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Abstract In this paper, we propose a modified scaling BFGS method for
unconstrained minimization. A remarkable feature of the proposed method is
that it can improve the performance of the BFGS method and possesses a global
convergence property without convexity assumption on the objective function.
Under certain assumptions, we also establish superlinear convergence of the
method. Finally we show numerical results.
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§1. Introduction
This paper is concerned with the unconstrained minimization problem
(1.1) min f(z), x € R",

where f : R" — R is continuously differentiable. In the following, g(x) and
G(x) denote the gradient and Hessian matrix of f at x, respectively. Quasi-
Newton methods are effective numerical methods for solving (1.1), and they
are iterative methods of the form

Tht1 = Tk + agdy,

where xj, is a current approximation to a solution for (1.1), ay is a step size
and dj, is a search direction obtained by solving the linear system of equations

Brdy = —gy.
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Here gy, denotes g(xy) and the matrix By, is an approximation to Gy = G(x).
The matrix By is updated at every iteration by means of a quasi-Newton
updating formula. There are some kinds of updating formulas. In particular,
the BFGS formula is one of the most effective formulas and is given by

Bisksi B yryl

Byy1 = Bi — ;
SgBkSk y,{sk

where

Sk =Tpy1 — Tk and  Yp = gry1 — Gk

Throughout this paper, let f; denote f(zy).

The BFGS method is widely used due to its favorable numerical experience
and fast convergence property. However, the performance of the conventional
BFGS method may be greatly influenced by an unsuitable search direction
when the Hessian matrix is ill-conditioned. To overcome this difficulty, sev-
eral researchers proposed scaling BFGS methods. For example, Oren and
Luenberger [14, 13] suggested a class of the method that they referred to as
self-scaling variable metric methods (SSVMs). They multiplied By by an ap-
propriate scalar wy before it was updated, and they used the sized BFGS
updating formula

Byssy Bi YkYi
Bk+1:wk <Bk_ T k + Tk7
s3, Brsk Yy Sk
in which the parameter w; was chosen as

T T n—1
oL _ Y Sk ror _ Ye By Uk
Wy = T ’ Wi - T

53, Brsg Vi Sk

which can accelerate the single-step convergence of quasi-Newton methods for
a quadratic objective function. Another choice of wy is given by Al-Baali [2]

as follows
T
s
w,‘?B :min{ gk K ,1}.

s3, Brsk

In [2], Al-Baali showed that the sized BFGS method with w{'? is competi-
tive with the standard BFGS method. Furthermore, other choices of wy and
numerical results were derived by Al-Baali [1, 2], Nocedal and Yuan [11] and
Yabe et al. [16], for example.

More recently, a different scaling BFGS method was derived by Cheng and
Li [5]. In order to improve the condition number of the Hessian matrix, they
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noticed the following approximate relation
(1.2)  wf(2)

1
~ Ve <fk:+1 + gh1 (T — Tpp1) + 5(33 — @p41) Grar (2 — $k+1)> ,

where 7y, is some scalar. Differentiating (1.2) and substituting xj into x yield
the relation

VeGr41Sk = VkYks
from which they proposed a new secant condition:
(1.3) Bi+18k = VY-

We call vy, the scaling factor in this paper. In [5], they chose the following
scaling factor

T
Yi. Sk
(1.4) ASL = .
SIS

Based on (1.3) and (1.4), By, is updated by

T T
By sysj, By oL YkYx

T kT, °
sy, Brsk Yj; Sk

(15) Bk+1 - Bk -

They called the method based on (1.4) and (1.5) the spectral scaling BFGS
method. By using this method, the largest eigenvalue of By is strictly less
than Tr(B;)+k. Therefore, the spectral scaling BFGS method has a good self-
correcting property with respect to the trace of Byx. Moreover, they showed the
global convergence of their method for a uniformly convex objective function
and good numerical performance in [5]. Yuan [17] also proposed a modified
BFGS method.
Besides, several researchers studied another secant condition:

(1.6) Biy15k = Uk, Uk = Yk + PrSk.

Li and Fukushima [9] showed that under some conditions the modified BFGS
method based on (1.6) with a nonnegative parameter ¢y has a global conver-
gence property without convexity assumption on the objective function. In
addition, they also established superlinear convergence of their method.

In this paper, we study a scaling BFGS method with v47r (We call the
modified scaling BFGS method) and obtain the global convergence property
without convexity assumption of f. Moreover, we also establish the superlinear
convergence of the method. In addition, we apply a new scaling factor to the
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method and prove its convergence property.

We organize the paper as follows. In the next section, we propose a modified
scaling BFGS method. In Section 3, we prove the global and superlinear
convergence of our method. In Section 4, we apply new scaling factors to
the method and establish its convergence property. Finally, in Section 5, we
present some numerical experiments.

§2. Modified scaling BFGS method

In this section, we propose a modified scaling BFGS method. First, we recall
the modification to the standard BFGS method in [9]. Note that if f is twice
continuously differentiable, we have the following approximation

(2.1) Gri15k & Y,

which yields the secant condition Byy1s; = yi. So the approximate matrix of
G141 is usually produced based on (2.1). However, since G411 is not generally
positive definite when f is nonconvex, By may not afford a good approx-
imation of Gri1. To overcome this difficulty, we can replace Gji1 by the
matrix

Grt1 = Gr1 + ol

where I is the identity matrix and ¢y, is chosen so that G} 1 is positive definite.
The matrix Gy1q will satisfy the following relation

(2.2) Gr+15k = (Grt1 + D) sk = U,

where ¢, is defined by (1.6). Li and Fukushima [9] used the modified secant
condition (1.6) based on (2.2).

