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Even vertex odd mean labeling of graphs
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Abstract. In this paper we introduce a new type of labeling known as even
vertex odd mean labeling. A graph G with p vertices and q edges is said to have
an even vertex odd mean labeling if there exists an injective function f : V (G) →
{0, 2, 4, . . . , 2q−2, 2q} such that the induced map f∗ : E(G) → {1, 3, 5, . . . , 2q−
1} defined by f∗(uv) = f(u)+f(v)

2
is a bijection. A graph that admits an even

vertex odd mean labeling is called an even vertex odd mean graph. Here we
investigate the even vertex odd mean behaviour of some standard graphs.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected simple graph.
Let G(V,E) be a graph with p vertices and q edges. For notations and termi-
nology we follow [4].

Path on n vertices is denoted by Pn and a cycle on n vertices is denoted by
Cn. K1,m is called a star and it is denoted by Sm. The bistar Bm,n is the graph
obtained from K2 by identifying the center vertices of K1,m and K1,n at the
end vertices of K2 respectively. Bm,m is often denoted by B(m). The union of
two graphs G1 and G2 is a graph G1 ∪G2 with V (G1 ∪G2) = V (G1)∪ V (G2)
and E(G1 ∪G2) = E(G1) ∪E(G2). The union of m disjoint copies of a graph
G is denoted by mG.

A quadrilateral snake Gn is obtained from a path u1, u2, . . . , un+1 by joining
ui and ui+1 to new vertices vi and wi respectively and joining vi and wi, that
is, every edge of a path is replaced by a cycle C4. The corona of a graph G on
p vertices v1, v2, . . . , vp is the graph obtained from G by adding p new vertices
u1, u2, . . . , up and the new edges uivi for 1 ≤ i ≤ p. The corona of G is denoted
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by G ⊙K1. The graph Pn ⊙K1 is called a comb. The baloon of a graph G,
Pn(G) is the graph obtained from G by identifying an end vertex of Pn at a
vertex of G. Pn(Cm) is called a dragon.

Let G1 and G2 be any two graphs with p1 and p2 vertices respectively.
Then the cartesian product G1 × G2 has p1p2 vertices which are {(u, v)/u ∈
G1, v ∈ G2}. The edge set of G1×G2 is obtained as follows:(u1, v1) and (u2, v2)
are adjacent in G1 × G2 if either u1 = u2 and v1 and v2 are adjacent in G2

or u1 and u2 are adjacent in G1 and v1 = v2. The product Pm × Pn is called
a planar grid and Pn × P2 is called a ladder, denoted by Ln. The product
Cm × Pn is called a prism. The graph P2 × P2 × P2 is called a cube and is
denoted by Q3. Let Sm be a star with central vertex v0 and pendant vertices
v1, v2, . . . , vm and let [Pn;Sm] be the graph obtained from n copies of Sm with
vertices v0j , v1j , . . . , vmj (1 ≤ j ≤ n) and joining v0j and v0j+1 by means of an
edge, 1 ≤ j ≤ n− 1.

The graceful labelings of graphs was first introduced by Rosa, in 1967 [1]
and R. B. Gnanajothi introduced odd graceful graphs [3]. The concept of mean
labeling was introduced and meanness of some standard graphs was studied
by S. Somasundaram and R. Ponraj [9, 10, 6, 7]. Further some more results on
mean graphs are discussed in [8, 11, 12]. A graph G is said to be a mean graph
if there exists an injective function f from V (G) to {0, 1, 2, . . . , q} such that the

induced map f∗ from E(G) to {1, 2, 3, . . . , q} defined by f∗(uv) =
⌈
f(u)+f(v)

2

⌉
is a bijection.

In [5], K. Manickam and M.Marudai introduced odd mean labeling of a
graph. A graph G is said to be odd mean if there exists an injective function f
from V (G) to {0, 1, 2, 3, . . . , 2q− 1} such that the induced map f∗ from E(G)

to {1, 3, 5, . . . , 2q − 1} defined by f∗(uv) =
⌈
f(u)+f(v)

2

⌉
is a bijection. The

concept of even mean labeling was introduced and studied by B. Gayathri and
R. Gopi [2]. A function f is called an even mean labeling of a graph G with
p vertices and q edges, if f is an injection from the vertices of G to the set
{2, 4, 6, . . . , 2q} such that when each edge uv is assigned the label f(u)+f(v)

2 ,
then the resulting edge labels are distinct. A graph which admits an even
mean labeling is said to be even mean graph. It motivates us to define a new
concept called even vertex odd mean labeling of graphs.

