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Abstract. For a T-variate density function, the present article defines the
quasi-symmetry of order k (< 7') and the marginal symmetry of order k, and
gives the theorem that the density function is T-variate permutation symmetric
if and only if it is quasi-symmetric and marginal symmetric of order k. The
theorem is illustrated for the multivariate normal density function.
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8§1. Introduction

For analysis of square contingency tables, it is known that the symmetry
model holds if and only if both the quasi-symmetry and marginal homogeneity
models hold (for example, see Caussinus [3], Tomizawa and Tahata [6]). For
multi-way contingency tables, Bhapkar and Darroch [1] defined the complete
symmetry, quasi-symmetry and marginal symmetry models, and showed that
the complete symmetry model holds if and only if both the quasi-symmetry
and marginal symmetry models hold.

By the way, a similar decomposition for bivariate density function (instead
of cell probabilities) is given by Tomizawa, Seo and Minaguchi [5]. Let X and
Y be two continuous random variables with a density function f(z,y). The
density function f(z,y) is said to be symmetric if we have

f(z,y) = f(y,x) for every (z,y) € R%;

see Tong [7]. Tomizawa, et al. [5] defined quasi-symmetry and marginal ho-
mogeneity for the density function, and gave the theorem that the density
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function f(z,y) is symmetric if and only if it is both quasi-symmetric and
marginal homogeneous.
Let the support of f(z,y) denote K2, where

K? ={(z,y) : f(z,y) > 0}.

We assume that the support of f(x,%) is an open connected set in R2. Also, let
0(s1,s2;t1,t2) be the odds-ratio for X-values s1, s3 and Y-values t1, to; namely,

f(s1,t1) f(s2,t2)
f(s2,t1)f(s1,t2)

0(817 52, tla t2) —

Then the density function f(z,y) is said to be quasi-symmetric if we have
0(s1, s2;t1,t2) = O(t1,12; 51, 52)

for any (s, t;) € K 2. Thus this indicates that the density function is symmet-
ric with respect to the odds-ratio. The density function f(x,y) is said to be
marginal homogeneous if we have

fx(t) = fy(t) foreveryte R,

where fx(t) and fy(t) are the marginal density functions of X and Y, respec-
tively. Now, we are interested in extending the decomposition of the symmetric
density function in multivariate case.

In this article, we define the quasi-symmetry and marginal symmetry for
multivariate density function, and decompose the symmetry into quasi-symmetry
and marginal symmetry. Section 2 provides the decomposition for trivariate
density function. Section 3 extends the decomposition to multivariate density
function. Section 4 illustrates our decompositions for normal distributions.
Section 5 describes some comments.

§2. Decomposition of trivariate density function

Let X1, X5 and X3 be three continuous random variables with a density func-
tion f(z1,22,23). The density function f(z1,z2,x3) is said to be permuta-
tion symmetric (S3) if for each permutation (my, 72, 73) of (1,2,3) and every
(71, 22,73) € R3, we have

J(@rys Ty Try) = f(21, T2, 23);

see Tong [7], and Fang, Kotz and Ng [4].
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Let fx,(z1), fx,(z2) and fx,(z3) be the marginal density functions of
X1, X5 and X3, respectively. For the density function f(x1,x9,x3), we shall
define marginal symmetry of order 1 (denoted by M3) by

M fx,(t) = fx,(t) = fx,(t) for every t € R.

Also, we define marginal symmetry of order 2 (denoted by M3) by

MS Cfxxe(s,t) = fxyx,(t, ) = fx,xs(8, 1) = fx,xs(s,t) for every (s,t) € R>.

Thus, M indicates that each of marginal distributions of (X7, Xs), (X1, X3)
and (X2, X3) has a same bivariate density function being symmetric. Note
that M3 implies M.

