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Abstract. In this paper we provide an explicit minimal projective bimodule
resolution for some weakly symmetric algebras with radical cube zero. Then by
using this resolution we compute the dimension of its Hochschild cohomology
groups.
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§1. Introduction

Throughout this paper, let k£ be a field and I" the quiver with m vertices and
2m arrows as followsza

0 am
Co1 2 w1
0 —1l " ~m—1

al az am—1

for an integer m > 1. Let ¢; be the trivial path corresponding to the vertex i.
All paths are written from left to right.

Now, to define the algebra A. we treat the following three cases separately.

(1) Inthe case m > 3, I' is the quiver above and then we define the algebra A
by kI'/I where I is the ideal generated by the following uniform elements:

_ 2 2 _ _ _
ajal — CL(]a Ay — Om—10m—1, aiaop, AmGm—1,

a;i0; — Qi—1Q;—1, Q;Qj4+1, G]4+10],

for2<i<m-1,0<j<m-—1and 1< <m—2. In this case, the
following elements form a k-basis of A:

€, aj, aj, QrQy, a?n for0<i<m-10<j<m;1<lLr<m-1.
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(2) In the case m = 2, I' is the quiver

ag

as
Co2 10
a1

Then we define the algebra A by kI'/I where I is the ideal generated by
the following uniform elements:

— 2 2 - _ _
aija; — ag, a9 —aiai, aiap, apal,a1a and asan .
In this case, the following elements form a k-basis of A:

ei, aj, ai, a1, a% for0<i<1,0<5 <2,

(3) In the case m =1, I' is the quiver
ag al
CoO

Then we define the algebra A by kI'/I where I is the ideal generated by
the following uniform elements:

a% — a%, apa1 and ajag.
In this case, the following elements form a k-basis of A:

2
€0, g, a1, a3

So we have dimy A = 4m for m > 1. It is known that A is a Koszul weakly
symmetric algebra with radical cube zero and it belongs to the class of weakly
symmetric tame algebras of type Zm_l introduced in [1]. Moreover we see
that A is a special biserial algebra of [9].

In [7], Snashall and Solberg defined the support varieties for finitely gen-
erated modules over a finite dimensional algebra by using the Hochschild co-
homology ring modulo nilpotence. Furthermore, in [2], Erdmann, Holloway,
Snashall, Solberg and Taillefer introduced some reasonable “finiteness condi-
tions,” denoted by (Fg), for any finite dimensional algebra, and they showed
that if a finite dimensional algebra satisfies (Fg), then the support varieties
have a lot of analogous properties of support varieties for finite group algebras.

Recently, in [8], Snashall and Taillefer described the Hochschild cohomol-
ogy rings for algebras in a class of certain special biserial weakly symmetric
algebras (which does not contain A). They gave explicit generators and re-
lations of the Hochschild cohomology rings modulo nilpotence for algebras in
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this class, and then used the Hochschild cohomology ring to show that some
of these algebras satisfy (Fg).

In [3], Erdman and Solberg gave necessary and sufficient conditions for any
Koszul algebra to satisfy (Fg). Consequently, they showed that A satisfies
(Fg). So the Hochschild cohomology ring of A is finitely generated as an
algebra. On the other hand, in the case where m = 2 and chark # 2, A is
precisely the principal block of the tame Hecke algebra Hy(Ss5) for ¢ = —1. In
this case, a k-basis of the Hochschild cohomology groups of A was described
by Schroll and Snashall in [6]. They proved independently that A satisfies
(Fg), and gave some properties of the support varieties for modules over A.

In this paper, we provide an explicit minimal projective bimodule resolution
of A for m > 3 and m = 1; see [3] for the case m = 2, and then compute the
dimension of the Hochschild cohomology groups of A and give a k-basis of the
Hochschild cohomology groups in a way similar to that in [8]; see also [3] and
[6].

The contents of this paper are organized as follows. In Section 2, with
the same notation as that in [8], we determine sets G" (n > 0), introduced
in [5], for the right A-module A/t, where v denotes the radical of A. Then,
using G", we construct a minimal projective resolution (P,,ds) of A as an
A-A-bimodule (Theorem 2.3). In Section 3, we first determine the dimension
of the Hochschild cohomology groups for m > 3 (Theorem 3.5), and then we
give an explicit k-basis of the Hochschild cohomology groups (Propositions
3.7, 3.8 and 3.9). In Section 4, using the same arguments as in Sections 2 and
3, we determine the dimension of the Hochschild cohomology groups in the
case m = 1 (Theorem 4.4).

Throughout this paper, for any arrow a in I', we denote the origin of a by
o(a) and the terminus by t(a). We write ® as ® for simplicity, and we denote
the enveloping algebra A°P ® A by A°€.

82. A projective bimodule resolution for A

In this section, we give an explicit minimal projective bimodule resolution
(Po,ds): P %p 2 p 2 py %450

of A=kI'/I for m > 3 by using the argument in [4].

Let B = kQ/I' be any finite-dimensional algebra with a finite quiver @
and an admissible ideal I’ in kQ. Denote the radical of B by J. In [5], Green,
Solberg and Zacharia introduced subsets G" (n > 0) of k(Q), and used the
subsets to give a minimal projective resolution of the right B-module B/J.
First we briefly recall the construction of G". Let GY the set of all vertices of
Q, G' the set of all arrows of @ and G? a minimal set of generators of I. In [5],
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the authors proved that for each n > 3 there is a subset G of kQ satisfying
the following two conditions:

(a) Each of the elements = of G" is a uniform element satisfying

T = Z yry = Z zs, for unique ry, s, € kQ.
yegn—1 zegn—2

(b) There is a minimal projective B-resolution of B/J

(Re,00): 2% Ry 2 Ry 2 Ry 2% Ry 2% B/J — 0,
satisfying the following conditions:

(i) For each j >0, Rj = @, g t(z)B.

(ii) For each j > 1, the differential 6; : R; — R;_1 is defined by

t(z) A — Z ryt(z)\  for z € GY and \ € B,
yegi—1

where 7, are elements in the expression (a).

In [4], Green, Hartman, Marcos and Solberg used the set G" to give a min-
imal projective bimodule resolution for any finite dimensional Koszul algebra.
This set also appears in the papers [3], [6] and [8] in constructing minimal
projective bimodule resolutions. In this section, following this approach, we
construct the set G", and then find a minimal projective bimodule resolution
of A for m > 3.