Following the idea of Cheng and Li [5], we multiply the both sides of (2.2)
by a scaling factor v as follows

YeGrr15k ~ Vil
This leads to the following secant condition
(2.3) Bry18k = V-

When ~; = 1 and ¢, = 0, we get the standard secant condition. An appropri-
ate choice of 7 and ¢ may give a scaling BFGS method which has a global
convergence property without convexity assumption of f and good numerical
results. In Section 4, we will present several concrete choices of v, and ¢.
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Now, we propose the modified scaling BFGS method (msBFGS) based on
(2.3).

[Algorithm of the msBFGS method]

Step 0. Choose an initial point g € R™ and an initial symmetric positive
definite matrix By € R™*". Choose constants o1, oo and C such that
0<o1<o9<1landC >0. Let k:=0.

Step 1. Solve the following linear system of equations to obtain dj:
Bydyi = — g
Step 2. Find a step size aj satisfying the Wolfe conditions:

(2.4) flan + apdy) < (o) + oragg) d,
(2.5) g(ZL‘k + ozkdk)Tdk 2 Jgggdk.

Step 3. Let the next iterate be xp1 = xp + apdy.

Step 4. If the stopping condition is satisfied, then stop. Otherwise go to
Stepd

Step 5. Give vy, > 0 and ¢y, € [0,C]. Let g = yx + oSk
Step 6. Update Bj by using the msBFGS formula

T oo
By.sysy, By, kU,

(2.6) Bk+1 = B — k- .
s;{Bksk y;{sk

Step 7. Let k:=k+ 1 and go to Step 1.

It follows from ~; > 0, ¢ > 0 and (2.5) that for any k

(2.7) ek sk > Wyt sk > 0.

Therefore, the matrix By is positive definite as long as By, is positive definite.
Consequently, di becomes a descent search direction of f at xy.

83. Convergence analysis

In this section, we will establish the global and superlinear convergence prop-
erty of the msBFGS method. To this end, we make the following assumptions.
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Assumption A
(1) The level set at the initial point xg

Q={zeR"| f(z) < f(xo)}

is bounded.
(2) The objective function f is continuously differentiable in an open convex
set containing (2, and there exists a positive constant Ly such that

lg(z) —gW)ll < Lyllz —y|| forall z,yecQ.

Now we analyze convergence properties of our method. The global convergence
is proved in Section 3.1, and the local and superlinear convergence is shown
in Section 3.2.

In the remainder of this paper, let

T

S Bksk
3.1 cosl, = —E 7T _
(3.1) I

T

S Bksk
3.2 k ,
&2 L P

U(Br) = Tr(Bg)— In(detBy)
and

(3.3) 2k = VkUk-

Note that ¥(Bj) can be represented by the expression

n

(3.4) U(By) = Z(Mk,j —In g ),
i=1

where 0 < pg1 < -+ < g, are the eigenvalues of By. We also note that the
function
w(p) = p — In(p), p>0

is strictly convex and has the minimum value of 1 at p = 1. Therefore,
U(Bg) > n holds. Taking the trace in the msBFGS formula, we get

_Brskll? | Nzl

s;{Bksk z;{sk '

Tr(Bp+1) = Tr(By)
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Furthermore, taking the determinant in the msBFGS formula, we have

T -1, T
spsp Br By zkzg
det(B = det|Bp|I— +
( k-‘rl) < k( SszSk Z’Z"Sk >>

T B—l T
= (kn(Bk)<1—— = fﬁﬁk> (14-(szk)Zk>

53, Brsg 2. Sk

T T ~1
—z1sg, s BpBy "z,
__dm(Bk)< o ) BB,
1 Bisg 2L sy
ngk

SZBkSk:,

= det(Bx)

where the second equality can be found in Lemma 7.6 of [7]. Therefore, we
derive the following expression for W (By).

U(Bry1)

BkSk 2 Zk 2 ZTSk
T 1 R Y
53, Brsg 2. Sk 53, Brsg

_ IBesillllsell\* sF Bese | |1zl ze sk skl
= \Il(Bk) — T + T —1In 3T .
s}, Brsk \[sk|[* s}, Brsk

Isell> 2 sk

Using the definitions (3.1) and (3.2), we have

A 2k
3.5 v (B = YU(By) + —1In — +In
(3.5) (Br+1) (Bk) zgsk [skll2 ~ cos? 6y Tk
2 T
= U(By)+ H?H —In ZkSkQ +1Incos? 6 — 1
2L sy skl

dk dk
1-— 1 .
* < cos? O, N s 9k>

3.1. Global convergence

To prove the global convergence, we first introduce the following general result
(see Theorem 3.2 of [12]).

Lemma 3.1. Suppose that Assumption A holds. Consider any iterative method
of the form i1 = x + agdy, where a search direction dy, satisfies the descent
condition ggdk < 0 and a step size oy, satisfies the Wolfe conditions (2.4) and
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(2.5). Then the following Zoutendijk condition holds

oo
(g dr.)*
(3.6) < 0.
2
The next lemma gives the conditions on v; and ¢, and is useful in showing
the global convergence.

Lemma 3.2. Let By be symmetric positive definite and By be updated by
(2.6). Suppose that there exist positive constants m, M and t, such that for
any k > t1, v and ¢ satisfy

(3.7) ’Yk(ﬂ;(:) +or) = m,
(3.8) (ol + 2000 + 00 < Mg + ),
where p](fl) = IZIIiTII; and p](f) = Hgi”; Then there exist positive constants

Bo, B1, B2 and B3 such that for any positive integer k (> t1), the following
iequalities

(3.9) cost; > P,
(3.10) 1Bjsill < Blls;ll,
(3.11) Bollsil* < 5] Bjs; < Bs|s;|?

hold at least [(k —t1 + 1)/2] values of j € {t1,...,k}.