Let the support of f(z1,22,r3) denote K3, where

K3 = {(z1,20,23) : f(z1,20,23) > 0,a < x; < bi=1,2,3,—00<a<b< oo}

We assume that the support of f(x1,2,23) is an open connected set in R3.
Generally, we can express the density function as

(2.1) f(x1, 9, x3) = po(x1)ag(we)as(xs) X
Br2(w1, x2) B13 (w1, 23) Bz (w2, ¥3)y (71, T2, T3),
where (11, 22,23) € K3, and for an arbitrary fixed value ¢ € (a, b),
ai(c) =1, Pra(c,x2) = Pra(z1,¢) = 1,
v(e,z2,23) = v(71, ¢, 23) = (71,72, ¢) = 1,

with similar properties of ao, a3, 513 and (B23. The terms «; correspond to
main effects of the variable X;, §;; to interaction effects of X; and X, and «
to interaction effect of X7, X2 and X3. Namely

1= fle.c.0),

Bra(w1,72) = f& Zzé) ){C(Ca’c; 3 ’
Buali, a3) = Fo e [O0
Pt ) = Szl (cc0)

Y(z1, 22, 23) =

f(mla 1}2,$3)f((1:1, c, C)f(C, x2, C)f(C, ¢, $3)
fle,c,0)f(x1,xa,0)f(x1,¢,23) f(c, x2,23)
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The term «;(x1) indicates the odds of density function with respect to X;-
values with (X2, X3) = (¢, ¢). Note that

st = (e )/ ()
oz (),

x1,xe,x3) f(x1,¢,C

and
f(x1, e, x3) f(c,c,x3) f(z1,me,¢)f(c,c,c)
V) = (f(xl o) (e 0 §>>/ <f(:r1 T :c>>
f(x1, e, 23) f(c,x9,c) f(z1,e,23)f(c,c, c)
(f(96 SU; )3 fle, 562,2 3)>/(f(55 )3 flec 933))
f( 3 ) f(
f( ) (

B ( >/< cxg,xg) (c,c ,c))
N ¢, xa,c) f(c, ¢, x3)
Thus, B12(z1,22) indicates the odds-ratio of density function with respect to
(X1, Xo)-values with X3 = ¢. Also (21, x2,x3) indicates the ratio of odds-
ratios of density function, i.e., the ratio of odds-ratio with respect to (X1, X2)-
values with X3 = 3 to that with X3 = ¢ (or the ratio of odds-ratio with respect
to (X;, Xj)-values with X}, = x, to that with X}, = ¢, where (¢, 7, k) = (1,3,2)
and (2,3,1)).

The density function is S? if and only if it is expressed as the form (2.1)
with

T1,x2,C ) (9?170 x3

ai(z1) = az(21) = as(z1),
S3: ¢ Bia(w1,22) = Pra(we, 21) = Bi3(x1, 72) = Paz(w1, 22),
’)/(3371—1,1'”2,1'71—3) = ’Y(xlax27x3)-

We shall define quasi-symmetry of order 1 (denoted by Q3), and order 2
(denoted by Q3). We define Q3 by (2.1) with

Q- { Br2(x1, x2) = Pr2(x2, x1) = P13(x1, x2) = Paz(x1, x2),

’7(1:71’1 s Ly :Eﬂ‘g,) = 7($17 T2, 173)'
Thus Q3 indicates

0(s1, s2;t1, ta;u) = O(t1, ta; 51, S2; 1)
= 0(s1, s2;u;t1,t2) = O(t1, t2; u; 51, S2)

= 0(u; 51, 82;t1, t2) = 0(u; t1,t2; 51, 52),
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where (s;,t;,u) € K3 and so on, and

F(s1.t1,u) f(s2,t2, u)
(51, 5251, t25u) fsayt1,u) f(s1,t2,u)"

J(s1,u,t1) f(s2,u,t2)
(51, 824381, t2) = fs2,u,t1) f(s1,u,t2)

f(u,s1,t1) f(u, s2,t2)
O(u; 51, 59: 41, t '
(u; 51, 82 t1, t2) = fu,s2,t1) f(u, 51,t2)

because we can see

H(Ca S1; G, t17 U)H(C, 523 C, t?v ’U,)