2.1. A construction of the sets G"

Now we fix an integer m > 3. In order to give sets G" (n > 0) for A/t
where t denotes the radical of A, we first define morphisms of quivers ¢' =
(¢8,¢1) : A — I for i = 0,1,...,m — 1. Let A be the following locally
finite quiver with vertices (z,y) and arrows b(®*¥ : (z,y) — (z + 1,y) and
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o) (2, y)

— (x,y + 1) for integers z,y > 0.

£(0.4) o(1.49) o(2.4) o(3.4)
p(0,4) p(1,4) b(2:4)
(0,4) (1,4) (2,4) (3,
(0,3) (1,3) (2,3) (3,3)
p(0,3) p(1,3) b(2,3)
c(0,2) c(1,2) c(2,2) c(3,2)
b(0’2) b(1’2) b(2’2)
(07 2) I ( ) ) I ( ) ) I ( ) 2)
£(0,1) o(1,1) o(2.1) o(3.1)
p(0,1) p(1,1) p(2:1)
(071) I ( 71) I ( 71) I ( 71)
+(0,0) ~(1,0) +(2,0) +(3,0)
p(0,0) p(1,0) p(2,0)

p(3,4)

b(3,3)

b(3:2)

p(3,1)

p(3,0)

121

For any integer z, let Q(z) be the quotient and Z the remainder when we divide
z by m. Then we have 0 < Z < m —1. We denote the sets of vertices of A and
I' by Ay and Iy, respectively. Also, we denote the sets of arrows of A and I

by A; and [I7, respectively. For each i = 0,1, ...

gb%:Ao—)FOanqu)il:Al—)Flby

(1) For (z,

y)EA()

Ph(x,y) = {em_y+¢

em—l—m—y+i

(2) For b@¥) @) € A

8 (b)) = {“ww‘ﬂ

am—l—:c—y+i

d’li(c(‘r’y)) = {ameri

am—r—y—‘ri

where we put @y := ag for our convenience.

if Qx —y+1i) € 2Z,
if Qz —y+1i) ¢ 2Z.

if Q(x —y+1i) € 2Z,

if Q(z —y+1) ¢ 22,
if Q(x —y+1i) € 2Z,
if Q(z —y+1) ¢ 2Z.

,m — 1, we define the maps
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Then, for all i = 0,1,...,m — 1 and arrows b(*¥% and ¢(*¥ in A, we have

o(¢1 (0"¥))) = o(¢} (c*¥))) = ¢ (=, y),
L (b)) = ¢l (2 + 1,y),
t(¢ (V) = g (z,y + 1).

Thus ¢! is a morphism of quivers. Note that ¢! naturally induces the map
between the set of paths of A and that of I' as follows:

Gi(pr-pr) = i (p1) - B (),

for a path py---p.(r > 1) of A where p; is an arrow for 1 < j <r.

Now, we can define the sets G" (n > 0) for A/t in the way similar to that
in [8]. Let 987072- =e¢; fori=0,1,...,m — 1. For integers n > 1, z,y > 0 with
r4+y=nandi=0,1,...,m — 1, we define the element ggj’yﬂ- in kI" by

gg,y,i = Z(_1>Sp¢il (p)7

p

where
e p ranges over all paths in A starting at (0,0) and ending with (z,y); and

e 5, is an integer determined as follows: If we write p = pip2...p, with

pj arrows in A for 1 < j < n, then s, = Zp,_c@/,y,)j where 2/ and 3/
=

are positive integers with 2’ + 13/ = j — 1.
For each n > 0, we put
G" ={9rn—2il0<r<nand 0 <i<m-—1}

Then, for n =0,1,2, G" can be described as follows:

0
g :{607617'--7em71}a

1 _ _ _
g :{alv"')vama_ao_alv_a25-'~7_am—1}7
G2 =

{—¢% (00 OD) gt (pO0) 10y 5t (00p0.1)) i (OO | 0 < 4 < — 1}
= {—apa1, —a1a9, —;@;—1,a1G1 — G(Q), Aj+1Gj+1 — G504, ail — Gm—10m—1,
410742, Gnlm—1 |2<i<m—-1,1<j<m—2and 0 <l <m—2}.

And it is easily seen that G" satisfies the conditions (a) and (b) for m > 3 in
the beginning of this section.

As in the beginning of this section, G™ gives the minimal projective resolu-
tion (Re,ds) of A/t defined by (b).
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Remark 2.1. The following sequence is a minimal projective resolution of

Al

(Re,00) : —>R3—>R2—>R1—>R0—>A/t—>0

where Ry, = [[o<p<p (95 ns i) A for n > 0, &g is the natural epimorphism and
forn>1,0<i:<m-—-1land 0 <z <n,

5n(t(g;}n z, z)) =

(—1)"t(g 1 )04 (O D) | if 2 =0,
(ga: 1,n— xz)(bl (b(x b= m))+<_1) (ggnll xz>¢ll(c(w7nilix))
ifl1<az<n-1,

(gn 107,)¢Z( b\ 10) if x =n.

2.2. A minimal projective bimodule resolution of A

To construct a minimal projective bimodule resolution of A, we use the fol-
lowing lemma. The proof of this lemma is straightforward.

Lemma 2.2. For any positive integers n, and any integers ¢ and x with 0 <
i1 <m—1and 0 < x <n, we have the following:

(1) In the case i =0,

g:,n—m 0~
( (191,000 Y)
(1) (cOM)gn=t o if n=0,1(mod 4),
—(-1 )n¢?(0(0 0))gn_1,070 if n =2,3(mod4),
ifx =0,
(9 s o¢0<b<w—1 H)) + (1)t g ()
= (=" (O N)gn =y o
+{( "= x¢0(0(00))9n 1—2.2.0 if n=0,1(mod4),
—(=1)"" z‘/)?(c(o 0))971_1_:,;7%0 if n=2,3(mod4),
z'f 1<z<n-1,
In1,0,080 (0" TE0) = GO g7t ifz=n.
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(2) In the case 1 <i<m —2,

Yrn1-wi=
(D75l (0 0) = (1Ol if e =0,
AP el ”))Jr( gty adi(e (I”‘l‘“?))
= (—1)" i (60 g7y Ln—ait1 T (1) ¢4 (cl0 )Q;lnll zi—1
ifl<z<n-—1,
(In— 1oz¢l(b(n L)) = ¢} (b©0)gp 10441 Hx=n.

