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Abstract. We build a framework for R(p, q)-deformed calculus, which pro-
vides a method of computation for deformed R(p, g)-derivative and integration,
generalizing known deformed derivatives and integrations of analytic functions
defined on a complex disc as particular cases corresponding to conveniently cho-
sen meromorphic functions. Under prescribed conditions, we define the R(p, q)-
derivative and integration. Relevant examples are also given.
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81. Introduction

The twin basic factors or (p,q)-factors (also called (p,q)-factors in physics
literature) were introduced in order to generalize or unify several forms of ¢-
oscillator algebras well known in the earlier physics literature related to the
representation theory of single parameter quantum algebras [3, 13]. In Ref.
[5], the authors examined the relation between the representation theory of
a two-parameter deformation of the oscillator algebra and certain bibasic La-
guerre functions and polynomials. Burban and Klimyk [1] investigated in de-
tail the (p, ¢)-differentiation, (p, ¢)-integration, and the (p, ¢)-hypergeometric
series. Gelfand et al., in Refs.[7, 8], generalized the two-parameter deformed
derivative and developed a very general theory of deformation of classical hy-
pergeometric functions.

Generalizing the definition of deformed hypergeometric functions by Bur-
ban and Klimyk [1], Jagannathan and Srinivasa Rao[12] gave a method to
embed the g-series by Gasper and Rahman([6], in a (p, ¢)-series and derived
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146 M.N. HOUNKONNOU AND J.D. BUKWELI KYEMBA

the corresponding (p, g)-extensions of g-identities. In the same way, Hounkon-
nou and Ngompe[10] and Burban[2] defined the (p, ¢, i1, v)-derivative and de-
rived the related deformed hypergeometric series and associated Hopf algebra
structures.

In our previous paper [9], based on the K-derivative developed by Odzi-
jewicz in a nice, mathematically based work published in 1998 [15], but un-
fortunately hushed up in the recent literature on the topic, we introduced
the R(p, q)-derivative relative to a meromorphic function defined on a bidisc
and derived generalized deformed factors, deformed factorials and deformed
exponential functions.

The aim of this paper is to develop a deformed calculus for R(p, ¢)-deforma-
tions, especially the differential and integration calculi.

The paper is organized as follows. We first recall in Section 2 the definition
of the R(p, q)-factors and their associated quantum algebra. We introduce a
new algebra generated by four quantities provided some conditions are sat-
isfied. The Section 3 is devoted to the definition of the R(p, ¢)-differential
calculus yielding the R(p, ¢)-integration. In Section 4 we show that some par-
ticular cases can be deduced from the constructed general formalism. Then
follow some concluding remarks in Section 5.

§2. R(p,q)-factors and their associated quantum algebras

In our previous paper [9] we have built the R(p, ¢)-factors which are a gener-
alization of Heine g-factors (also called Heine g-number in physics literature)

(2.1) [nly =

’ n:07172,"'

and Jagannathan-Srinivasa (p, ¢)-factors [12]

n__ .n
(22) [n]p:q = P a ’ n= 0’ ]-a 27 o

pP—q
as follows. Let p and ¢ be two positive real numbers such that 0 < g < p < 1.
Consider a meromorphic function R, defined on C x C by

o0

(2.3) R(z,y) = > rue™y
k=L

with an eventual isolated singularity at the zero, where ry; are complex num-
bers, L € NU{0}, R(p",¢") > 0Vn € N, and R(1,1) = 0 by definition. Then,
the R(p, q)-factors denoted by R(p",q¢"), n = 0,1,2,--- are used to deduce
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the R(p, q)-factorial

1 for n=0
' 7 mn —
(2.4) RI(p", q") { R(p,q)---R(p",¢") for n>1,

the R(p, ¢)-binomial coefficient

(2.5)
(M m
" e RIS EIRI(Pp™, ¢ )
and the R(p, ¢)-exponential function
= 1
2.6 Exp z) = — "
(2.6) Ripa) (%) T;)R!(pn’qn)

Denote by Dr ={z € C : |z| < R} a complex disc and by O(Dg) the set of
holomorphic functions defined on Dg, where R is the radius of convergence of
the series (2.6).