9 .t t . —
(51, 525 t1, t23u) 0(c, s2; ¢, t1;u)0(c, s1; ¢, to;u)’

and so on. Therefore Q% indicates that the density function is symmetric with
respect to the odds-ratio.
Also, we define Q3 by (2.1) with

Qg : ’Y(xﬂj?wﬂ?’xﬂ'?,) = 'Y(.’El,f]?g,l’g).
Thus Q3 indicates
6(s1, 5251, t2;u1) _ O(t1,t2; 51, 52;u1)
0(s1,s2;t1,ta5u2)  O(t1,t2; 81, 52; u2)
_ O(s1,89;un5t1,t2)  O(tr, o urs s, 82

( )

~ ) (

_ O(uy; sy, so5t1,t2)  O(ur;ty, to; s, s2
( ) (

s1,82;u2;t1,t2)  O(t1,t2;u2; 81, So

9

)
$2)
)
 O(ug;s1, S25t1,t2)  O(ug;ty, ta; s1, 52)
where (s;,t;,ur) € K? and so on; because

6(s1, 5251, t2;uk) _ (81, t1, ug)y(s2, t2, ug)
O(s1,s2:t1,t25¢)  Y(s2,t1, up)y(s1, b2, ug)’

Therefore Q3 indicates that the density function is symmetric with respect to
the ratio of odds-ratios. We point out that each of S3, Q3 and Q3 does not
depend on the value of ¢ fixed. It is obviously that QF implies Q3. Note that
the alternative way of expressing Q3 is

Q1 ¢ f(w1, 29, 73) = 01(21)02(22)03(23)v(21, 22, T3),

where v is positive and permutation symmetric function, i.e., v(Tr,, Try, Try) =
v(x1,x2,z3). We obtain the following theorem.
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Theorem 1. Fork fized (k = 1,2), the trivariate density function f(x1,x2, x3)
is S® if and only if it is both Qz and M,f

Referring to Bhapkar and Darroch [1] for discrete probabilities in multi-way
contingency tables, we can prove theorem for multivariate density function as
follows.

Proof. Consider the case of k = 1. If a density function is S3, then it satisfies
Q3 and M}. Assume that it is both Q3 and M3, and then we shall show that
it satisfies 3.

Let f*(z1,2,73) be the density function which satisfies both Q3 and M.
Since f*(w1, 79, x3) satisfies Q3, we see
log f*(x1,x2,23) = log 61(x1) + log 02(x2) + log O3(x3) + log v(x1, x2, x3),

where v is positive and permutation symmetric function. Let the density
g(x1, 79, 23) be ¢ v(z1,22,23) with ¢ = [[[v(21, 22, 23)dz1dT2dT3. Also,
since f*(z1, 12, x3) satisfies M5, we see

(2.2) F, () = fx, (t) = fx, (8) = p(t) forteR,

where f% (1), fx,(t) and f,(t) are the marginal density functions of X1, Xo
and X3, respectively. Consider the arbitrary density function f(x1,x2,x3)
satisfying M3 with

(2.3) fx () = fx, (8) = fx3(8) = p(t) for t € R,

where fx, (t), fx,(t) and fx,(t) are the marginal density functions of X, X»
and X3, respectively. From (2.2) and (2.3), we see

(2.4) ///{f(a:l,mg,xg) — [*(z1,22,23)} X

log (J(W> dridxodrs = 0.
g(x1, 72, 73)

Using the equation (2.4), we obtain

I(f?.g):I(f*7g)+I(fvf*)v

hl,hg /// hl :15'1,%2,.%3 log h (l‘1,$2,$3) dl‘ldl‘gdﬂfg.
h (1’1,1'2,5173)

For g fixed, we see

where

min I(f,9) = I(f",9),



DECOMPOSITION OF SYMMETRIC MULTIVARIATE DENSITY FUNCTION 205

and then f* uniquely minimizes I(f,g).
Let f**(x1,x9,x3) = f*(x1,23,22). In a similar way, we also see