(3) In the case i =m — 1,

n —
g:v,n—;v,m—l -

( - m— n— n  m-— n—
(_1)ng7017n£1,m 1¢ 1( © 1)) ( 1) (bl 1(0(070))go,n1—1,m—2

if =0,
Q;L 11n r,m—1 1171 1(b(x—1,n—x))
+( 1)ng:?n11 r,m— 1¢m—1( $n—1—x))

(o D (S ik i 1m—1  fn=0,1(mod4),
—(=1)""e (b (00))gn ca—1m-1 U n=23(modd),
S G K D AP I
ifl <zx<n-1,
In L om0 (O
ST OOD)gr 1 ifn=0,1(mod 4),
{_Qﬁn (o ))go,n—l,m—1 if n = 2,3(mod 4),

if xt =n.

Now, for any integer n > 0, we define a left A°-module

= [ A4olg) @t(9)A

gegn

Using the argument of [4], by Lemma 2.2, for n > 1, we define the A®-
homomorphism 9,: P, — P, _1 as follows:
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(1) In the case where ¢ =0,

aﬂ(o(gg,n—x,O) ® t(garcl,n—x,O)) -
( (—1)710(961;1—1,0) ® ¢9(c0n=)
N PO ®t(gh"1o0)  if n=0,1(mod4), "
() @ t(gn 1) if n=2,3(mod4),
0(90 ] nw0) ® A (BETLNTD) 4 (=1)mo(ghhy ) © @ (clmn 1))
+(=1)*¢d (00 @ t(gh 1 1 0t)
N (=17 (cO) @ t(gn=]_4.0)  if n=0,1(mod4),
—(=1)" (N @ t(gn=]_,a0) if n=2,3(mod4),
ifl<x<n-—1,
o(gn100) @ O 10) + (1) (bON) @ t(gp 1) if z =n.

=0,

(2) In the case where 1 <i <m — 2,

(09 n—w,i) ® Grn—i)) =
(=1)"0(gg11,0) @ S (0" D) + 91 (OD) @ (gl 10) iz =0,
0G5 " ) ® OLOETHD) o (“1)0(g 00, 5) @ ¢ (el )
+(—1)%6 (b)) © t(g:?:ll,n—x,i—i-l)
+(=1)%¢5 (") ® Hgnty giy) 1<z <n—1,
0(92:},0,0 ® ¢i(b(n_1’0)) + (_1)n¢§(b(0’0)) ® t(gﬁiio,m) if x =n.

(3) In the case where i =m — 1,

an(o(gg,nf:r,mfl) ® t(g;,nfx,mfl)) =
(=1)"0(g5 m1m—1) @ S7 (@) 4+ 67 H(O) @ (g1 o)

if =0,
O(gg:ll,n—r,m—l) ® (bgn—l(b(m—l,n—r))

H=D) o(gh 1) @ O ()
. {(—1)%{”%0’@) QUG s o1 me1) 10 =0,1(mod4),
—(=1)% ) @ t(gn g o1 m1)  if n = 2,3(mod4),
H(=1)Te D) @ t(gr ),
ifl<x<n-—1,
O(QILL:i,O,mfl) ® ¢y (b))
(=17 0O @ gyt o) if = 0,1(mod4),
—(=1)"7 OO @ t(ghl 1 o) i = 2,3(mod 4),

if x =n.

—+
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Then we have a sequence
(Po,0s): =P 2P P2 Py T A0,

where 7 is the multiplication map. The following result is now immediate
from [4].

Theorem 2.3. The sequence (Ps,0s) is a projective bimodule resolution of
the left A°-module A.

83. The dimension of the Hochschild cohomology groups for
m >3

In this section, we determine the dimension of the Hochschild cohomology
groups of A by using the minimal projective A¢-resolution given in Theorem
2.3. Throughout this section, we keep the notation from sections 1 and 2.

By setting P} := Homye(P,, A) and 9 = Hom e (9, A) for n > 0, we get
the following complex.

o*

* * * 61‘ * 8; n—1 * o5 *8*
(P.,@.)I 0_>‘PO Pl Pn—l Pn

n+1

Then, for n > 0, the n-th Hochschild cohomology group HH"(A) of A is given
by HH"(A):= Ext"j. (A, A) = Ker 05 /Im 0;;.

In the rest of the paper, for an integer n > 0, we set p := Q(n) and ¢ := 7,
that is, p and t are unique integers such that n = pm + ¢ with p > 0 and
0<t<m-—1.

3.1. The dimension of the Hochschild cohomology groups of A

For an element f in P}, f('o(g;in_m’i) ®t(g£n_$7i)) isin O(QQ,n—m)At(QQn—x,i)'
By definition of G" and ¢f), we have

O(gx,n—z,z) (gm,n—x,z) {eiAe if Q(Zl’ 4+ l) ¢ 27,

m—1—2x—n+1

Moreover, it follows from the definition of A that, for vertices i, j, e;Ae; has
the following basis elements.

€p, ag, a1a1] ifi=45=0,
em—1,0m,a2, ifi=j=m—1,
i, ai1ai41  ifi=j#0,m—1,
Qi1 ifj—i=1,

a; ifj—i:—l,
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and, in the other cases, e;Ae; is zero. So we have

3 ifi=73=0,m-—1,

2 ifi=j7#0m-—1
dimkeiAej: 1 Z ]7& M

1 ifi—j5==1,

0 otherwise.

127

Then, f(o(gyp—zi) @ t(dy,—ri)) can be written as a linear combination of
these basis elements in o(gy,,_, ;) At(gy ,,—, ;). We need to find the conditions
on the coefficients in this linear combination when f is in Kerdy,, ., .. To do
this, we consider the four cases (i) p and ¢ are even, (ii) p is even, t is odd,
(iii) p is odd, t is even, (iv) p and ¢ are odd.

Lemma 3.1. We have the image of o(gy,,_.;) @ t(gy,_.;) by f € Py as

follows:

(1) In the case where p and t are even, we have

O(gx,n T z) ® t(gg n—x z)) =

|
|
|

where al

00,a€0 + 70,000 + A0,a@1a1 ifi =0,
0i,a€; + Ai aQi+1Qi+1 if1<i1<m-—2,
Om—1,0€m—1 + Tm—1,a0m + Am—1,002, ifi=m—
ife=(p—am+t/2 for 0 < a <p,

i 041 ifm—1—t/2<i<m-2,=0,
Hi,pAi+1 if0<i<m-—2,1<p8<p,
WipriGit1 f0<i<t/2—-1,3=p+1,
ifr=p-B+1)m+t/2—i—1,

13,00 ifm—t/2<i<m-—1,v=0,

Liy Qi if1<i<m-—1,1<vy<p,

tipe1@;  if 1 <i<t/2,y=p+1,
ife=p@p—vy+1)m+t/2—1,

[ the coefficients o; o, Tia, Nias i3, and L; are in k.