Proof. We can prove this lemma similarly to the proof of Theorem 2.1 in [4].
We first note that

~T
Yi Sk

k]

(3.12) pD 4+ g =

and

2 1 N
o+ 20000 + 07 el + 20008 se + SRlskll® _ awl?
oD g o5t + oellsell e

(3.13)

From (3.3), (3.7), (3.8), (3.12) and (3.13), we have

T ~T
RSk Yp Sk (1)
Tsel2 =~ Vel ~ elon + ok 2m

and

N 2 1

a2 Ml D + 26kl + 2

< M
2T ksTA Ik 1) -
k Ok k Yk Py’ + ok
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Thus, it follows from (3.5) that

dk dk
U(Bjt1) < U(Bg) + M —1 Incos® O — 1+ (1 — 1
(Bry1) < U(Bg) + nm + In cos” 6, +( cos2 0, + nC0829k>

U(By)+ (M —Inm—1)(k—t1 +1)

k
o’ + (1— —— 41n—2__ ).
+Z (ncos ]+( COS29j+ ncos?ﬁj

Jj=t1

<
<

Let us define n; by

qj 4qj
3.14 =—Incos®0; — (1— —2—+In—2— ).
(3:14) i RS ( cos? 0; TN s 0,

The function
(3.15) u(p)=1—p+1lnp

achieves the maximum value of 0 at p = 1. Thus, 7; > 0 holds. Furthermore,
since ¥(Bjg41) > 0, we have

k
1 U (By,)
1 S < — (M- 1-lum).
(3.16) F—ti+1 & U s nm)
=tl1

k—t1+1
2

Let us now define Ji to be a set consisting of the { —‘ indices correspond-

k—t1+1
2

ing to the [ smallest values of n; for 1 < j < k, and let 7,,;, denote

the largest value of n; for j € Ji. Then

1 1
s DI sl POL AP D

J€Jk J€Jk
> +3
= ]{—tl—i-l Timk ' Timk
J€Jk
1 k—t1+1
> - k-t 41— |27
e k_t1+1<77mk+77mk( 1+ ’V 9 -‘>>
> NImk
— k-t +1
TNimk k—t1+1
—— k-t 1—(———+1
+k—t1+1< 1+ < 2 +
Tk

5
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Thus, from (3.16), we have that, for all j € Jg,

’

(3.17) n; <2(V(By,)+M—1—1Inm) = ,.

Since the term inside brackets in (3.14) is less than or equal to zero, we con-
clude from (3.14) and (3.17) that for all j € Jj

—1Incos?0; < fBy.
Therefore, we obtain
cosf; > e Pol?2 = Bo,
which implies (3.9). Similarly, from (3.14) and (3.17), we have that for all
J € Jk,

q; q; ’
— In > —0,.
cos? 0; cos?0; fo

Note also that the function (3.15) achieves the maximum value of 0 at p =1
and satisfies u(p) — —oo both as p — 0 and p — oo. Therefore, it follows that
for all j € Ji

0< By < < fs3

29, =
cos? 0,

for positive constants 5/2 and P3. Therefore, we obtain

g < PBscos?f; < Bs,
g = PBycos’; > By = Bo

from which we get by using (3.2)

T
s: Bjs;j
By < T2 < B,
el
which implies (3.11). Finally, since
1Bjsill _ 4
Isjll - cost;’
we have for j € Jy
Bisil _ s _
Isjl -~ Bo

Therefore, the proof is complete. O
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By (3.12) and (3.13), we note that (3.7) and (3.8) equal

Hka
k
Skyk

Yk >m and < M.
sk l?

The following theorem shows the global convergence of the msBFGS method.

Theorem 3.3. Let {xy} be the infinite sequence generated by the msBFGS
method. Suppose that Assumption A holds. If (3.7) and (3.8) are satisfied for
any k > 0, then

liminf ||gg|| = 0.

k—o00

Proof. Let K = {k|Inequalities (3.9), (3.10) and (3.11) hold}. Since Lemma
3.2 holds for the case t; = 0, the set K is not empty. For the msBFGS method,
Lemma 3.1 holds and the Zoutendijk condition can be written as

(o)
> gkl cos 6x)? < oo.
k=0

Therefore, by (3.9), we obtain

li =0
k%gr}cel(llgkll :

which implies the result. O

Theorem 3.3 yields the following corollary that corresponds to the conver-
gence result of Cheng and Li [5].

Corollary 3.4. Suppose that Assumption A and the following two assump-
tions hold.

(1) The objective function f is twice continuously differentiable.

(2) The level set Q is conver and there exist positive constants A\ and Az
such that

M[v]|? < oTG(x)v < No||v)|> Vo € Qv e R™

Let v, = ” kHQ, ¢r = 0 and {xx} be the infinite sequence generated by the
msBFGS method. Then

liminf || gx|| = 0.
k—o00
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3.2. Superlinear convergence

Now we turn to prove the superlinear convergence of the msBFGS method.
To do this, we make the following additional assumptions.

Assumption B

(1) The function f is twice continuously differentiable in an open convex neigh-
borhood U(z*) of z*, where g(z*) = 0 and G(z*) is positive definite.

(2) The second derivative G is Lipschitz continuous in U(x*), i.e. there exists
a constant Lg > 0 such that

(3.18) |G(z) = G(a")[| < Lglle — 27|

holds for any = in U(z*).

(3) {zx} converges to x*.

(4) There exist positive constants ¢; and ¢y such that ¢; < 7, < ¢y holds for
any k.