A graph G with p vertices and q edges is said to have an even vertex odd
mean labeling if there exists an injective function f : V (G) → {0, 2, 4, . . . , 2q−
2, 2q} such that the induced map f∗ : E(G) → {1, 3, 5, . . . , 2q − 1} defined by

f∗(uv) = f(u)+f(v)
2 is a bijection. A graph that admits an even vertex odd

mean labeling is called an even vertex odd mean graph.
An even vertex odd mean labeling of the cube Q3 is given in Figure 1.
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Figure 1: An even vertex odd mean labeling of Q3

K3 is a mean graph but not an even vertex odd mean graph. The graph
shown in Figure 2, is an odd mean graph but not an even vertex odd mean
graph. Every star graph is an even mean graph but K1,n(n ≥ 3) is not an
even vertex odd mean graph. These examples show that the notion of even
vertex odd mean graph is independent of mean graph, odd mean graph and
even mean graph.

r rr r r
r

r r

Figure 2: An odd mean graph but not an even vertex odd mean graph

In this paper, we prove that the path Pn, the cycle Cn for n ≡ 0 (mod 4),
K1,n for n ≤ 2, K2,n for all n, the bistar Bm,n for n = m,m+1, the quadrilat-
eral snake, the comb Pn⊙K1, [Pn;S2], [P2n;Sm], the planar grid Pm×Pn, the
prism Cm × Pn for m ≡ 0 (mod 4), n ≥ 1, Q3 × Pn, the Ladder Ln, Ln ⊙K1

and the dragon are even vertex odd mean graphs.

Also, we prove that K1,n(n ≥ 3) is not an even vertex odd mean graph.

§2. Even vertex odd mean graphs

Theorem 2.1. If G is an even vertex odd mean graph, then G is a bipartite
graph.

Proof. Let uv be an edge of G. If vertex u is labeled by 0 (mod 4), then vertex

v is labeled by 2 (mod 4) because f(u)+f(v)
2 is odd. Let V1 be a set of vertices

labeled by 0 (mod 4), and V2 = V (G) − V1. Then G is bipartite graph with
partite sets V1 and V2.

Theorem 2.2. Any path is an even vertex odd mean graph.
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Proof. Let u1, u2, . . . , un be the vertices of the path Pn. Define f : V (Pn) →
{0, 2, 4, . . . , 2q − 2, 2q = 2n− 2} by f(ui) = 2i− 2, 1 ≤ i ≤ n. The label of the
edge ui−1ui is 2i− 3, 2 ≤ i ≤ n. Hence, Pn is an even vertex odd mean graph.
For example, an even vertex odd mean labeling of P8 is shown in Figure 3.r rr r r r r r

0 2 4 6 8 10 12 14

Figure 3: An even vertex odd mean labeling of P8

Theorem 2.3. Cycle Cn is an even vertex odd mean graph if and only if n ≡ 0
(mod 4).

Proof. If Cn is a cycle of odd length, then at least one edge uv on the cycle
in which both f(u) and f(v) are congruent to either 0 (mod 4) or 2 (mod 4)
and hence its induced edge label f∗(uv) is even.

Suppose n = 2m,m ≥ 2 and Cn admits an even vertex odd mean labeling.

Then
∑

uv∈E(G)

f∗(uv) =
∑

uv∈E(G)

(
f(u)+f(v)

2

)
. This implies that 1+3+5+ · · ·+

4m − 1 = (0 + 2 + 4 + 6 + · · · + 4m) − 2i, where 2i is not a vertex label of
Cn. From this, i = m. If m is odd, then the number of values congruent to 0
(mod 4) is in excess of 2 that of the number of values congruent to 2 (mod 4)
and they are to be assigned as vertex labels in Cn. Thus m should be even if
Cn admits an even vertex odd mean labeling.