// {f(x1, w2, 23) — f* (21,72, 23)} log <W>d$1dx2dx3 =0,

g(z1, 22, 73)
where f(z1, %9, x3) is M3 with (2.3). Thus, we obtain
I(f,9) =I(f"9) + I(f, [7).
For g fixed, we see

mfin](f, g) = I(f**7g)>

and then f** uniquely minimizes I(f,g). Therefore, we see f*(x1,x9,23) =
[ (w1, 02, 23). Thus, f*(x1,22,23) = f*(21, 73, 22).
Also, in a similar way, we obtain

[ (1,20, 23) = fH (22,21, 23) = (22,23, 21) = f* (3,21, 22) = (23,22, 21).

Therefore, we have f*(x1,z9,23) = f*(Tr,,Try, Try). Namely f*(z1,x2,23)
satisfies S3. The case of k = 2 can be proved in a similar way as the case of
k = 1. So the proof is completed.

83. Decomposition of multivariate density function

Let Xi,..., X7 be T continuous random variables with a density function
f(z1,...,x7). The density function f(z1,...,27) is said to be permutation
symmetric (ST) if for each permutation (my,...,7r) of (1,...,T) and every
(z1,...,27) € RT, we have

f@ryye s @np) = f(z1,... 27);

see Tong [7] and Fang et al. [4].
Let the support of f(z1,...,z7) denote KT, where

KT:{(xl,...,.TT):f([]fl,...,ﬁ?T)>0,
a<zi<bi=1,...,T, -0 <a<b< oo}

We assume that the support of f(z1,...,27) is an open connected set in RT.
Generally, we can express the density function as

(3.1) flxy,...,xp) = a[ l_T[ oz,-l(xil)] [ HH ailiz(xilaxig)} X e

i1=1 1<i1<ig<T

X|: HH ail...inl(in"‘7xiT71):| ‘al...T(xlw"vxT)?

1<ty < <tp 1 <T
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where (z1,...,27) € KT, and for an arbitrary fixed value ¢ € (a, b),
{ai(c) = aim(c, xiZ) == 041...T<1'17 ey T, C) = 1}.

Then, the density function f(z1,...,2z7) being ST is also expressed as (3.1)
with

ST 2 iy i (g3 i) = iy (T Ty ) = QG (i Ty,

where (m;,,...,m,, ) is permutation of (i1,...,im).
For k = 1,...,T — 1, we shall define quasi-symmetry of order k& (denoted
by QF) by (3.1) with

Qg : ailu-im(xil""?xim) = O‘il-nim(xml’"'vxmm) = ajl--~jm(33i1v"-7$im)
(m:k+17'--7T;1§i1 << <T51 <) <<jm§T)

Also, for k = 1,...,T — 1, we shall define marginal symmetry of order k
(denoted by M) by

ML fxoxs @i mi) = fxgox s ) = I X, (@i )
I<ii< - <ip, <T;1<j1<---<jp <T),

where sz‘1~~~Xik is the marginal density function of (Xj,,...,Xj;,). Then we
obtain the following theorem.

Theorem 2. For k fized (k=1,...,T — 1), the multivariate density function
f(z1,...,2r) is ST if and only if it is both QL and M.

The proof of Theorem 2 is omitted because it is obtained in a similar way
to the proof of Theorem 1.

84. Symmetry of multivariate normal density function

Example 1. Consider a T-dimensional random vector X = (Xi,...,X7p)
having a normal distribution with mean vector g = (u1,...,ur)" and covari-
ance matrix X. The density function is

A1) f(z1,... o0) = :2}

(2m) 2 |22 2

Denote X! by A = (a;j) with a;; = aj;. Then the density function can be
expressed as

f(xl,...,xT):Cexp{—%H},
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where C' is positive constant and

H = Zassx + Zastmsxt - 2zzastlu'sxt

s#t s=1t=1

By setting ¢ = 0 without loss of generality, we see

1 .
ai(xi):exp{—i i 22(15@#5% } (t=1,...,7),
(4.2) ajj(zi, xj) = exp (—a;jxiz;) (Z <17),
and for m=3,...,T,
ail...im(xila"~7xim):1 (1§i1<"'<im§T).