Under Assumption B(1), G(x) is uniformly positive definite for any x € U(x™).
Therefore, there is a constant m’ > 0 such that for all x € U(x*)

(3.19) lg(@)Il = m/|l — 27|
and
(3.20) v G(z)v > m/|[v]]? Vv e R

Particularly, by using the mean-value theorem, these show that for k > kg

1 T
y,z;sk = (/ G(xp + tsk)skdt> SE > m/||3k\|2,
0

since zy + tsy € U(x*) for k > ko, where kg is some nonnegative integer.
Therefore, under Assumptions A and B, (3.12) and (3.13) yield that

T
1 Y. Sk
%(P;(C Y f ) = 7k7||§k“2

TS
Vi (yk - +d>k>

k12

m’||sg||?
(2 )
sk

Yi(m' + @)

’Ykm/

/
c1m

Y

AVARAVARIY]
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and

2 1 N
o + 200" + 03 Il
1) Yk T s
Py’ + Ok Yk Sk
(Lg + 1) |2
m’|| sy

(Lg + ¢k)2
627/.
m

IN

These imply that inequalities (3.7) and (3.8) hold for m = ¢;m/, M = 02(1397:7,0)2

and t; = ko. Thus, there exists a nonempty set J; = {j|Inequalities (3.9),
(3.10) and (3.11) hold, ky < j < k} from Lemma 3.2.

Lemma 3.5. Under Assumptions A and B, we have

(3.21) Dl — 2 < o0
k=0
and
(3.22) > 7 < oo,
k=0

where 1, = max{||zy — «*||, ||xp+1 — =*||}-

Proof. We can assume k > ko without loss of generality. It follows from (2.5)
that

—(1 = 02)gii sk < (gry1 — gr)" sk < llge+1 — grllllswll < Lllsel|*.
Using (3.1) yields the relation

(1 —09)

(3.23) -

|gx |l cos O < [|sk]|-

Since f is convex function on U(z*), we have

< gi(z) — %)
< Algkllller — 27

fk_f*

)
m/
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where the last inequality follows from (3.19). For j € Jj, we obtain from (2.4),
(3.1) and (3.23)

firt < fi+ouwgs;
= fi—oullgjllls;l cos b
1—o09
< fi— o1 llg;l* cos 6%,
9
Therefore, by (3.9), we have
1— g9
(3.25) fi—fimn = o1 i lg; -
9
Letting n = 0183(1 — 02)/ Ly, we obtain from (3.24) and (3.25)

w(f;— 1) < 717<fj ~ fi),

which implies

fj+1 - f* < r2(fj - f*)a

where r = /1 — nm/. (Note that 1 > 1 —nm’ > 0 since {fx} is a decreasing
sequence.) Since Jj, has at least [(k — ko + 1)/2] elements by Lemma 3.2 and
{fr} is decreasing, we have

Jrvr — e < ( P fe) (.77Iflax = argmax{j|j € Ji})
< r*(f,, — 1)
< L.
< pAERtD2IN ) (jR,, = argmin{jlj € Ji})

Imin

S Tz(kik0+1)/271(f-k. . f*)
Tk_ko( jfmn o f*)
< PR (fr = f).

Moreover, we can derive the lower bound of fr11 — fi« from Taylor’s expansion
and (3.20) as follows

1
—m/ |lzpgr — 2% < frpr — fu

2
Therefore, we obtain
2(fer1— f
|zpr — ¥ < (J;nl*)
- mlrk‘o

- w ()
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where a1 = 4/ % Hence we obtain (3.21). Finally, since 7, < ||z —
|| + || zk1 — =¥, (3.22) follows from (3.21) directly. O

Now, we add the following assumption.

Assumption C
The parameters ~; and ¢j, satisfy

o oo
(3.26) Z |7 — 1] < oo and Z(bk < 0.
k=0 k=0

Adding Assumption C, we have the following lemma.

Lemma 3.6. Suppose that Assumptions A, B and C hold. Then there exists
a sequence {€x} such that {si} and {z} satisfy for k sufficiently large

<e€

> €k,

skl

and Y € < 0o holds.
k=0

Proof. Using (3.18), we have
gk — G(x7) skl
<Ok = Dl + llye + drsk — G(a™) sk

1
<=1 il + /O G ( + ts) — Gla®)[delsell + usul
1
<=1 gl + / ek + tsx — 2 |dtLallsell + sk
0

1
<k = 1| 9% +/0 ([[t(zpgr — )| + (1 = t) (zx — 2™)|)dt L || sk
+ || prsik|
~ 1 * *
=l = LGkl + 5 (lowsr = 27 + [z = 2711 Lallsell + l|onskl

<[ v = 1| |9 + max{||xrs1 — z*||, |zx — =" [|} La skl + || orskl]
< vk = 1| (lyell + llowskll) + (Lame + éx) ||kl
< (| v —1|(Lg+ ¢r) + Lt + or) ||skll-

o0
Therefore, (3.27) holds for €, =| v, —1 | (Lg+¢r)+LaTi+ ¢, and > e, < 00
k=0
follows from (3.22) and (3.26). O
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Moreover, we give the following lemma to show the convergence property.
This lemma was shown by Dennis and Moré [6].

Lemma 3.7. Let f : R — R be twice differentiable in an open convex set
D in R", and assume that for some & in D, G is continuous at & and G(Z)
is nonsingular. Let {By} in R™*™ be a sequence of nonsingular matrices and
suppose that for some xy in D, the sequence {x} generated by

—1
Tpr1 = Tx — By gk

remains in D and converges to &. Then the sequence {xy} converges Q-
superlinearly to & and g(&) = 0 if and only if

k=00 [ 41 — 2|

=0.

Note that (3.28) is called the Dennis-Moré condition. From Lemma 3.7, we
obtain the next theorem.

Theorem 3.8. Let the sequences {zi} and {By} be generated by the msBFGS
method. Suppose that Assumptions A, B and C hold. Then
- (Be = G(a7))sel|

3.29 lim =0
( ) k—o0 skl

holds and the sequence {||B;; ||} is bounded. Moreover, if the parameter a1 in
(2.4) is chosen to satisfy o1 € (0, %), then the sequence {x1} converges to x*
superlinealy.

Proof. Let us define

(3.30) 5, = G(z")7s, 5 = G(z) 2z,
(3.31) By = G(z*) 2 ByG(a*) 2,
Sék = 7~§Z~Bk§]f
| Br3k [/ 3%l
and
_ §Bsk
SR

Though the first part of this theorem can be shown in the same way as the
proof of Theorem 3.2 in [4], we do not omit the proof for readability. From
(2.6), (3.30) and (3.31), it follows that

- _ BispstB, 33T
Bgy1 = By — b .