128 T. FURUYA AND D. OBARA

(2) In the case where p is even and t is odd, we have

f0(grn—ei) ® UGy n—wi)) =

00,0€0 + 70,000 + A0,0@101 ifi =0,

Oiali + Ni,alit1Ti11 if 1 <i<m-—2,
Om—1,06m—1 + Tm—1,a0m + )\m_lyaafn ifi=m—1,
ifr=pP—-—a+1)m+(t—1)/2—i for1 <a<p,

{awe,’ + A0 1Ti 1 ifm—(t+1)/2<i<m-2,
Om—1,0m—1 + Tm-1,00m + Am—1,002, ifi=m —
ife=(pP+1)m+(t—1)/2—1,
00,p+1€0 + T0p+100 + Aopriarar  if i =0,

Tip+1€i + Aip1@it10it1 if1<i<(t-1)/2,
ifx=(t—1)/2—1,

pigaiv1 f0<i<m-—-20<B<pax=(p-B)m+(t+1)/2,

ifl1<i<m-1,0<y<px=@p-—-ym+({t—1)/2,

Li y Qi
where all the coefficients o; o, Tia, Nias Mig, and L; are in k.

(3) In the case where p is odd and m and t are even, and m, p and t are
odd, we have

f(o(9zn—zi) @Gz n—2i)) =

00,a€0 + 70,000 + Ao,a0101 ifi=0,
{Uz a€i T i ait10it1 if1<i<m-—2,
Om—1,0€m-1 + Tm—1.a0m + Am—1.002, ifi=m—
ife=((p—a)m+(m+1t)/2 for1 <a<p,
M3 0G5+1 ’if(m—t)/2—1§i§m—27/8207
{MZﬂaZ—H f0<i<m-—-21<p<p-1,
Hipait1  if0<i<(m+1)/2-1,8=np,
ifr=(p—B)m+(m+t)/2—i—1,
voa; if (m—1)/2<i<m-—1,7=0,
Lyt if1<i<m-—1,1<y<p-1,
Lipai if1<i<(m+t)/2,7=np,
ifr=(p—y)m+(m+1t)/2—1,

\

where all the coefficients o; o, Tia, Nias Mig, and L are in k.

(4) In the case where m is even and p and t are odd, and m and p are odd



HOCHSCHILD COHOMOLOGY OF WEAKLY SYMMETRIC ALGEBRAS 129

and t is even, we have

00,0€0 + T0,000 + >\o 20101 if i =0,

{Uz a€i T N a@it10it1 ifl<i<m-—2,

Om—1,06m—1 + Tm—1,00m + Am—1,002, ifi=m—1,

ifr=pP-am+(m+t—1)/2—iforl<a<p-1,

00,060 + 70,000 + Ao,0a1a1 ifi=0,t=m—1,

{01062+)\ 041041 if(m—1—-1)/2<i<m-—2,

Om—1,0Em—1 + Tm— IOam+)\m 10a ifi=m—1,

ifr=pm+ (m+t—1)/2—1,

o0,pe0 + T0,pa0 + Ao,paiai if i =0,

{Uz,pez + NipQit1Qi+1 if1<i<(m—1+1)/2,
Om—1pEm—1 + Tm—1,p0m + Am— 17pa2 ifi=m-—1,t=m-—1,
ife=(m+t—1)/2—1,

i 3G 41 if0<i<m-—2,1<p<p,

{M17p+1a1+1 f0<i<m-2,=p+1,t=m-—1,
fr=pP-B+1)m—(n—-t-1)/2,
tiot; if1<i<m—1,7v=0,t=m—1,

{Lmai ifl<i<m-11<vy<p,
ife=pP-v+1)m—(m—-t+1)/2,

where all the coefficients 0; o, Tias Nias Mig, and L are in k.
By Lemma 3.1, we obtain immediately the following corollary.

Corollary 3.2. We have the dimension of P = Homae(P,, A) for m > 3 as
follows:

dmp +2m+2t+2 if p is even,
dimy Py = < 4mp + 2t + 2 if pis odd and t #m — 1,
dm(p + 1) if p is odd and t = m — 1.

Next, using Theorem 2.3 and Lemma 3.1, we determine the Im 9}, ;. We

suppose that m is even. In the case where m is odd, we have the similar
results.

Lemma 3.3. With the notation of Lemma 3.1, if m is even, then we have
i1 (009501 —00) ® 1950 1-0,4)) in the following cases.
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(1) In the case where p and t are even, we have O} 41 (£)(0(} 141 r0) ©
t<9;;1+1,x7i)) as follows:

(a) Ifr=(p—am+1t/2 for0<a<p-1,

(00,0 + 00 p—a)ao + (Ho,a+1
—To,a + (‘1)t/251,a+1 + Top—a)arar ifi =0,
f1<i<m-—1.

(=Cia + (=1 %0;_1 0)a;

(b) If x =1t/2,
(=00p + 00,0)a0 + (—70,p + T0,0)a1a1
(=00, + 00,0)a0 + (Ho,p+1
—7op + (=)0 p11 + T00)n@  ifi=0,t > 2,
ifl<i<m-—L

ifi=0,t=0,

(—0ip+ (=1)"0i1,)a
() Ifz=(p—a)ym+t/2+1 for 1 <a<p,
(i — (_1)t/20i+1,a)az’+1 for0<i<m—2,

(O'mfl,a - O'mfl,pfa)am + (Tmfl,a
—lm—-1,a — Tm—1p—a — (_1)t/2/~5m—2,a)a$n Zfl =m— 1.

(d) Ifx=pm+t/2+1,
if0<i1<m-—2,

(010 = (=1)"?0i110)ai41
(Um—l,() - Um—l,p)am + (Tm—l,O - Tm—l,p)agn ifi=m—1,t=0,

(O-mfl,(] - O'mfl,p)am + (Tmfl,O

Y2 _n0)a2, ifi=m—1,t>2.

—lim—-1,0 — Tm—-1,p — (*1)
() fe=(p—-B+1)m+t/2—ifor0<B<p+1,
(11,0 — tip + (=120 0 4+ (=120 0)aig1@i1

ifm—1t/2<i<m-2,=0,
(ip — tip+ (=120 5+ (—D)Y2H 01 g)ai1@i

(Hip1 = tipst + (=) iy pir + (1) i1 pi1)aip1@in

ifl<i<t/2—1,8=p+1.