Therefore the density function (4.1) is Qg for k =2,...,T —1. Also from
(4.2), the density function (4.1) is QT if and only if {a;; (= a;;)} are constant
(e.g., equals w) for all i < j; namely, X~! has the form

(4.3) ' =D + wee,

where D is the T' x T diagonal matrix, e is the T" x 1 vector of 1 elements,
and w is scalar. Although the detail is omitted, then 3 has the form

> = D !'+dD lee/ D!,

where d is scalar. Therefore, the density function (4.1) is QT if and only if 3
has the form

b 0 by
(4.4) 2= . |+d| ¢ | (br,..00 ).
0 - by by
Let V(X;) =0? (i =1,...,T) and let p;; be the correlation coefficient of
X; and X (¢ ( # j) with |p;;| < 1. Assume that
(i) of = - =07 (= 0?) and pj; = p (i < j).
Then

¥ =02%(1-p) (E + 1fppee'»
where FE is the T' x T identity matrix. This satisfies the form (4.4) of 3.
Therefore the density function (4.1) with condition (i) is Q7.

Next, assume that

(i) 07 = = 0% (= 0?).
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From (4.4), then Q¥ holds if and only if

o?=b;+db? (i=1,...,T),
UZ,Oij = db,‘bj (Z < j),

hold, namely, by = --- = by since |p;;| < 1. Therefore the density function
(4.1) with condition (i) is Q¥ if and only if p;; = p for all i < j hold.

Also, assume that

(iii) pij = p (# 0) for all ¢ < j.
Then we see

2= 1 | (A= p)E+pee)
0 --- or 0 - or

Although the detail is omitted, we can see

) Ufz 0 ) afl
1 . . . . —1 -1
2 :1_p< : .. : + — : (0'1 7"'7UT )),

0o --- 52 :Fl
where m = —(1 — p)/p — T. Therefore from (4.3), the density function (4.1)
with condition (iii) is QT if and only if 07 = - - = 62 holds.

Assume that

(iv) pij = 0 for all @ < j.
Then the density function (4.1) is Q¥ because a;;(z;,x;) = 1 in (4.2) with
aij:()fori<j.

We shall consider the relationship between the density function (4.1) and
MF (k=1,...,T—1). Obviously, the density function (4.1) is M{ if and only

if g =+ = pr and 0 = --- = 0% hold. Also, for each k (k=2,...,T — 1),
it is MkT if and only if 3 = --- = pp, 0f = --- = 0%, and p;; = p for all
i < j. Thus, from Theorem 2 we can see that the density function (4.1) with
p1 == pr and 0F = --- = 0% is ST if and only if it is Q7. Also, from
Theorem 2, the density function (4.1) is ST if and only if u; = --- = pr,
O‘%:"':O'% and p;; = p for all ¢ < j hold.

Example 2. Consider a T-dimensional random vector U = (Uy,...,Ur)’

having a multinominal distribution with

P(Ui =wu1,...,Up =up|N) =
T
N! Ul ur N_ET Usg
mt et (L= Y m) TRty
ul- (N — S0 w)! ;
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where w; is nonnegative integer with 0 < u; < N. Let

= (m,...,77), 7= (71,...,77),

where #; = u;/N. Also let X = +/N(# — m). Then it is well-known that X
has asymptotically (as N — oo) a T-variate normal distribution with mean

T x 1 zero vector 0 = (0,...,0) and covariance matrix
(4.5) X=D-=n,
where
T - 0
D=1 : -~ [
0 - 7p

see, e.g., Bishop, Fienberg and Holland [2]. So we shall consider the properties
of normal distribution having covariance matrix (4.5). We see that 3 in (4.5)
satisfies the form (4.4) obtained in Example 1. Therefore the density function
of normal distribution N (0, D — w#’) is always Q7. Also, it is Q{ (k =
2,...,T—1).