§£Bk§k 2]{'§k
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Thus, we obtain, just as in (3.5)

~T~

~ ~ > 2 ~
(3.32)  W(By) = xI:(Bk)+“jF’i” —In 57K incos 6, — 1
55 Zn 3k

+(1_ & Qk~>.
cos? 0, cos? 0,

For k sufficiently large, it follows from (3.27) that

(3.33) 12k = 5kl = [IG(=*) "2z — G(z*) 2 sy
< NG @) 2 v — G(a*)sll
< |IG(2*)" % lex | sk
= |G(z*) 2 el G(z*) "2 Gla*) 2 s
< |IG(2*)" 7| ex 3
= ce |5kl

where ¢ = ||G (CE*)_% |?. Using the triangle inequality yields

12 = 8kl = 112kl — 15kl
and
12 = 8kll = 115k — Z&ll = 1851 — [I1Z%]-
So we have
(3.34) (1= cer) I8kl < |2l < (14 cer)l[Skll-

From (3.33) and (3.34), it follows that
126l — 228 8k + 136> < Eeillarl?
and
(1 = Ge)?(|5kll* — 227 85 + 1361 < [1Z&l® — 257 5% + 1317,
from which we get
(3.35) (1 = er)?(|5ell” — 257 8% + 136> < Pei 3>

By (3.35), we have

(3.36)
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Since Z] 5 > 0 is satisfied, (3.34) yields

H»%k:H2 oISkl
3.37 1
( ) zgék ( toee ) ZZ;S]C

By using the fact D p-€r < 00, there exists an integer k such that cey < %
for k > k. Therefore, it follows from (3.36) and (3.37) for k > k that

[EAls _ o lEl?
(3.38) T < (4 cen)” o=
2L Sk 2L, Sk
_ 1+C€k
< (1
< ( +C€k)1—56k

2c B 2526k
= l+e — +c+ -
1 — ceg 1 — ce

2 2c%
S 1+€k 71+C+ 1
1-1 11

= 1+ 7E€k.

We notice that the inequality —In(1 — z) < 2z holds for 0 < z < 1. So it
follows from (3.36)

L5,
15%I?

Thus, by (3.32), (3.38) and (3.39), for k > k we have

(3.39) —In < —1In(1 — ceg) < 2¢e.

U(Bjy1) < W(By) + 9zej, + In cos? 0, + (1 S U P L ) .
cos2 0, cos? 0,

Hence by using (3.32) again, there is a positive constant ¢ such that

(3.40)  U(Biy1)

k - -
< U(Bj) + Z <9cej + In cos? éj + (1 SR R B ))
j=k

cos? 0 cos? 6,
- U
H%lw Sk_1%k
=U(B;_,) + T —In 5 "+ In cos? 0 -1
Sp—17k—1 5% 1”

Tk 1 Tr—1
" cos? 0r_, cos? 0_4

+ 9cq+1ncos 0 + Qj~ + In Qj~
=  cos? 6, cos? 0;
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k ~ ~
= U(B;_,)+ Z Incos®f; +1 — /A + 9ce;
= cos?0; cos? 0;
j=k—1
kol AL Tz
+ (—9cej + HjZU ~In L= — 1)
> SER BT
~ k ~ ~. ~.
=¥(B;_,) + Z Incos?; +1— G Yy 9ce;
Pl cos? 0; cos? 0;

i~

kol AL Tz
+ > —95€j+|‘~?|~’ ~In L -1
=, 5 1551

k _ _
= U(By) + lnCOSQéj+1— G_ i B + 9¢e;
— cos? 6; cos2 0;
7=0 J J
kol 212 &7z
+ —9¢e; + ”jZU ~In L5 —1
2 e BT

k - -
:\II(BO)—l—Z Incos®f; +1 — G 4T +9ce; | +¢.
o cos? 6 cos? 6,

Furthermore, similar comments to those for (3.4) and (3.15) indicate

(341)  U(Bp)>n and 1- ¥ _4m-Y_ <y

cos? 0; cos? 0;

From (3.40), (3.41), the expressions In cos?0; < 0 and 332 ex < 00, We see
that {U(By)} is bounded, and since

k - - k
~ G q; ~ _ R
n—E Incos®f; +1 — 4 In—L_— | <U(B +E 9¢e; + ¢,
— ( J cos? ; cos2 0; (Bo) — J
7=0 J J j=0
we have

k - -

5 q; q;

0<— Incos?6; +1 — J_ 4 1n .| < 0.
jz(:) ( ¢ cos? 0; cos? 0;

So we obtain

(3.42) Incosf — 0
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and

(3.43) R L L LN
cos? 0y, cos? 0,

Expression (3.42) implies

(3.44) cos O, — 1.

Furthermore, since (3.43) and the comments following (3.15) show congé — 1,
k
(3.44) implies

Now it follows from (3.44) and (3.45) that

I(Bx — Gla*)sil> 1 _ B =G )sill?
sl IG@@)E|lf ~ G (a*) 2 skl2l|G(a) 3|2
1G(2*) "% (By — G (%)) sy |2
I1G ()2 512
1512
| Brdrll* — 257 Brdi + |I5x]>
1312

IN

Q@
- 2+ 1 0,
cos? 0y,

which implies (3.29). Since {¥(B})} is bounded, (3.4) implies that there is a
positive constant P such that for all k

n
P> (fi; — i) >0,
j=1

where 0 < fig1 < -+ < fig,, are the eigenvalues of Bj. Since this means
P> py;—Infig; >0 for all 1 < j < n, there exist positive constants p; and
pa such that

p1 < ik <pe foralll <j<n,

where p; and po satisfy py —Inp; = P and py — Inps = P. So we get

13 = o B = o ((B7) =

<

1 1
Pk~ D1
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where p(A) denotes the spectral radius of the matrix A. Therefore, the upper
bound of || B; !|| is estimated by

