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Even vertex odd mean labeling of graphs
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Abstract. In this paper we introduce a new type of labeling known as even
vertex odd mean labeling. A graph G with p vertices and ¢ edges is said to have
an even vertex odd mean labeling if there exists an injective function f : V(G) —
{0,2,4,...,2¢9—2,2q} such that the induced map f*: E(G) — {1,3,5,...,2¢—
1} defined by f*(uv) = w is a bijection. A graph that admits an even
vertex odd mean labeling is called an even vertex odd mean graph. Here we
investigate the even vertex odd mean behaviour of some standard graphs.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected simple graph.
Let G(V, E) be a graph with p vertices and ¢ edges. For notations and termi-
nology we follow [4].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by
Cp. K1y is called a star and it is denoted by .S,,. The bistar B,, ,, is the graph
obtained from K> by identifying the center vertices of K1 ,, and K1, at the
end vertices of Ky respectively. By, , is often denoted by B(m). The union of
two graphs G and G is a graph G1 U Ge with V(G1 UG2) = V(G1) UV (Ga)
and F(G1UG2) = E(G1) U E(G2). The union of m disjoint copies of a graph
G is denoted by mG.

A quadrilateral snake G, is obtained from a path u, ug, ..., un4+1 by joining
u; and ;41 to new vertices v; and w; respectively and joining v; and w;, that
is, every edge of a path is replaced by a cycle Cy. The corona of a graph G on
p vertices v1,va, ..., v, is the graph obtained from G by adding p new vertices
U, U2, . .., up, and the new edges u;v; for 1 <7 < p. The corona of GG is denoted
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by G ® Ki. The graph P, ® K is called a comb. The baloon of a graph G,
P,(G) is the graph obtained from G by identifying an end vertex of P, at a
vertex of G. P, (Cy,) is called a dragon.

Let G1 and G2 be any two graphs with p; and py vertices respectively.
Then the cartesian product G; x G has pips vertices which are {(u,v)/u €
G1,v € Ga}. The edge set of G X G9 is obtained as follows:(uy,v1) and (ug, va)
are adjacent in G; x Gs if either u; = uo and v; and vs are adjacent in Go
or u1 and ue are adjacent in G and vy = vy. The product P, X P, is called
a planar grid and P, X P» is called a ladder, denoted by L,. The product
Cn X P, is called a prism. The graph P, x P, x Ps is called a cube and is
denoted by Q3. Let S;,, be a star with central vertex vy and pendant vertices
V1,02, ..., Uy and let [Py; Sp,] be the graph obtained from n copies of S,, with
vertices vo,, V1, .., Vm, (1 < j < n) and joining vo; and vg,,, by means of an
edge, 1 <j<n-—1.

The graceful labelings of graphs was first introduced by Rosa, in 1967 [1]
and R. B. Gnanajothi introduced odd graceful graphs [3]. The concept of mean
labeling was introduced and meanness of some standard graphs was studied
by S. Somasundaram and R. Ponraj [9, 10, 6, 7]. Further some more results on
mean graphs are discussed in [8, 11, 12]. A graph G is said to be a mean graph
if there exists an injective function f from V(G) to {0,1,2,..., g} such that the
induced map f* from E(G) to {1,2,3,...,q} defined by f*(uv) = [M—‘
is a bijection.

In [5], K. Manickam and M.Marudai introduced odd mean labeling of a

graph. A graph G is said to be odd mean if there exists an injective function f
from V(G) to {0,1,2,3,...,2¢g — 1} such that the induced map f* from E(QG)

to {1,3,5,...,2¢ — 1} defined by f*(uwv) = {M-‘ is a bijection. The
concept of even mean labeling was introduced and studied by B. Gayathri and
R. Gopi [2]. A function f is called an even mean labeling of a graph G with
p vertices and ¢ edges, if f is an injection from the vertices of G to the set
{2,4,6,...,2q} such that when each edge uv is assigned the label M,
then the resulting edge labels are distinct. A graph which admits an even
mean labeling is said to be even mean graph. It motivates us to define a new
concept called even vertex odd mean labeling of graphs.

A graph G with p vertices and ¢ edges is said to have an even vertex odd
mean labeling if there exists an injective function f : V(G) — {0,2,4,...,2q—
2,2q} such that the induced map f*: E(G) — {1,3,5,...,2¢ — 1} defined by
fH(uv) = M is a bijection. A graph that admits an even vertex odd
mean labeling is called an even vertex odd mean graph.