(f) [fl' =n+landi=m-—1— t/?, (,ui’() — Li+1,0)ai+1ai+1.

(8) fx=0andi=1t/2, (—tip+1 + Mi—1p+1)0it1Tit1-
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(2) In the case where p is even and t is odd, we have Oy (f)(o0 (g’;jﬁrl . Z) ®
(gﬁ;lﬂ i) as follows:

(a) Ifc=(pP—-—a+1)m+(t+1)/2—1i for1 <a<p,
(00,0 + 00, p—a+2)a0 + (po,a—1
+T0.0 + (=1)EFD20y 470 ai2)ar@ ifi =0,
(0'2'706 + (—1)(t+1)/2+i0i_17a)ﬁi if1<i<m-—1.
(b) Ifx=(t+1)/2—1,
(00p+1 + 00,1)ao0 + (top + Top+1
H(=D)ED20 4 701 and ifi=0,
(Gipi1 + (—1)EHD2Hig, oG, if 1<i < (t—1)/2,
Oi—1,p+10; ifi= (t + 1)/2.
(c) fz=(p+1)m+(t+1)/2—1,
0;,0Q; ifz':m—(t+1)/2,
(Ui,() + (—1)(t+1)/27i0i_1’0)62‘ ifm — (t — 1)/2 <1 <m-—2,
Om—1,00m—1 ifi=m-—1andt=1,
(Om-1,0 — (—1)(t+1)/20m_2,0)6m_1 ifi=m-—1andt>3.
(d) Ifer=p—-—a+1)m+(t—1)/2—1 for1 < a <p,

(Tia + (_1)(t b /2+le+1 o) Qi+l if0<i<m-—2,
(O-mfl,a + Umfl,pfa)am (Tmfl,a
Fmta + Tmetp-a+ (=)0 5 Va2, ifi=m— 1.
(e) Ifr=(p+1)m+(t—1)/2—1,
01,0041 ifi=m—(t+3)/2,
(gip+ (—1)ED2 g 0)ai if m—(t+1)/2<i<m—2,
(Um—l,O + Um—l,p)am

+(Tm_170 +lm-1,0+ Tm-1p

HED)EED 2, o 0)an,  ifi=m -1,
() fo=(t—1)/2—1,
00pt101 ifi=0andt=1,
(0’07p+1 + (—1)(1&71)/20171,4_1&1 ifi =0andt> 3,
(Oipsr + (=12 0, )ass if 1<i < (t—3)/2,
Tip+1Qit1 ifi=(t—1)/2.
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(&) Ifz=(p—PB)m+(t+1)/2 for 0 < <p,

(i +tip+ (=)D 2000 54 ()20 ag @i

for1 <i<m-—2,

In the case where p is odd, we have the similar results to (1) and (2).

In this way, we have the dimension of the Kernel of 97 , ;.

Proposition 3.4.

dimy, Ker ;m+t+1 =
((2p+1)m +p/2+t+3
2p+1)m+p/2+t+1
2pm+ (p—1)/2+t+3
2pm + (p—1)/24+t+1
2p+1)m+ (p+1)/2

(1) In the case where m is even and chark # 2, we have

if p and t are even,

if p is even and t is odd,

if p is odd and t is even,

if p is odd and t is odd(# m — 1),
if p is odd and t =m — 1.

(2) In the case where m is even and char k = 2, we have

dimy, Ker ;m-l—t—i-l =

((2p+1)m +p/2+t+3
2p+1)m+p/2+t+2
2pm+ (p—1)/2+t+3
2pm+ (p—1)/2+t+2
)

2p+1)m+(p+1)/2+1

if p and t are even,

if p is even and t is odd,

if p is odd and t is even,

if p is odd and t is odd(# m — 1),
if pis odd and t =m — 1.

(3) In the cases where m is odd and chark # 2, we have

dimy Ker 0y, 1411 =
2p+1)m+p/2+t+3
2p+D)m—+p/2+t+1
2pm+ (p—1)/2+t+3
(
)

2pm+ (p—1)/2+t+1

2p+1)m+(p—-1)/2+1

if p and t are even,

if p is even and t is odd,

if p and t are odd,

if p is odd and t is even(# m — 1),
if pis odd and t = m — 1.



HOCHSCHILD COHOMOLOGY OF WEAKLY SYMMETRIC ALGEBRAS 133

(4) In the case where m is odd and char k = 2, we have

dimy Ker 0y, 1411 =

2p+1)ym+p/2+t+3 if p and t are even,
2p+1)ym+p/2+t+2 if p is even and t is odd,
2om+(p—1)/2+t+3 if p and t are odd,

2pm+ (p—1)/24+t+2 if p is odd and t is even(# m — 1),
(2p+1)m+(p—1)/2+2 ifpisodd and t =m — 1.

Proof. We consider the case where m, p and t are even and chark # 2. In
the other cases, we prove this theorem by the same method. If m, p and ¢ are
even, chark # 2 and f € Kerd,,,, ., then we have the following conditions.

00,0 = 00p—a for 0 < a < p/2,

00,0 = 02,00 = (*1)t/202l+1,a for0<a<p0<li<m/2-1,

v = (=119 5-1 — (=1)"*19, g1 — (=1)2po 5 for 1 < g < p,

Lirg = (=)0 — (—)2 T 5 — g for 1<i<m—2,1<B<p,
tm1,8 = Tm-15 = Tm—1p-p — (=1)*ptm 25 for 1 < 8 <p,

If t =0, {TO’O ~ o

Tm—1,0 = Tm—1,p,

Lp+1 = (_1)t/270,p - (—1)t/270,0 - (—1)t/2uo,p+1,
Ift> 2 Ltj2,p+1 = Ht/2—1,p4+15

bm—t/2,0 = Mm—1-t/2,0

lm—1,0 = Tm-1,0 — T0,p — (_1)t/2//fm—2,07
Ift > 4,

tiviprn = (=12 g — (=12 g — i1 pia for 1<i<t/2-1,
tiv10 = (=12 0 — (=10 — g form —t/2<i<m—2.