- *y— L *\ L p— A sy — L
1B = [G(z*)"2G(x*)? By ' G(a*) 2 G(z*) 73 |
< G2 PG () 2 ByG () "2) Y|
sy L ~_
< G722 B -

Next we verify that o = 1 is accepted for all k sufficiently large. Since
ld|l = |Bzlgell < |IB |Ilgrll — O from the boundedness of ||B; *|| and
Assumptions B(1) and B(3), by Taylor’s expansion we obtain

1
flop +dp) — flzp) —owgidy = (1—o01)gldy + idgG(xk + tdy,)dy,

1
= —(1- Ul)ngkdk + §d£G(l’k + tdy)dy,

1 *
= - <2 - 01> dYG(x*)dy + o(||dx|?),
where ¢t € (0,1) and the last equality follows from (3.29). Thus, f(xp + di) —
flzg) — alg,{dk < 0 is satisfied for all k sufficiently large. This means that
oy, = 1 satisfies (2.4) for all k sufficiently large. On the other hand, we have

9(@p +dp)Tdy — oogidi, = (g(zk +di) — gi) " di + (1 — 02)g{ dy,
= d{G(fL‘k + tdk)dk - (1 - Ug)dszdk
= oadi G(x¥)dy, + o(||di||?),

where ¢ € (0,1). Thus, we have g(z) + dg)Td, > 029/ dj, which means that
ag = 1 satisfies (2.5) for all k sufficiently large. From Lemma 3.7 and (3.29),
we can deduce that the sequence {z}} converges superlinearly to x*. O

84. Practical choices of ~;

In this section, we propose three kinds of scaling factors for the msBFGS
method and show the convergence properties with them, respectively. The
convergence properties of the msBFGS method depend on the choices of i
and ¢. For the global convergence, it is important to choose 7, and ¢; that
satisfy (3.7) and (3.8), and for the superlinear convergence, it is important to
choose them that satisfy (3.26). Li and Fukushima [9] suggested that one of
suitable choices of ¢ for the msBFGS method with v, = 1 is

(4.1) ¢ = Okllgrll,
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where 6, € [d,0] (6 and & are positive constants). This choice may be also
efficient for the convergence properties of the msBFGS method with ~, # 1.
Therefore, we choose ¢ in (4.1).

Now, we propose three kinds of scaling factors as follows:

(i) Let Dy, be some scaling matrix for Gj. Then, we expect that the ms-
BFGS method with B;, which approximates to D;,G}, has a numerical stability.
Such Dj must be the matrix which is a rough approximation to @,;1. Thus,
we require the relation Dp 19 =~ sk. Let Dyxi1 = il for simplicity. By
minimizing the norms ||s — v, Jx|| and H%Sk — Uk||, we have

ORI L
T e T il

respectively. Now, we propose the first scaling factor by using the convex

combination of 7}(€1) and fy,(f) as follows

(4.2) = 1=ty 142

where t € [0,1]. If the Wolfe conditions (2.4) and (2.5) are satisfied, then
Q,{sk > 0 holds. Thus, 7% in (4.2) is always positive, which implies that the
msBFGS method with (4.1) and (4.2) generates a descent search direction. For
the msBFGS method with (4.1) and (4.2), we obtain the following convergence
theorem.

Theorem 4.1. Let ¢y and vy be defined by (4.1) and (4.2), respectively. Let
{zk} be the infinite sequence generated by the msBFGS method. Suppose that
Assumption A holds. Then

lim inf ||g|| = 0.
k—o0

Proof. To prove this theorem by contradiction, we assume that there is a con-
stant € > 0 such that ||gi|| > € for all k. Since dj, is a descent search direction
and (2.4) is satisfied, we have zj, € 2 for all k. Thus, from Assumption A, ||gx||
is bounded above. Therefore, ¢ (= 0x||gk||) is included in a bounded interval
[0, C] for some C' > 0. We note that

(43) Gk sk = yit s + dkllsil? = drllskl® = Skllgrllllskl® > dellsell.
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From (3.12) and (4.3), we have

T
y S
%(P;(gl)+¢k) = %H:kaQ
(91 s1,)?
— (1) kTR
A E
(0ells]12)?
> 11—t t
= OO o sE T
(6e)?

and by (3.13) and (4.3), we obtain

ol + 2000y + 63 lgell?
) = Tk T o
Pt Pk Yy Sk
BN EAR
=9 (91 )2
(Ly + C)?|lsi|l*
< 1—¢t)+t
< OO G
(Lg + C)?
< 1—1¢ t—
< ( ) + 5L
(Lg+ C)?
< maux{l,g(’&)2 ,

These imply that inequalities (3.7) and (3.8) hold with m = min {(L(gé%ﬂ’ 1}
1, (ng)(;’)z} for any k£ > 0. Thus, it follows from Theorem

and M = max{

3.3 that liminfy o ||gx|| = 0, which yields a contradiction. Therefore, the
theorem is proved. ]

(ii) Next, we give another scaling factor. Powell [15] indicated that the
BFGS method suffers more from large eigenvalues of By than from small ones
(see also [16]). Thus, we choose

' | Brsll®\ 93 sk
(1.4 = (-4 %
F sEBrsi, ) |9kl

where [ is a positive constant, because taking the trace in the msBFGS formula
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with ’y,;, we have

|| Brsll® JF,YI;H?JkH2
s;‘gBksk g)gsk

= Tr(By) —1I.