Let u1, u2, . . . , un be the vertices of the cycle Cn where n ≡ 0 (mod 4). We
define f : V (G) → {0, 2, 4, . . . , 2q − 2, 2q = 2n} as follows:

f(ui) =


2i− 2, 1 ≤ i ≤ n

2
n+ 4 + 2

(
i−

(
n
2 + 1

))
if i is odd and n

2 + 1 ≤ i ≤ n− 1
n+ 2 + 2

(
i−

(
n
2 + 2

))
if i is even and n

2 + 2 ≤ i ≤ n.
The induced edge labels are given by

f∗(uiui+1) =

{
2i− 1, 1 ≤ i ≤ n

2 − 1
n+ 1 + 2

(
i− n

2

)
, n

2 ≤ i ≤ n− 1 and
f∗(unu1) = 3
Hence, Cn is an even vertex odd mean graph if n ≡ 0 (mod 4). For example,

an even vertex odd mean labeling of C12 is shown in Figure 4.r
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Figure 4: An even vertex odd mean labeling of C12
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The star K1,1 is P2 and K1,2 is P3. Thus, K1,1 and K1,2 are even vertex
odd mean graphs by Theorem 2.2.

Theorem 2.4. If n ≥ 3, K1,n is not an even vertex odd mean graph.

Proof. Let {V1, V2} be the bipartition of K1,n with V1 = {u}. To get the edge
label 2q − 1, we must have 2q and 2q − 2 as the labels of adjacent vertices.
Thus either 2q or 2q− 2 must be a label of u. In both cases, since n ≥ 3, there
will be no edge whose label is 1. This contradiction proves that K1,n is not an
even vertex odd mean graph.

Theorem 2.5. K2,n is an even vertex odd mean graph for all n.

Proof. Let {V1, V2} be the bipartition of K2,n with V1 = {u, v}, V2 = {u1, u2,
. . . , un}. We define f : V (K2,n) → {0, 2, 4, . . . , 2q − 2, 2q = 4n} as follows:

f(u) = 0,

f(v) = 4n and

f(ui) = 4i− 2, 1 ≤ i ≤ n.

The label of the edge uui is 2i − 1, 1 ≤ i ≤ n. The label of the edge vui is
2n + 2i − 1, 1 ≤ i ≤ n. Hence, K2,n is an even vertex odd mean graph for all
n.

For example, an even vertex odd mean labeling of K2,8 is shown in Figure 5.

r r r r r r r r

r r
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0 32

Figure 5: An even vertex odd mean labeling of K2,8

Theorem 2.6. The Bistar Bm,n is an even vertex odd mean graph for n =
m,m+ 1.

Proof. Let V (K2) = {u.v} and ui(1 ≤ i ≤ m), vj(1 ≤ j ≤ n) be the vertices
adjacent to u and v respectively. Define f : V (Bm,n) → {0, 2, 4, . . . , 2q−2, 2q}
by

f(u) = 0, f(v) =

{
4n+ 2 if n = m
4n− 2 if n = m+ 1,

f(ui) = 4i− 2, 1 ≤ i ≤ m and

f(vj) = 4j, 1 ≤ j ≤ n(= m,m+ 1).
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The induced edge labels are given as follows:

f∗(uv) =

{
2n+ 1 if n = m
2n− 1 if n = m+ 1,

f∗(uui) = 2i− 1, 1 ≤ i ≤ m and

for 1 ≤ j ≤ n, f∗(vvj) =

{
2n+ 2j + 1 if n = m
2n+ 2j − 1 if n = m+ 1.

Hence, f is an even vertex odd mean labeling and hence Bm,n is an even
vertex odd mean graph. An even vertex odd mean labeling of B5,5 and B6,7

are shown in Figure 6.
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Figure 6: An even vertex odd mean labeling of B5,5 and B6,7

Theorem 2.7. A quadrilateral snake is an even vertex odd mean graph.

Proof. Let Gn denote the quadrilateral snake obtained from u1, u2, . . . , un+1

by joining ui, ui+1 to new vertices vi, wi respectively and joining vi and wi, 1 ≤
i ≤ n.