An even vertex odd mean labeling of the cube Q3 is given in Figure 1.
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16 18

29 24

Figure 1: An even vertex odd mean labeling of Q3

K3 is a mean graph but not an even vertex odd mean graph. The graph
shown in Figure 2, is an odd mean graph but not an even vertex odd mean
graph. Every star graph is an even mean graph but Kj,(n > 3) is not an
even vertex odd mean graph. These examples show that the notion of even
vertex odd mean graph is independent of mean graph, odd mean graph and
even mean graph.

Figure 2: An odd mean graph but not an even vertex odd mean graph

In this paper, we prove that the path P,, the cycle C), for n =0 (mod 4),
K1, forn <2, Ky, for all n, the bistar B, , for n = m, m+ 1, the quadrilat-
eral snake, the comb P, ® K1, [Py; S2|, [Pon; Sm], the planar grid P, x P, the
prism Cy, x P, for m =0 (mod 4),n > 1,Q3 x P,, the Ladder L,, L, ® K;
and the dragon are even vertex odd mean graphs.

Also, we prove that K ,(n > 3) is not an even vertex odd mean graph.

§2. Even vertex odd mean graphs

Theorem 2.1. If G is an even vertex odd mean graph, then G is a bipartite
graph.

Proof. Let uv be an edge of G. If vertex u is labeled by 0 (mod 4), then vertex
v is labeled by 2 (mod 4) because M is odd. Let Vj be a set of vertices
labeled by 0 (mod 4), and Vo = V(G) — V;. Then G is bipartite graph with
partite sets V4 and V5. ]

Theorem 2.2. Any path is an even verter odd mean graph.
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Proof. Let uy,usg,...,u, be the vertices of the path P,. Define f : V(P,) —
{0,2,4,...,2¢—2,2q = 2n — 2} by f(u;) =2i — 2,1 <1i < n. The label of the
edge u;—1u; is 2 — 3,2 < i < n. Hence, P, is an even vertex odd mean graph.
For example, an even vertex odd mean labeling of P is shown in Figure 3. O

0 2 4 6 8 10 12 14
Figure 3: An even vertex odd mean labeling of Py

Theorem 2.3. Cycle C), is an even vertex odd mean graph if and only ifn =0
(mod 4).

Proof. If C,, is a cycle of odd length, then at least one edge uv on the cycle
in which both f(u) and f(v) are congruent to either 0 (mod 4) or 2 (mod 4)
and hence its induced edge label f*(uv) is even.
Suppose n = 2m,m > 2 and C, admits an even vertex odd mean labeling.
Then > f*(ww)= > (M) . This implies that 1+3+5+---+
weE(G) weE(G)
dm —1=(0+2+4+6+ --- + 4m) — 2i, where 2i is not a vertex label of
C.,. From this, i = m. If m is odd, then the number of values congruent to 0
(mod 4) is in excess of 2 that of the number of values congruent to 2 (mod 4)
and they are to be assigned as vertex labels in C),. Thus m should be even if
C,, admits an even vertex odd mean labeling.
Let uy,ug, ..., u, be the vertices of the cycle C;,, where n =0 (mod 4). We
define f: V(G) — {0,2,4,...,2¢ — 2,2q = 2n} as follows:
2% — 2, 1<i<?
flu))=¢ n+4+2(i—(%+1)) ifiisoddand 2+1<i<n-1
n+2+2(i—(%+2)) if i is even and 5 +2 <i < n.
The induced edge labels are given by

Frlumy) = 2 1<i<2-1
st n+1+2(i—2%), 2 <i<n-—1and
[*(upur) =3
Hence, C,, is an even vertex odd mean graph if n = 0 (mod 4). For example,
an even vertex odd mean labeling of C1o is shown in Figure 4. O

U,
W\
1 46
NG 4/8

1110

Figure 4: An even vertex odd mean labeling of C19
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The star K71 is » and K2 is P3. Thus, K11 and K; 2 are even vertex
odd mean graphs by Theorem 2.2.

Theorem 2.4. If n > 3, K1, is not an even vertex odd mean graph.

Proof. Let {V1,V2} be the bipartition of K, with Vi = {u}. To get the edge
label 2¢ — 1, we must have 2¢g and 2¢g — 2 as the labels of adjacent vertices.
Thus either 2¢ or 2g — 2 must be a label of . In both cases, since n > 3, there
will be no edge whose label is 1. This contradiction proves that K7, is not an
even vertex odd mean graph. O

Theorem 2.5. K3, is an even vertex odd mean graph for all n.