TI‘(B]H_l) = TI‘(Bk)

This equality shows that the msBFGS update with 'y,; can decrease the sum
of eigenvalues by —I. Thus, this choice may influence the performance well.
However, we can not obtain the convergence property of the msBFGS method
with fy,; and ¢, in (4.1) by using Theorem 3.3. Hence, for given ¢y, we propose
the modified version of (4.4)

/ (ol + 6x) > m
Vi if ) . and .
(4.5) 7 = Yool + 2000y + 63) < M (o + o),
1 otherwise,

\

where m and M are positive constants. If the Wolfe conditions are satisfied,

then p,(cl) > 0 holds and then v in (4.5) is always positive. Therefore, the

msBFGS method with (4.1) and (4.5) generates a descent search direction.
The following theorem shows the global convergence of the msBFGS method

with (4.1) and (4.5).

Theorem 4.2. Let ¢y and vy, be defined by (4.1) and (4.5), respectively. Let
{z} be the infinite sequence generated by the msBFGS method. Suppose that
Assumption A holds. Then

lim inf || gx|| = 0.
k—oo

Proof. To prove this theorem by contradiction, we assume that there is a
constant € > 0 such that ||gx|| > € for all k. For the case v, = 1, expressions
(3.12) and (4.3) yield

T
1 Yi Sk
(ol + on) = H;kaQ > de
and equation (3.13) implies
2 1 "

(ol +200l) +63)

P;(Cl) + ok Ui Sk
(Lg + C)lIsl?

B de|| skl
(Ly +C)?

de
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Thus, these imply that inequalities (3.7) and (3.8) hold with m = min {Je, m}

and M = max{(Lg;rEC)Q,M } for any k. It follows from Theorem 3.3 that
liminfy_, ||gx|| = 0, which yields a contradiction. Therefore, the theorem is
proved. ]

(iii) The msBFGS methods with the above two scaling factors (4.2) and
(4.5) have the global convergence properties, but do not necessarily have the
superlinear convergence. To establish the superlinear convergence, we propose
the following scaling factor based on (4.2):

(4.6) ]
1 otherwise,

_ {(1 —om e g > €
Ve =
where ¢ € [0,1] and £ is a positive constant. If the Wolfe conditions are sat-
isfied, then §{ sy > 0 holds. Therefore, 7y, in (4.6) is always positive. Finally,
we show the global and superlinear convergence of the msBFGS method with
(4.1) and (4.6).

Theorem 4.3. Let ¢y and vy, be defined by (4.1) and (4.6), respectively. Let
{zk} be the infinite sequence generated by the msBFGS method. Suppose that
Assumption A holds. Then

lim inf ||gg|| = O.
k—ro0

In addition, if Assumptions B(1)-(3) hold and the parameter o1 in (2.4) is
chosen to satisfy o1 € (0, %), then the sequence {xy} converges to x* superlin-
ealy.

Proof. To prove the first part of this theorem by contradiction, we assume
that there is a constant e > 0 such that ||gx|| > & holds for all k. For the

case v, = (1 — t)q/,gl) + t’y,f), the proof of Theorem 4.1 implies that (3.7) and

(3.8) hold for m = min {(L(ﬁr%, 1} and M = max{l, (L(gggy } Similarly,
for the case v, = 1, the proof of Theorem 4.2 implies that (3.7) and (3.8) hold

for m = de and M = W Therefore, the msBFGS method with ¢ in

(4.1) and ~ in (4.6) satisfy (3.7) and (3.8) for m = min {Q&, (i 1} and

(Lg+C)2?
M = max { (Lg;ac)Q, (L(‘q(;)(j;)Q ; 1} for any k. Thus, it follows from Theorem 3.3

that liminfg o ||gx|| = 0, which yields a contradiction. Therefore, we obtain
the first result.

In addition, suppose that Assumptions B(1)-(3) hold. Assumptions B(1)
and B(3) imply that «; = 1 holds for k sufficiently large. Thus, Assumption
B(4) is fulfilled and we get > ;7 [y — 1| < co. Since Assumptions A and B
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hold, it follows from Lemma 3.5 that Y.~ ||z — 2*|| < oo is satisfied. Thus,
the relation

S = Orllgrll < ollgr — g(a™)|| < OLgllwy — 27|

yields

o0

Z P < 00.

k=0
It follows that {7y} and {¢} satisfy (3.26), i.e., Assumption C is fulfilled.
Therefore, from Theorem 3.8, we obtain the superlinear convergence. O

8§5. Numerical experiments

In this section, we show some numerical experiments. We used the 132 nonlin-
ear unconstrained optimization problems in the CUTEr library [3]. We chose
the test problems whose dimensions were between 499 and 1000. In Table 1,
we give the methods examined in our experiments.

Table 1. Methods examined in our experiments

Method Method name Note

number
(1) msBFGS use ¢y in (4.1) and v, in (4.2)
(2) msBFGS use ¢ in (4.1) and -y, in (4.5)
(3) msBFGS use ¢y in (4.1) and v, in (4.6)
(4) standard BFGS
(5) sized BFGS size By by wOOL
(6) spectral scaling BFGS Cheng and Li [5]

In order to compare the proposed method with some existing BFGS type
methods, we tested the standard BFGS, sized BFGS method, spectral scaling
BFGS method and the msBFGS method based on (4.1), (4.2), (4.5) and (4.6).
We number from (1) to (6) in Table 1. we tested the sized BFGS method
(Method (5)) in which we sized By only at the first iteration by the inverse

1
Oren - Luenberger parameter wlOF = yOfT'#%- The spectral scaling BFGS
0

method (Method (6)) corresponds to Method (1) with ¢, = 0 and ¢ = 0,
which is the Cheng - Li method.