Therefore, 0., 00 p—a’, Top—a’s Tm—1,p—a’> Li,gs Lir,o and Ly 5,11 are determined
by 00,075 00,t/2> T0,0/s T0,8/25 Tm—1,0"s Tm—1,t/2> i3y Kir"—1,p+1, fir—1,0, for 1 <7 <
m—1,m—t/2<i<m-1,1<i"<t/2,0<a<p,0<a <p/2—Tlandl<
B < p. Finally A; o are arbitrary for 0 <i <m —1 and 0 < a < p. Therefore,
in this case the dimension of Kerdy,, ;.1 is 2p+1)m +p/2 +1t + 3. O

Finally, we give the dimension of the n-th Hochschild cohomology group
HH"(A) = Kerd; ,/Im3;, of A for n > 0. Using Theorem 3.4 and the
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equation

dimy HH"(A) = dimy, Ker 9;,, | — dimy, Im 0},
= dimy, Ker 0}, | — dimy, P, _; + dimy, Ker 9y,

we obtain the dimension of HH"(A) of A for n > 0 as follows.

Theorem 3.5. In the case m > 3, we have dimy HH°(A) = m + 3 and, for
pm—+t>1,

if p is even and char k # 2,
if p is odd, t #m — 1 and char k # 2,
if p is odd, t = m — 1 and char k # 2,
if p is even and chark = 2,
if p is odd, t #m — 1 and chark = 2,
if pis odd, t =m — 1 and chark = 2.

dimy, HHP™ T (A) = p +

= W e WwNDWw

\

Remark 3.6. In the case m = 2, by Theorem 3.5, we have the dimension of
the Hochschild cohomology groups of A given in [6].

3.2. A basis of the Hochschild cohomology groups of A
Using Lemmas 3.3 and Theorem 3.5, we obtain a k-basis of HH"(A) for n > 0.

Proposition 3.7. Suppose that m > 3. Then the following elements form a
k-basis of the center Z(A) = HH(A) = Ker 95 of A.

m—1

Z €iy a0, am, a;a; for1<j<m.
1=0

Proposition 3.8. Suppose m > 3 and m is even. For eachn =pm +1t > 1,
the following elements form a k-basis of HHP™Tt(A).

(1) In the case where p and t are even, we have a k-basis of HHP™'(A) as
follows:

(a) Ifx1 = (p—a)ym+1t/2, xo = am+t/2,

. €; if © is even,

e; ® oy(r,n—xy) — _
i ® oo, ) (=1)%/%e; ifi is odd,

Xn,o - p
e €; if 1 is even,

e; X : T2, M — Tz) —
®p (2 2) (=1)t2e; if i is odd,

for0<i<m-1,0<a<p/2.
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(b) If x =pm/2+1/2, T : €0 @ $Y(x,n — ) = ag.
(c) Ife =pm/2+1t/2, Tpo:em_1 ® gbg%l(:v,n — ) > Ay

(d) Ifz=(p—a)m+1t/2,
Foa:ieo®@@S(z,n—2)— ara@ for0<a<p/2-1.

(e) Ifx =pm/2+1t/2, chark =2, F, 5 : €0 ® ¢3(x,n — x) — a1a;.

(2) In the case where p is even and t is odd, we have a k-basis of HHP™ T (A)
as follows:

(@) Ifry=(p—a)ym+ (t—1)/2 and o = am + (t — 1)/2,

. a; if © is even,
e; ®oh(x1,n —x1) —
i ® ol ) (-=1)ED2G;  if i is odd,
[T a; if i is even(# 0),

1® g s 16 =
€@ (TN =T) DN L e g it s odd

lem—1®@ ) (w2 + 1,n — 29 — 1) > (1) ¢,
for0<i<m-1,0<a<p/2-1.

(b) If x =pm/2+ (t —1)/2 and char k # 2,

a; if © 1s even,

(—=1)E=D/2G;  if i is odd,

—@it1 if 1 is even,

(=)D 20,1 if i is odd,

e; @ ph(r,n —x)
Hnp/2
e @dp(r+1,n—1—x)—
for0<i<m-—1.
(c) Ifx = pm/2+(t—1)/2 and char k = 2, u,, /5 : €0@PY(x,n—x) — ag.
(d) If e =pm/2+ (t +1)/2 and chark = 2,
,u;%p/z fem_1 ® (;56”_1(:10,71 —Z) > .
(e) Ifx=(p—aym+(t-1)/2,
eo®¢Y(x+1,n—1—1) > ay,

e1 ® ¢g(z,mn —1z) (—1)=D/2g,
for0<a<p/2-1.

() Ifz=pm/2+ (t —1)/2, En1:e0® @)(z,n —x) — ara;.
(g) Ifz=pm/2+ (t+1)/2, Ena:em_1® ¢p Hz,n —2) = a?,.

n,o -

(3) In the case where p is odd and t is even, we have a k-basis of HHPT(A)
as follows:

(a) frr=(p—a—-1)m+ (m+1t)/2 and o = am+ (m +t)/2,
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, €; if © 1s even,

e @ op(x1,n —2x1) — e
i@ dolan, ) (=1) 0/ 2¢; if i is odd,

Xn,a e
e €; if © is even,

€; & : I2,n—x =
Qb(]( 2 2) (71)(m+t)/26i if © is odd,

for0<i<m-1,0<a<(p-1)/2.
b) Ifx=(p—1)m/2+ (m+1)/2, Thi:eo® d)(z,n — ) — ag.
(c) If v = (p— 1)m/2+ (m+1)/2, Tna: em—1® ¢5 (z,n — ) = ap.
(d) Ifr=(p—a—1)m+ (m+1t)/2,
Foa:ieo®@@S(z,n—2)—>aia for0<a<(p-1)/2—-1.
(e) Ifx = (p—1)m/2+ (m +1t)/2 and chark = 2,
Fop—1)2 €0 ® B (z,n — ) = ara.
(4) In the case where p and t are odd, we have a k-basis of HHP(A) as
follows:

(a) Ifti=(p—a—1)m+(m+t—1)/2 and xo =am+ (m+t—1)/2,

/

A a; if i is even,
e ® py(x1,n —x1) —
i ® ol ) (—1)m+=1/2g, if i is odd,
TP a; if i is even(# 0),

e; ® ¢ (x , N —Tg) —
% (@2 2) (—1)+=D/2g, i i is odd,

lem—1 ® 0 (w2 + 1,n — a9 — 1) /= (—1) /2,
foro<i<m-1,0<a<(p-—1)/2-1.
(b) If = (p—1)m/2+4 (m+1t—1)/2 and char k # 2,

a; if i is even,
(=1)mH=D72G, if i is odd,
Hnp-1)/2t € @ ¢l +1,n—1—x)—
—Qit1 if 1 is even,

| (=) ™D 20,0 if i is odd,

for0<i<m-—1.
(c) Ife=(p—1)m/2+ (m+1t—1)/2 and chark = 2,

fhn,(p—1)/2 * €0 ® #Y(x,n —x) > agp.
(d) Ife=(p—1)m/24+ (m+t+1)/2 and chark = 2,

,u;%(pfl)ﬂ Ceme1 ® o (T, n — ) > ap,.