Proof. Let {V1,V2} be the bipartition of K, with Vi = {u,v}, Vo = {u1,ug,
... up}. We define f: V(Ky2,) — {0,2,4,...,2¢9 — 2,2¢ = 4n} as follows:

f(u) =0,

f(v) = 4n and

flu)) =4i—2,1<i<n.
The label of the edge uu; is 2i — 1,1 < i < n. The label of the edge vu; is
2n+ 21 — 1,1 <4 < n. Hence, Ky, is an even vertex odd mean graph for all
n.

For example, an even vertex odd mean labeling of K g is shown in Figure 5.
O

2 6 10 14 18 22 26 30

Figure 5: An even vertex odd mean labeling of K» g
Theorem 2.6. The Bistar By, is an even vertex odd mean graph for n =
m,m + 1.

Proof. Let V(K3) = {u.v} and u;(1 <4 < m),vj(1 < j < n) be the vertices
adjacent to u and v respectively. Define f : V(B,,n) — {0,2,4,...,2¢—2,2q}
by

- | 4n+2 ifn=m

flu;) =4i—2,1<i<m and
flvj) =44,1<j<n(=m,m+1).
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The induced edge labels are given as follows:

£ (uw) = 2n+1 ifn=m
YT -1 ifn=ma41,

ffuu;)) =21 — 1,1 <i<m and

RN LT E e A

Hence, f is an even vertex odd mean labeling and hence B, , is an even
vertex odd mean graph. An even vertex odd mean labeling of Bs 5 and Bg 7
are shown in Figure 6. 0

0 22

Bs 5

¢ 0y M o220 2 28

Figure 6: An even vertex odd mean labeling of Bss and Bg 7

Theorem 2.7. A quadrilateral snake is an even vertex odd mean graph.

Proof. Let G,, denote the quadrilateral snake obtained from wy,us, ..., Up+1
by joining u;, u;11 to new vertices v;, w; respectively and joining v; and w;, 1 <
1 < n.
We define f: V(G,) — {0,2,4,...,2¢ — 2,2q = 8n} as follows:
For1 <i<n+41,
81 — 8 if ¢ is odd
flus) = { 8i—10  ifiis even.
. 8i—6 if 7 is odd
<1< ) =
For 1 <i<n, f(v) { 81— 4 if 4 is even and
8i if 7 is odd
flwi) = { 8i—2 ifiiseven.
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The induced edge labels are given by
[ (uuipr) =8i — 5,1 <i <n,
fr(vaw;) = 8i — 3,1 <i <,
[ (uv)) =8 — 7,1 <i<nand
f*(uiwi_l) =8—-9,2<:1<n+1.

Thus, f is an even vertex odd mean labeling and hence G,, is an even vertex
odd mean graph.

An even vertex odd mean labeling of G5 is shown in Figure 7. O
2 8 12 14 18 24 28 30 34 40

i \
H \
\

0 6 16 22 32 38

Figure 7: An even vertex odd mean labeling of G5

Theorem 2.8. Any comb is an even vertex odd mean graph.

Proof. Let G be the comb obtained from a path P, : vy, vs,...,v, by joining
a vertex u; to v;(1 <1i < mn). Define f: V(G = P, ® K1) — {0,2,4,...,2q —
2,2q = 4n — 2} as follows:

For 1 <i<n,
Fvi) = 47 — 2 if 7 is odd
Vi) =\ 4i—4 if 7 is even and

f(u-):{ 4i — 4 if ¢ is odd
! 4i—2  if i is even.

The induced edge labels are obtained as follows:

[Ffowipr) =4i—1,1<i<n-—1and

ffluw;) =4i— 3,1 <i<n.

Hence, f is an even vertex odd mean labeling of P, ® K7 and hence comb
is an even vertex odd mean graph.

An even vertex odd mean labeling of P; ® K is shown in Figure 8. O
2 4 10 12 18 20 26
[ [
0 6 8 14 16 22 24

Figure 8: An even vertex odd mean labeling of P ® K3
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Theorem 2.9. [P,; S2] is an even vertex odd mean graph.