All codes were written in C and run on a PC with 3.40 GHz CPU processor,
2.0GB RAM memory, and Linux operating system. We show the numerical
results in Figures 1-5. In Figures 1-3, we stopped the iteration if the inequality

| gk]loo < 107°
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was satisfied, or if CPU time exceeded 600 seconds, and in Figures 4 and 5,
we stopped the iteration if the inequality

| gk]loo < 1078

was satisfied or if CPU time exceeded 600 seconds. For all examined methods,
we chose the initial matrix By = I. For each method, to get the search
direction dj, we did not solve the linear system of equations Bidr = —gk.
Instead we used the inverse updating formula as follows

Hy st + sp(Hygig)T n ( 1 QkTHkyk> skst

Hy 1 = Hy — - —+ 5,
gL s 91 sk

~T
Yk Yi. Sk

In the line search, the step size ai was obtained so as to satisfy the Wolfe
conditions:

f(@p + ardy) < f(2k) + 1097 dy,
9(zk + agdi) dy > o2g9] di,

where we chose o1 = 1072 and o9 = 0.5.

We adopt the performance profiles by Dolan and Moré [8] to compare the
performance of the methods based on the CPU time. We introduce the per-
formance profile by Dolan and Moré. We assume that we are concerned with
the set of solvers S, which has ng solvers, and the test set P, which has n,
problems. For each problem p and solver s, let us define

tp,s = computing time required to solve problem p by solver s,

tp78
min{t,,:s €S}

Tp,s =
and

1
ps(v)=—HpeP:irps <v}|.
np

The function ps(v) is the probability for solver s € S that a performance ratio
Tp,s 1s within a factor v € R of the best performance ratio. In Figures 1, 2 and
3, the function p,(v) distributes the curve, and the top curve is the method

which solved the most problems in a result that is within a factor v of the best
result.
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Table 2. The parameter in a preliminary experiment

Method number ‘ Values of parameters
(1) t €{0,0.25,0.5,0.75,1}, 0% € [0, 10]
(2) 1 €{1072,1071, 1,10}, m, M € [1077,107], %, € [0, 10]
(3) t € {0,0.25,0.5,0.75,1}, £ € [1072,10?], 6;, € [0, 10]

As a preliminary experiment, we chose the value of parameter for Method
(1), (2), (3) in Table 2. In Figure 1, we examine Method (1) in which we
always choose t = 1 and vary the value of é;. Figure 1 implies that Method
(1) with ¢ = 1 has the tendency that the choice of the small value for oy
performs well. In our experiments, Methods (1), (2) and (3) have the similar
tendency. However, the influence of §j is different a little for each method. As
shown in Figure 1, in some methods, by letting J; be a small positive value,
the performance becomes rather better than the case J; = 0. Meanwhile, in
some methods, even if we let Jp be a small positive value, the performance
dose not. In Figure 2, we examine Method (1) in which we always choose
01 = 1075 and vary the value of t. Figure 2 shows that the parameter ¢ hardly
affects the performance of Method (1). Moreover, in Method (3), we also find
that the parameter ¢ does not have big influence on computational efficiency.

Table 3. The parameter values which give good numerical results

Method number ‘ Values of the parameters
(1) t=1,6,=107°
(2) m=10"2 M =10%*1=10"2, 6, =107
(3) t=1,6=10,6,=10"°

Next, we choose ¢ = 1 and compare Methods (1)-(6). For this comparison,
we first changed the parameter values in the range of Table 2 except ¢ (however,
the case §; = 0 is removed), and investigated which parameter values gave
good numerical results for every method. We show such values in Table 3.
In Figure 3, we compare numerical performance of Methods (1)-(6) with the
parameter values in Table 3. Figure 3 implies that Method (2) is the best
solution, Method (3) is the second and Method (1) is the third. Hence, the
msBFGS method with a suitable choice of the parameter values is superior to
the standard BFGS method from the viewpoint of the CPU time. In particular,
we observe that reducing the trace of By, by Method (2) is efficient. However,
Method (2) with [ = 1 and 10 did not perform better than the standard
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BFGS method even if we suitably chose m, M and §;. Thus, it is preferable
to select a small value for [. Furthermore, the results of Methods (1) and
(3) imply that switching the scaling factor by (4.6) is efficient owing to the
superliner convergence property of Method (3). In order to investigate the
local behavior of Methods (1) and (3) with the parameter values in Table 3,
in Figures 4 and 5, we compare the numerical results for solving the Extended
Rosenbrock function (the problem 21 in [10]). These figures present the values
of logyo | fx — f«|, where f. denotes the optimal value. We can find that Method
(3) converges superlinearly for the Extended Rosenbrock function, but Method
(1) dose not.

From the above observations, by choosing the parameter values suitably,
our method performs effectively on the CPU time. Though we show the results
only for the case t = 1 in Figure 3, we obtain similar results to Figure 3 for the
other cases t (€ {0,0.25,0.5,0.75}), by selecting the parameter values suitably.

i
g
i
0.6 H i i
[H
EE
1
e i
1
[ 4
0.4 H: -
0.2 f 5=0 @
8,10
5=10° A
510" @
S
5=10
O 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10

Figure 1. The case of choosing t = 1 and varying d; in Method (1)
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0.2 B
t=0 @
t=0.25
t=0.5 A
t=0.75 L g
t=1 @&
0 I I I I I I I I
1 2 3 4 5 6 7 8 9 10

Figure 3. The comparison between Methods (1)-(6)
(use the parameter values in Table 3)
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gy [ficf
10gy [ficf|

L L L L L
0 5 10 15 20 25 0 2 4 6 8 10
The number of iterations The number of iterations

Figure 4. Local behaviour of Figure 5. Local behaviour of
Method (1) for Extended Method (3) for Extended
Rosenbrock function Rosenbrock function

§6. Conclusion

In this paper, we have proposed a modified scaling BFGS method (msBFGS)
for unconstrained minimization, and proved the global and superliner con-
vergence of our method. In addition, we have applied concrete parameters
(scaling factors) to the msBFGS method, proved its convergence properties
and done the numerical experiments. The numerical results show that our
methods perform better in general than the standard BFGS method. As fur-
ther works, we would apply a scaling factor to other updating formulas.
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