↗T
G(t) = ∞.
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Proof. First, we show that
dG

dt
(t) is a strictly positive function of t.

Under the assumption of (3.6), since
dG(t)

dt
− dG(0)

dt
=

∫ t

0
(α|G(s)|q−β)ds,

it follows that
dG

dt
(t) is a nondecreasing function of t.

We assume (3.7). If there exists a time T0 such that

dG(T0)

dt
= 0 and

dG(t)

dt
> 0 for t ∈ [0, T0),

then multiplying the both side of the (3.5) by
dG

dt
(t) and integrating on [0, T0],

we have

P (G(T0)) + C ′′ = 0,

which is contradictory to (3.7).

Therefore,
dG

dt
(t) is a positive function.

From the positivity of
dG(t)

dt
and the same argument as above, we have

1

2
(
dG(t)

dt
)2 = P (G(t)) + C ′′.(3.8)

(3.7) and (3.8) yield that
dG

dt
(t) ≥

√
2(P ((

β

α
)
1
q ) + C ′′) for all t ∈ [0,∞).

Hence we obtain limt→T G(t) = ∞ for some T ∈ (0,∞] under the assump-
tion either (3.6) or (3.7).

We prove T < ∞.
By the inverse function theorem, we can construct the inverse function

G−1 : [G(0),∞) −→ [0, T ), which satisfies

dG−1(r)

dr
=

1
dG
dt (G

−1(r))
.

By (3.8), we have

dG−1(r)

dr
=

√
1

2(P (r) + C ′′)
.

Integrating both side over [G(0), ∞), we have

T =

∫ ∞

G(0)

√
1

2(P (r) + C ′′)
dr < ∞.

Therefore, G(t) blows up in finite time.
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Let G(t) be a solution of the differential equation

d2G

dt2
(t) = Cp|G(t)|

p+1
2 − 8E(0)− Cm,

satisfying G(0) = F (0), 0 <
dG(0)

dt
< 2(u0 −A, u1)L2 and either

P ′(G(0)) ≥ 0,

or

P ((
Cm + 8E(0)

Cp
)

2
p+1 ) + C̃ > 0 for Cm + 8E(0) ≥ 0,

where P (x) is the function introduced in the assumption of Theorem 1 and

C̃ =
1

2
(
dG(0)

dt
)2 − P (G(0)).

The standard comparison argument yields F (t) ≥ G(t) for t ≥ 0, from
which, Lemma 8 yields that F (t) becomes infinite in finite time. We complete
the proof of Theorem 1.

Remark 9. Under the assumption (3.6), the solution of (3.5) blows up in
finite time with the nonnegative initial data, which is proved in [1], [2], [3], [4]
and [5].

Remark 10. By the above computation, we have

Tm ≤
∫ ∞

F (0)

√
1

2(
2Cp

p+3r
p+3
2 − (Cm + 8E(0))r + C ′)

dr,

where Tm is the positive constant introduced in Remark 3.

§4. Case where A = 0

In Sections 1, 2 and 3, we assumed that A is a positive constant. In this
section, we treat (1.1) in the case where A = 0, that is, we consider the
following Dirichlet problem:

∂2
t u = u div(u∇u) + |u|p−1u, (t, x) ∈ (0, T ]× Ω, (4.1)a

u(0, x) = u0(x), x ∈ Ω, (4.1)b
∂tu(0, x) = u1(x), x ∈ Ω, (4.1)c
u(t, x) = ∂tu(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω. (4.1)d

(4.1)
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Theorem 11. Suppose that p > 3, (u0, u1)L2 > 0 and either

P ′(‖u0‖2L2) ≥ 0,

or

P ((
8E(0)

Cp
)

2
p+1 ) + C ′ > 0 for E(0) ≥ 0,

where

P (x) =
2Cp

p+ 3
x

p+3
2 − 8E(0)x,

P ′(x) =
dP

dx
(x), Cp is the same constant as the one of Theorem 1,

C ′ = 2(u0, u1)
2
L2 − P (‖u0‖2L2),

and

E(0) =
1

2
‖u1‖2L2 +

1

2

n∑
j=1

‖u0∂xju0‖2L2 −
1

p+ 1

∫
Ω
up+1
0 (x)dx.

Then a time global solution u of (4.1) satisfying u ∈ C2([0,∞)× Ω) does not
exist.

Proof. We give the outline of the proof which is similar to the argument in
[1], [2], [3], [4] and [5].

We assume that there exists a global solution u(t, x) of (4.1) and set the
functional F (t) :=

∫
Ω u(t, x)2dx.

By the same argument as Theorem 1, we have the following differential
inequality as

d2F

dt2
(t) ≥ CpF

p+1
2 (t)− 8E(0).

By Lemma 8, F (t) does not exist on [0,∞).

Remark 12. If p is an odd number greater than 3 and the initial data of (4.1)
is analytic, by Cauchy-Kowalewsky Theorem(e.g. [8]), we can construct the
unique analytic solution of (4.1)a. The solution of (4.1)a, which is constructed
by Cauchy-Kowalewsky Theorem, vanishes at the boundary of Ω. In fact, By
the uniqueness of the solution of the ordinary differential equation, u(0, x0) = 0
and ∂tu(0, x0) = 0 for x0 ∈ ∂Ω are equivalent to u(t, x0) = 0 and ∂tu(t, x0) = 0
for t ∈ [0, T ].
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