e; @ ¢ (z,m — ) >

(e) Ifry=pm+m—1,29=0,t=m—1,
b e; ® ¢ (pm +m —1,0) — (—1)a;,
" e ® (0, pm +m — 1) = (=1)"Fta; 4,
for0<i<m-—1.
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) fa=@p—-—a—-1)m+(m+t—1)/2,
Jeo@ oz +1n—1—2)— a,
Vn,a - el ® (ﬁé(l‘,n . :1:) — (—1)(m+t_1)/261,
for0<a<(p-1)/2-1.
(g) Ifr=(p—1)m/2+ (m+t—1)/2, Ep1:e0® Y (z,n— ) ara.
(h) Ifz = (p—1)m/2+(m+t+1)/2, Ena : em_10¢) *(z,n—x)  a2,.

Proposition 3.9. Suppose that m > 3 and m is odd. For eachmn = pm+t > 1,
the following elements form a k-basis of HHP™ ! (A).

(1) In the case where p and t are even, we have a k-basis of HHP™(A) as
follows:

(a) If ey =(p—a)m+1t/2 and v = am +t/2,
€; if v is even,
(=1)*+t2¢;  if i is odd,
(=1)>tP2¢;  if i is even,
(=)@t 2¢;  if i is odd,
for0<i<m-1,0<a<p/2.
(b) If v =pm/2+1/2, Tp1 : €0 @ ¢Y(x,n — ) = ap.
(c) Ifx =pm/2+1/2, Tno:em1 @5 Hz,n— ) an.
(d) Ifz=(p—a)m+1t/2,
Fmazeo@qﬁg(ﬂs,nfx)r—)alal for0<a<p/2-1.

e) Ifx =pm/2+1t/2, chark =2, F, /5:€0® &(x,n—x) — ara.
P/ 0

e; ® ¢h(r1,n — 1)
Xn,a *
ei ® ¢y(x2,n — x2) —

(2) In the case where p is even and t is odd, we have a k-basis of HHP™T(A)
as follows:

(a) If z; :((p —a)m+(t—1)/2 and zo = am + (t — 1)/2,
. a; if i is even,

GO RMELT I Cjarie-n/zg, z;z is odd,

e B4 (w2, m — x2) >

Hinar (—1)>tP/2g; if i is even(# 0),
{(—1)@“1)/2@@- if i is odd,

em—1® ¢ Hawg +1,n — 19 — 1) = (—1)0FP/2H1g,

foro<i<m-1,0<a<p/2-1.

(b) If x =pm/2+ (t —1)/2 and char k # 2,
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( — p e .
a; if 1 is even,

€ ® gp(z,n—z) = {( D eH=D/2g, if i is odd,
Hrnp/2 * ez®¢0 (z+1n—1-z)—
Qit1 if i is even,
{( p+t+1)/2a it1  if i is odd,
for0<i<m

(c) Ifx =pm/2+(t—1)/2 and char k = 2, u,, /5 : €0@P)(x,n—x) — ag.
(d) Ifz=pm/2+ (t+1)/2 and chark = 2,
M;L,p/Q femo1® qﬁgL—l(a:,n — ) > -

() Ifx = (p—a)m+ (t—1)/2,

eo ® dY(z +1,n—x+ 1) = ay,

e1 @ ¢y, n — ) s (—1)2+E=0/2g,
for0<a<p/2-—1.

() Ifz=pm/2+ (t —1)/2, En1:e0® @)(z,n — ) — ara;.

(g) Ifx=pm/2+ (t+1)/2, Ena:em_1 @ ¢p Hax,n —2) = a?,.

n,o -

(3) In the case where p and t are odd, we have a k-basis of HHP™(A) as
follows:

(a) Ifrr=(p—a—1)m+(m+1)/2 and xo = am + (m +1t)/2,

‘ e; if © is even,
e; ® oh(x W —21) —
i @ (71 1) (—1)t (m+1)/2¢. i i is odd,
Xn,a *
, A (—1)>t@ if 1 is even,
e; ® ¢p(r2,n —x2) > (—1)(mtptt= 1)/2 if i is odd,
foro<i<m-—1,0<a<(p—1)/2

b) Ifx=(p—1)m/2+ (m+1)/2, Th1:eo® d)(z,n —z) > ag.
() Ifx = (p— 1)m/24+ (m +1)/2, Tna: em—1 @ ¢0 (z,n — ) = apm.

(
(d) Ifz=(p—a—1)m+ (m+1t)/2,
Frna:eo®d(z,n—x)—aiay for0<a<(p-1)/2-1.

(e) If v =(p—1)m/2+ (m+1t)/2 and chark = 2,
Fop—1)/2 ¢ €0 ® ¢§(z,n — x) — a1ay.

(4) In the case where p is odd and t is even, we have a k-basis of HHP™(A)
as follows:

(a) Ifrr=(p—a—-1ym+(m+t—1)/2 and xo = am+ (m+t—1)/2,
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a; if © 1s even,

(=1)otmH=D72G, if i is odd,

(—1)o+e=D72g;  if i is even( 0),

(—1)m+pH0/241G,  f i is odd,

em—1® ¢f Hag +1,n — x9 — 1) = (=1)0FE+D/2q,
for0<i<m-1,0<a<(p—-1)/2-1.