Proof. Let u;,1 < i < n be the vertices of the path P, and v;,w;,1 <i <n
be the vertices which are made adjacent with u;.
We define f: V[P,;S2] — {0,2,4,...,2q — 2,2qg = 6n — 2} as follows:

flv)) =6i—6,1<i<nand
flw;)=6i—2,1<i<n.
The induced edge labels are given by
[ruuipr) =6i— 1,1 <i<n—1,

[ (ujv;) =6i—5,1 <i<nand
f(ujw;) =6i —3,1 <i<n.

Thus, f is an even vertex odd mean labeling and hence [P,;S2] is an even
vertex odd mean graph.

For example, an even vertex odd mean labeling of [Ps; S2] is shown in
Figure 9. O

2 8 14 20 26 32

S R
0 4 6 10 12 16 18 22 24 28 30 34

Figure 9: An even vertex odd mean labeling of [Pg; So]

Theorem 2.10. [Pay; Sy is an even vertex odd mean graph for m > 3,n > 1.

Proof. Let V0,5 V1550255 - -+ 5 Um; be the vertices and €1;,€2;,- -, Em,; be the
edges in the j** copy of S,,,1 < j < 2n and joining v, and vg,,, by means of
an edge, 1 < j < 2n — 1. We define f : V[Pa,; Sn] — {0,2,4,...,2q — 2,2q}
as follows:

Jf(voy;,,) = (4m +4)5,0 < j <n—1,
f(vo,;) = (4m+4)j —2,1<j <n,

fiy ) =(dm+4)j+4i—-2,0<j<n—-1,1<i<mand
foiy;) =(dm+4)(j —1)+4i,1<j<n,1<i<m.

The induced edge labels are given by
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f*(vo;v0,0,) = (2m+2)(j —1)+ 11,1 <j <2n—1and

frle)=02m+2)(G—1)+2i—1,1<j<2n,1<i<m.

Thus, f is an even vertex odd mean labeling of [Pay; S),]. Hence, [Pay; Sy
is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of [Ps; S5] is shown in
Figure 10. 0

NV AVAVIVAYA

10 14 18 4 8 12 16 20 26 30 34 3842 2832 36 40 44 5054 58 62 66 5256 60 64 68

Figure 10: An even vertex odd mean labeling of [Ps; S5)

Theorem 2.11. The planar grid P, x P, is an even vertexr odd mean graph
form >2n>2.

Proof. Let V(Pp x Pp) = {a;; : 1 <i<m,1 <j<n}and E(P, x P,) =
{azjl 1<1<m2<]<n}u{a(zlaz 2<i<m,1<j<n}
Deﬁnef V(Pn x Py) = {0,2,4,...,2¢ — 2,2¢q} by
flay;) =2(j —1),1<j<n and
f(a,i].) = f(a(,-_l)n) + 2(n — 1) +25,2<i1<m,1 <5< n.
The edge labels are given as follows:
fai;ai;) = (i —1)(4n-3)+i+2j-2,1<i<m,1<j<n-1and
fHaiai41),) =20-2)2n—-1)+2n—34+2j,1 <i<m—-1,1<j<n
Then, P, x P, has an even vertex odd mean labeling and hence P,, x P, is
an even vertex odd mean graph for m > 2,n > 2.
For example, an even vertex odd mean labeling of P5s x Ps is shown in

Figure 11. O
0 2 4 6 8 10
I
99 24 26 28 30 32
4 2
m 6 48 5( b} 5
66 68 70 7 7 76
88i 9 92, 9 96, 9

Figure 11: An even vertex odd mean labeling of P5 x Fj
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Corollary 2.12. L, is an even vertex odd mean graph for all n.
Theorem 2.13. L, ® K1 is an even vertex odd mean graph.

Proof. Let L, be the ladder. Let GG be the graph obtained by joining a pendant
edge to each vertex of the ladder. Let u; and v; be the vertices of the ladder.
For 1 <i < n, let u} and v} be the new vertices made adjacent with u; and v;

respectively.
Define f: V(G) — {0,2,4,...,29 — 2,2q} by

flu;) =100 — 8,1 <i <m,
f(vi) =100 — 6,1 < i <mn,
f(uf) =10i — 10,1 <i < n and
fu)=10i — 4,1 <i < n.

The edge labels are given as follows:

[Fuuipr) =100 —3,1<i<n-—1,
ff(vivig1) =100 — 1,1 <i<n-—1,
M (wju) =100 — 9,1 <4 < n and
o)) =10i — 5,1 <i < n.