We define f : V (Gn) → {0, 2, 4, . . . , 2q − 2, 2q = 8n} as follows:

For 1 ≤ i ≤ n+ 1,

f(ui) =

{
8i− 8 if i is odd
8i− 10 if i is even.

For 1 ≤ i ≤ n, f(vi) =

{
8i− 6 if i is odd
8i− 4 if i is even and

f(wi) =

{
8i if i is odd
8i− 2 if i is even.
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The induced edge labels are given by

f∗(uiui+1) = 8i− 5, 1 ≤ i ≤ n,

f∗(viwi) = 8i− 3, 1 ≤ i ≤ n,

f∗(uivi) = 8i− 7, 1 ≤ i ≤ n and

f∗(uiwi−1) = 8i− 9, 2 ≤ i ≤ n+ 1.

Thus, f is an even vertex odd mean labeling and hence Gn is an even vertex
odd mean graph.

An even vertex odd mean labeling of G5 is shown in Figure 7.

s ss s s s

s s s s s s s s s s
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2 8 12 14 18 24 28 30 34 40

Figure 7: An even vertex odd mean labeling of G5

Theorem 2.8. Any comb is an even vertex odd mean graph.

Proof. Let G be the comb obtained from a path Pn : v1, v2, . . . , vn by joining
a vertex ui to vi(1 ≤ i ≤ n). Define f : V (G = Pn ⊙K1) → {0, 2, 4, . . . , 2q −
2, 2q = 4n− 2} as follows:

For 1 ≤ i ≤ n,

f(vi) =

{
4i− 2 if i is odd
4i− 4 if i is even and

f(ui) =

{
4i− 4 if i is odd
4i− 2 if i is even.

The induced edge labels are obtained as follows:
f∗(vivi+1) = 4i− 1, 1 ≤ i ≤ n− 1 and
f∗(uivi) = 4i− 3, 1 ≤ i ≤ n.
Hence, f is an even vertex odd mean labeling of Pn ⊙K1 and hence comb

is an even vertex odd mean graph.
An even vertex odd mean labeling of P7 ⊙K1 is shown in Figure 8.
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Figure 8: An even vertex odd mean labeling of P7 ⊙K1
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Theorem 2.9. [Pn;S2] is an even vertex odd mean graph.

Proof. Let ui, 1 ≤ i ≤ n be the vertices of the path Pn and vi, wi, 1 ≤ i ≤ n
be the vertices which are made adjacent with ui.

We define f : V [Pn;S2] → {0, 2, 4, . . . , 2q − 2, 2q = 6n− 2} as follows:

f(ui) = 6i− 4, 1 ≤ i ≤ n,

f(vi) = 6i− 6, 1 ≤ i ≤ n and

f(wi) = 6i− 2, 1 ≤ i ≤ n.

The induced edge labels are given by

f∗(uiui+1) = 6i− 1, 1 ≤ i ≤ n− 1,

f∗(uivi) = 6i− 5, 1 ≤ i ≤ n and

f∗(uiwi) = 6i− 3, 1 ≤ i ≤ n.

Thus, f is an even vertex odd mean labeling and hence [Pn;S2] is an even
vertex odd mean graph.

For example, an even vertex odd mean labeling of [P6;S2] is shown in
Figure 9.

ss ssss

sssssssssss s

2 8 14 20 26 32

0 4 6 10 12 16 18 22 24 28 30 34

Figure 9: An even vertex odd mean labeling of [P6;S2]

Theorem 2.10. [P2n;Sm] is an even vertex odd mean graph for m ≥ 3, n ≥ 1.

Proof. Let v0j , v1j , v2j , . . . , vmj be the vertices and e1j , e2j , . . . , emj be the
edges in the jth copy of Sm, 1 ≤ j ≤ 2n and joining v0j and v0j+1 by means of
an edge, 1 ≤ j ≤ 2n − 1. We define f : V [P2n;Sm] → {0, 2, 4, . . . , 2q − 2, 2q}
as follows:

f(v02j+1) = (4m+ 4)j, 0 ≤ j ≤ n− 1,

f(v02j ) = (4m+ 4)j − 2, 1 ≤ j ≤ n,

f(vi2j+1) = (4m+ 4)j + 4i− 2, 0 ≤ j ≤ n− 1, 1 ≤ i ≤ m and

f(vi2j ) = (4m+ 4)(j − 1) + 4i, 1 ≤ j ≤ n, 1 ≤ i ≤ m.