(b) Ifz=(p—1)m/2+4 (m+1t—1)/2 and char k # 2,

a; if © is even,

(—=1)mHptD/241G,  if i is odd,

M, (p—1)/2° € & ¢6($ +1,n—-1- x) —

—Git1 if 1 is even,
\

e; & %(xlan —x1) —

Hna : e ® qb%(xg,n — T9) >

e @ ph(r,n —x)

(=1)mH+ptD/ 20, 1 if i is odd,
for0<i<m-—1.
(c) Ifr=(p—1)m/24+ (m+t—1)/2 and chark = 2,
P, (p—1)/2 : €0 @ Y (x,n —x) > agp.
(d) Ife=(p—1)m/2+ (m —i—f—i— 1)/2 and char k = 2,
,u’m(p_l)/2 fem—1 @ @0 (T, n —T) > .
(e) Ifry=pm+m—1andza=0,t=m—1,
- e; ® ¢ (pm +m —1,0) — (—1)a;,
" e © 040, pm 4 m — 1) s (=1)PHD/ 2,
for0<i<m-—1.
) fa=@p—-—a—-1)m+(m+t—1)/2,
0@z +1n—1—2)—a
e1 ® gp(z,n — x) s (—1)0HmHt+/2g,
for0<a<(p—-1)/2—-1.
(g) Ifr=(p—1)m/2+ (m+t—1)/2, Ep1:e0®S(z,n— ) ara.
(h) Ifx = (p—1)m/24+(m+t+1)/2, Eps i em_1@60  (z,n—1x) > a2,.

n,o -

§4. The Hochschild cohomology groups of A for m =1

Using the same argument as Sections 2 and 3, we have a k-basis of the
Hochschild cohomology groups of A for m = 1. As in Section 2, we define
a left A°-module

P, := H Ao(g) @ t(g)A.

gegn

Then we have the following resolution.
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Theorem 4.1. If m = 1, we have a projective bimodule resolution of A:
(Po,d) i =Py 2Py =Py 2P 2y T A0,

where m is the multiplication map, and for n > 1, 0,: P, — P,_1 are defined

as follows:
(1) If x =0, then

O (0(96,n,0) @ 1(95,n,0))
n—1 : —
—(—1)ep ® (c0nDY 4 ap ® t(gn_nlLO{O) z}fn =0, 1(mod 4),
—ao ®t(g,_100) if n=2,3(mod4).

(2) If1<z<n-—1, then
8n(o(gg,n—ac,0) ® t(gg,n—x,O))
=co ® ABTTHTY) 4 (1) @ ¢ ()

(_1)xa1 ® t(gzii,xfl,O) + (_1)xa0 ® t(gZ:%f‘r,x,O)
if n=0,1(mod4),

+ _ _
—(=1)*a1 @ t(gn "y 0-1,0) — (~1)%a0 @ t(gh 714 40)
if n =2,3(mod4).

(3) If x =n, then

)
=eg ® ¢(1)(b(n71,0)) + (—1)"a1 ® t(g(’},gl_l,o) if n=0,1(mod4),
—(-1)"a; ® t(gg,;£1,0) if n =2,3(mod4).

On(0(gn 0.0) @ t(gn 0.0

We set Pr:= Homge (P, A) and 0;:= Homae(9y, A). Then we have the

complex
8* *
(P;,05):0=P 5P —- - =P | %P —..
Lemma 4.2. For an element f in P}, we have

f(o(gg,n—:l:,O) @ t(gg,n—x,O)) = 00,2€0 + 70,200 =+ 10,201 + )\O@CL% fO’f’ 0<z<n.

So we have dimy, P} = 4(n 4+ 1).

By Theorem 4.1 and Lemma 4.2, we can determine the image of 7, , .



HOCHSCHILD COHOMOLOGY OF WEAKLY SYMMETRIC ALGEBRAS 141

Lemma 4.3. With the notation of Lemma 4.2, we have 8;, 1 (f)(0(95 y11-2,0)®
(9 nt1-20)) in the following cases.

(1) In the case of x = 0, we have 95 1 (f)(0(97 n11-2,0) @ HGxni1-00)) a8
follows:

(=000 + (=1)"2000)a0 + (=100 + (=1)"*10n)a?  if n € 22,
(—=1)"200 na0 + 0o0a1 + (o0 + (—1)"HD/25 a2 if n ¢ 2.

(2) In the case of 1 <z <n, we have Oy 1(f)(0(95 py1-20) @ (GF ni1-20))
as follows:

(—00.0 + (=1)7" 200 ,_4)ag
+(o0e-1 + (1) 200 11121
(0,21 — o0+ (=1 200 i1y
+(=1)**" 210 0 2)a? ifn € 27,
(0001 + (—1)T+HFD 264 ag
(000 + (—1)"H D260 1y 2)ay
H(Tow1 + prog + (—1)THOFD 20 0
+(=1)z D20 Ya? if n ¢ 27.

(3) In the case of x = n+ 1, we have a:LJrl(f)(O(g;l,nJrlfw,O) ® t(gg,nﬂ—x,o))

as follows:
(00 + (—1)"2000)ar + (o — (—1)"po0)a? ifn € 22,
oonao + (1) 260 a1 + (10,0 + (—1) D200 0)a?  if n ¢ 27Z.

By Lemma 4.3, we obtain the following results.

Theorem 4.4. By Lemma 4.3,, we have

4 ifn =0,
dimy HH"(A) =<n+3 ifn>1 and chark # 2,
n+4 ifn>1 and chark = 2.
For m = 1, the algebra A is commutative. So the 0-th Hochschild coho-

mology group HH"(A) of A coincides with A. And we give a k-basis of the
n-th Hochschild cohomology groupc HH"(A) of A for n > 1.

Proposition 4.5. For each n > 1, the following elements form a k-basis of
HH"(A).
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(1) If n is even,

(a) For0<z<n/2-1,

Jeo® @Y(z,n —x) — e,
T leo ® @Y(n — @, x) o (—1)E/ P e,

(b) Xnn/2:€0® 9(n/2,n/2) — €.

(¢) T i eo® @J(n/2,n/2) — agp.

(d) T2 e0® @J(n/2,n/2) — ay.

(e) For0<z<n/2-1, F,,:e0® ¢3(x,n —x) — a}.
(f) If chark =2, Fonyoieo® ¢8(n/2,n/2) — a%.

(2) If n is odd,

(a) For0<z<(n-—3)/2,

Jeo® Y (x,n — x) = ap,
nax - ep ® ¢8(” —1l—-z,2+1)— (_1):c+(n—1)/2+1ao7

eo @ dg((n —1)/2,(n+1)/2) = ao,
eo @ @((n+1)/2,(n —1)/2) — —as.
(c) Ifchark =2, pi, (n—1y/2 : €0 ® #Q((n — 1)/2, (n + 1)/2) — ay.
(d) For0<z<(n-—1)/2,

(b) If chark # 2, pp (n-1)/2 {

o eo ®@ ¢Y(w,n — ) = ay,
T ) e ® ¢8(n —z,x) (—1)“‘(”_1)/2@0,

(e) Ifchark =2, v, (ni1y/2 €0 @ $Y((n+1)/2,(n —1)/2) — ay.
(f) En,O e ® ¢8(O,n) — a%.
(8) Eng:eo®¢d(l,n—1) > al.
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