Thus, L, ® K7 has an even vertex odd mean labeling and hence L, ® K; is
an even vertex odd mean graph.
For example, an even vertex odd mean labeling of Lg ® K is shown in

Figure 12. [
02 a0
100 12 14 16
90 22 24 26
30 32 34 36,
400 42 4 46
500 52 5 56

Figure 12: An even vertex odd mean labeling of Lg ® K3
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Theorem 2.14. C,, x P, is an even vertex odd mean graph for n > 1 and
m =0 (mod 4).

Proof. Let V(Cpy x Py) = {v;; : 1 <i <m,1 < j < n}and E(Cp X Py)
{GZ‘]. Dej; = Uij?)(i+1)j,1 <j<n1<1 < m} U {Eij : Eij = vijvijﬂ,l <jJ

IN I

n—1,1 <i<m} where i+ 1 is taken modulo m. Let C?, denote the 4t copy

of C,, in C,, X P,. Let the vertices of Cf;l be v1,,v2;, .. Um; for 1 <j <n.
Label the vertices of CL,m =0 (mod 4) as follows:
2i—2, 1<i<®
foi)=9 m+4+2(i—(2+1)) ifiisoddand Z+1<i<m-—1

m+2+2(i—(%+2)) if i is even and F +2 < i < m.
If the vertices of C,j{l are labeled, then the vertices of C’fﬁ are labeled as
follows:
f(vi;) = f(vi-1,_,) +4m where i — 1 and j — 1 are taken modulo m.
It can be verified that the label of the edges are 1,3,5,...,2¢ — 1.
Then, f is an even vertex odd mean labeling of C,, x P, for n > 1 and

m =0 (mod 4).

Hence, C,, X P, is an even vertex odd mean graph for n > 1 and m =0
(mod 4).

For example, an even vertex odd mean labeling of Cg x P4 is shown in
Figure 13. O

98
Cg X P4

Figure 13: An even vertex odd mean labeling of Cs x Py

Theorem 2.15. Q3 X P, is an even vertex odd mean graph.
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Proof. Let Q3; denote the 4t copy of Q3 in Q3 x P, and for 1 < i < 8, let Vi;
denote the i*" vertex in Q3;, where 1 < j < n.
The vertices and their labels of Q3 x P, are shown in Figure 14.

§) 48
& 9 g/ 43 64 42/ P4

V2] 1 V2 35

[ ——
U5 1 V6o
16 18 8 40
U] U7y (N UTo
h2 20 %6 A6

Figure 14: An even vertex odd mean labeling of Q3 X P»

If the vertices of Q3,_, are labeled by f, then the vertices of @3, are labeled
as follows:

f(vi;) = f(vi;_,) +80,for 1 <i <8 and 3 <j <n.

Let Ej be the set of all edges in Q3; and £}, , be the set of all edges having
one end in J3; and the other in Q3.

Denote the set of edge labels for the edges of E by f*(E).

Then, it is observed that

[*(Ej) ={40+ f*(e) re€ Fj_1},2<j <nand

f*(Ejj+1) = {40 + f*(e> ree E(j*l)j}72 <j<n-1

Then, f is an even vertex odd mean labeling of ()3 x P,. For example, an even

vertex odd mean labeling of Q3 x Py is shown in Figure 15. O
0 6 6 48 8 $6 1 28
2 8 64 4 82 8 44 12
i —— = 3
22 2 6 4 2 36 126
Q3 X Py

Figure 15: An even vertex odd mean labeling of Q@3 x Py
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Theorem 2.16. If G is an even vertex odd mean graph, then P,(G) is also
an even vertex odd mean graph.

Proof. Let v1,v2,...,v, be the vertices of G with size ¢ and w1, us,...,u, be
the vertices of P,. Let f be an even vertex odd mean labeling of G.

Then define g on V(P,(G)) as follows:

g(vi) = f(vi),1 <i < pand

g(uj) =2q+2j-2,1<j<n.

Then, g is an even vertex odd mean labeling of P,(G). O

Corollary 2.17. Dragon P,(C,,) is an even vertex odd mean graph for n >
1,m =0 (mod 4).

Proof. Since C, is an even vertex odd mean graph for m = 0 (mod 4), by
Theorem 2.16, P,(C),) as also an even vertex odd mean graph.

For example, an even vertex odd mean labeling of P5(Cg) is shown in
Figure 16. O

0
5 o
/'/ \4
{ g 18 20

I 22 2éL

49 .‘
n A
12

Figure 16: An even vertex odd mean labeling of P5(Csg)
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