The induced edge labels are given by
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f∗(v0jv0j+1) = (2m+ 2)(j − 1) + 11, 1 ≤ j ≤ 2n− 1 and
f∗(eij ) = (2m+ 2)(j − 1) + 2i− 1, 1 ≤ j ≤ 2n, 1 ≤ i ≤ m.
Thus, f is an even vertex odd mean labeling of [P2n;Sm]. Hence, [P2n;Sm]

is an even vertex odd mean graph.
For example, an even vertex odd mean labeling of [P6;S5] is shown in

Figure 10.
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Figure 10: An even vertex odd mean labeling of [P6;S5]

Theorem 2.11. The planar grid Pm × Pn is an even vertex odd mean graph
for m ≥ 2, n ≥ 2.

Proof. Let V (Pm × Pn) = {aij : 1 ≤ i ≤ m, 1 ≤ j ≤ n} and E(Pm × Pn) =
{aij−1aij : 1 ≤ i ≤ m, 2 ≤ j ≤ n} ∪ {a(i−1)jaij : 2 ≤ i ≤ m, 1 ≤ j ≤ n}.

Define f : V (Pm × Pn) → {0, 2, 4, . . . , 2q − 2, 2q} by
f(a1j ) = 2(j − 1), 1 ≤ j ≤ n and
f(aij ) = f(a(i−1)n) + 2(n− 1) + 2j, 2 ≤ i ≤ m, 1 ≤ j ≤ n.

The edge labels are given as follows:
f∗(aijaij+1) = (i− 1)(4n− 3) + i+ 2j − 2, 1 ≤ i ≤ m, 1 ≤ j ≤ n− 1 and
f∗(aija(i+1)j ) = (2i− 2)(2n− 1) + 2n− 3 + 2j, 1 ≤ i ≤ m− 1, 1 ≤ j ≤ n.

Then, Pm × Pn has an even vertex odd mean labeling and hence Pm × Pn is
an even vertex odd mean graph for m ≥ 2, n ≥ 2.

For example, an even vertex odd mean labeling of P5 × P6 is shown in
Figure 11.
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Figure 11: An even vertex odd mean labeling of P5 × P6
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Corollary 2.12. Ln is an even vertex odd mean graph for all n.

Theorem 2.13. Ln ⊙K1 is an even vertex odd mean graph.

Proof. Let Ln be the ladder. Let G be the graph obtained by joining a pendant
edge to each vertex of the ladder. Let ui and vi be the vertices of the ladder.
For 1 ≤ i ≤ n, let u′i and v′i be the new vertices made adjacent with ui and vi
respectively.

Define f : V (G) → {0, 2, 4, . . . , 2q − 2, 2q} by

f(ui) = 10i− 8, 1 ≤ i ≤ n,

f(vi) = 10i− 6, 1 ≤ i ≤ n,

f(u′i) = 10i− 10, 1 ≤ i ≤ n and

f(v′i) = 10i− 4, 1 ≤ i ≤ n.

The edge labels are given as follows:

f∗(uiui+1) = 10i− 3, 1 ≤ i ≤ n− 1,

f∗(vivi+1) = 10i− 1, 1 ≤ i ≤ n− 1,

f∗(uiu
′
i) = 10i− 9, 1 ≤ i ≤ n and

f∗(viv
′
i) = 10i− 5, 1 ≤ i ≤ n.

Thus, Ln ⊙ K1 has an even vertex odd mean labeling and hence Ln ⊙K1 is
an even vertex odd mean graph.

For example, an even vertex odd mean labeling of L6 ⊙ K1 is shown in
Figure 12.
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Figure 12: An even vertex odd mean labeling of L6 ⊙K1
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Theorem 2.14. Cm × Pn is an even vertex odd mean graph for n ≥ 1 and
m ≡ 0 (mod 4).