The marginal distribution of X; in X = (X1,...,X7) is N(0,m(1 — m;))
for i = 1,...,T. Therefore the density function of N(0, D — wn') is M{ if
and only if m; = - -+ = 7w holds.

Also two dimensional marginal distribution of (X;, X;) for ¢ < j has the
mean zero vector and the covariance matrix

( Wi(l—ﬂi) —TTy )
—mimy mi(l—m) )
Thus, the density function of N(0, D — ') is MJ if and only if 71 = -+ =
mr holds. In a similar way, it is Mg if and only if 71 = -+ = @y holds
(k=3,....,T—1).

Therefore we can see from Theorem 2 that the density function of N(0, D —
wr’) is ST if and only if it is M (k= 1,...,T —1), because it always satisfies

Qr.

§5. Comments

When an arbitrary density function f(x1,...,zr) is not permutation symmet-
ric, Theorem 2 may be useful for knowing the reason, i.e., for k fixed, which
structure of quasi-symmetry of order k and marginal symmetry of order £ is
lacking.

We point out that for a T-variate normal distribution, if the variances of
Xi,..., X7 are the same and the correlation coefficients of X; and X for all
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i < j are the same, then the density functions is quasi-symmetric of order 1,
i.e., QT (as seen in Example 1); however, the converse always does not hold.
Indeed, the normal density function with covariance matrix ¥ = D — w7’
(in Example 2) is always Q7 even when the variances of Xi,..., X7 are not
the same and the correlation coefficients of X; and X; are not the same for
1<i<j<T.

Finally we note that it is difficult to illustrate the decomposition of symme-
try for the elliptical distribution instead of the normal distribution in Example
of Section 4 because the {c;(z;)} and {ay;(z;,z;)} are expressed as the ratio
of density functions.

Acknowledgements

The authors would like to express our sincere thanks to a referee for the
meaningful comments.

References

[1] V. P. Bhapkar and J. N. Darroch, Marginal symmetry and quasi symmetry
of general order, Journal of Multivariate Analysis. 34 (1990), 173-184.

[2] Y. M. M. Bishop, S. E. Fienberg and P. W. Holland, Discrete Multivariate
Analysis: Theory and Practice, The MIT Press, Cambridge, 1975.

[3] H. Caussinus, Contribution a l’analyse statistique des tableaux de corrélation,
Annales de la Faculté des Sciences de 1'Université de Toulouse. 29 (1965),
77-182.

[4] K.-T. Fang, S. Kotz and K. W. Ng, Symmetric Multivariate and Related
Distributions, Chapman and Hall, London, 1990.

[5] S. Tomizawa, T. Seo and J. Minaguchi, Decomposition of bivariate symmetric
density function, Calcutta Statistical Association Bulletin. 46 (1996), 129-
133.

[6] S. Tomizawa, and K. Tahata, The analysis of symmetry and asymmetry: or-
thogonality of decomposition of symmetry into quasi-symmetry and marginal
symmetry for multi-way tables, Journal de la Société Francaise de Statistique.
148 (2007), 3-36.

[7] Y. L. Tong, The Multivariate Normal Distribution, Springer-Verlag, New
York, 1990.

Kiyotaka Iki

Department of Information Sciences, Faculty of Science and Technology,
Tokyo University of Science, Noda City, Chiba, 278-8510, Japan
E-mail: kiyotaka_iki@ybb.ne. jp



DECOMPOSITION OF SYMMETRIC MULTIVARIATE DENSITY FUNCTION

Kouji Tahata

Department of Information Sciences, Faculty of Science and Technology,
Tokyo University of Science, Noda City, Chiba, 278-8510, Japan
E-mail: kouji_tahata®@is.noda.tus.ac.jp

Sadao Tomizawa

Department of Information Sciences, Faculty of Science and Technology,
Tokyo University of Science, Noda City, Chiba, 278-8510, Japan
E-mail: tomizawa@is.noda.tus.ac.jp

211