Proof. Let V (Cm × Pn) = {vij : 1 ≤ i ≤ m, 1 ≤ j ≤ n} and E(Cm × Pn) =
{eij : eij = vijv(i+1)j , 1 ≤ j ≤ n, 1 ≤ i ≤ m} ∪ {Eij : Eij = vijvij+1 , 1 ≤ j ≤
n− 1, 1 ≤ i ≤ m} where i+1 is taken modulo m. Let Cj

m denote the jth copy
of Cm in Cm × Pn. Let the vertices of Cj

m be v1j , v2j , . . . , vmj for 1 ≤ j ≤ n.

Label the vertices of C1
m,m ≡ 0 (mod 4) as follows:

f(vi1) =


2i− 2, 1 ≤ i ≤ m

2
m+ 4 + 2

(
i−

(
m
2 + 1

))
if i is odd and m

2 + 1 ≤ i ≤ m− 1
m+ 2 + 2

(
i−

(
m
2 + 2

))
if i is even and m

2 + 2 ≤ i ≤ m.

If the vertices of Cj−1
m are labeled, then the vertices of Cj

m are labeled as
follows:

f(vij ) = f(vi−1j−1) + 4m where i− 1 and j − 1 are taken modulo m.

It can be verified that the label of the edges are 1, 3, 5, . . . , 2q − 1.

Then, f is an even vertex odd mean labeling of Cm × Pn for n ≥ 1 and
m ≡ 0 (mod 4).

Hence, Cm × Pn is an even vertex odd mean graph for n ≥ 1 and m ≡ 0
(mod 4).

For example, an even vertex odd mean labeling of C8 × P4 is shown in
Figure 13.
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C8 × P4

Figure 13: An even vertex odd mean labeling of C8 × P4

Theorem 2.15. Q3 × Pn is an even vertex odd mean graph.
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Proof. Let Q3j denote the jth copy of Q3 in Q3 ×Pn and for 1 ≤ i ≤ 8, let vij
denote the ith vertex in Q3j , where 1 ≤ j ≤ n.

The vertices and their labels of Q3 × P2 are shown in Figure 14.
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Figure 14: An even vertex odd mean labeling of Q3 × P2

If the vertices of Q3j−2 are labeled by f , then the vertices of Q3j are labeled
as follows:

f(vij ) = f(vij−2) + 80, for 1 ≤ i ≤ 8 and 3 ≤ j ≤ n.
Let Ej be the set of all edges in Q3j and Ejj+1 be the set of all edges having

one end in Q3j and the other in Q3j+1 .
Denote the set of edge labels for the edges of E by f∗(E).
Then, it is observed that
f∗(Ej) = {40 + f∗(e) : e ∈ Ej−1}, 2 ≤ j ≤ n and
f∗(Ejj+1) = {40 + f∗(e) : e ∈ E(j−1)j}, 2 ≤ j ≤ n− 1.

Then, f is an even vertex odd mean labeling of Q3×Pn. For example, an even
vertex odd mean labeling of Q3 × P4 is shown in Figure 15.

r
rr

r r

rr

r0 6

22 24

16 18

2 8 r
rr

r r

rr

r62 48

56 46

58 40

64 42 r
rr

r r

rr

r80 86

102 104

96 98

82 88 r
rr

r r

rr

r142 128

136 126

138 120

144 122

Q3 × P4

Figure 15: An even vertex odd mean labeling of Q3 × P4
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Theorem 2.16. If G is an even vertex odd mean graph, then Pn(G) is also
an even vertex odd mean graph.

Proof. Let v1, v2, . . . , vp be the vertices of G with size q and u1, u2, . . . , un be
the vertices of Pn. Let f be an even vertex odd mean labeling of G.

Then define g on V (Pn(G)) as follows:

g(vi) = f(vi), 1 ≤ i ≤ p and

g(uj) = 2q + 2j − 2, 1 ≤ j ≤ n.

Then, g is an even vertex odd mean labeling of Pn(G).

Corollary 2.17. Dragon Pn(Cm) is an even vertex odd mean graph for n ≥
1,m ≡ 0 (mod 4).

Proof. Since Cm is an even vertex odd mean graph for m ≡ 0 (mod 4), by
Theorem 2.16, Pn(Cm) as also an even vertex odd mean graph.

For example, an even vertex odd mean labeling of P5(C8) is shown in
Figure 16.
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Figure 16: An even vertex odd mean labeling of P5(C8)
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