We then define the following linear operators on O(Dg) by (see [9] and
references therein):

Q:p— Qp(2) = p(g2),
P: g Pp(z) = p(p2),
)= p(pz) — ¢(q2)

2.7 Op.g @ +— O, z
(2.7) g - P p,g#( 2(p—q)

I

v € ODg), 0 < g <p<1,and the R(p, q)-derivative by

P—q _ P4
TP —-Q pP —qQ

Note that the R(p, ¢)-exponential function is invariant under the action of the
R(p, q)-derivative since

(2.8) OR(p,q) = Op R(P,Q) R(pP,qQ)0p.q-

n_J 0 for n=0
(2'9) 872(107(1)2 - { ’R(p”jq")z"il for n>1.

In [9], we also studied the R(p, g)-deformed quantum algebra generated by the
set of operators {1, A, AN } and the commutation relations

(2.10) [N,A] = —A and Pv“4q = Af
with

(2.11) AAT =RV VY, and  ATA = RGN, ¢Y).
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This algebra is defined on O(Dg) as
(2.12) Ali=2z  Aw=0gp,, N:=2z0.,
where 0, := % is the usual derivative on C. Therefore, the following holds:

Proposition 1.

(213) P= pzaz’ Q — qzaz

and the algebra Agp, o) generated by {1, z, 20., Oppq) } satisfies the relations:

< aR(P,(I) = R(P7 Q)’ 87€(p,q) = R(pP, QQ)a

(2.14) [Zaz, Z] =z, [Zaz, 8R(p,q)] = _aR(p,q)'
Proposition 2. If there exist two functions V1 and Wy : C x C — C such
that
(2.15) Ui(p,q) >0 for i=1, 2
(2.16)

n+1 n ntl— n

U —vew| ] rwrea | ]
R(p,a) R(pa) R(p,q)

(2.17)

ba = Vi(p,q)ab, vy = Ya(p,q)yz, and [i, j] =0 for ic{a,b}, je{z,y}

for some algebra elements a, b, x, y, then

n

(2.18) (ax 4+ by)" = Z { Z ] a™ Ry,
k=0 R(p:a)

Proof. By induction over n. Indeed, the equality (2.18) holds for n = 1 since

(az 4 by)! = ax + by = [ é ] a'v¥yPz? + [ : ] a%blyta?
(p,9) R(p.q9)

1
_ Z [ ]1 ] Ryl k
k=0

R(p.q)
Suppose that the equality (2.18) holds for n < m, this means in particular for
n=m,

m

(2.19) (az + by)™ Z { } am™kpkykpm=k
k=0 R(p,q)
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and let us prove that it remains valid for n = m + 1. Indeed,

(az + by)™ ™ = (az + by)™ (azx + by)

m a™ Rpk k™R (4 + by)

R(p,q)

I
NE

i
o
T
L

I
NE
3

m
h am_kbkykacm_kaa: + Z |: m :| am_kbkykl‘m—kby
ot 4 R(p,q) k=0 R(p,q)

B
Il

\If’f (p7 q)am+1fkbkykxm+1fk

I
NE
> 3

4 R(p,q)

m
I
k=0 k R(p,q)

i
o

+

m
m _ _
_ am+lxm+1 + Z |: ] \I/]f(p, q)am—i-l kbkykl'm+l k
k=1 R(p,q)

[y

m—

m m—k —kpk+1, k+1_m—k +1, m+1
+Z[k] Uy (p, @)a™ O Tyt T 4 Ty
k=0 R(p,q)
m
— gmHlpmtl Z‘Iﬂf(Pa q) [ T]Z } am kg b ymt1—k
k=1 R(p,q)
m
+ Z\Ijgﬂ&lfk(p’ q) [ kTil . ] am—i—l—kbkykxm—i-l—k + bm+1ym+1
k=1 R(p,q)
i m
— am—i—lxm—‘rl +bm+1ym+1 + Z (qlllc(p, q) |: h :|
k=1 R(p,q)
+ \I,gn+1—k(p7 q) { kTiL . ] ) am+1fkbkykxm+1fk
R(p,q)

m
= gmHlpmtl g pmAlymtl | Z { Tg } am kg k pmtl—k
R(p.q)

k=1 )

§3. R(p,q)-differential and integration calculi
3.1. Differential calculus

We define a linear operator dg,.q) on Agr(pq) by

(3.1) AR (p,q) = (d2)OR(p,q)-
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It follows that

dRpgl =0, drpg? = ([ARP,0),  dr(pgIRpa = (42)0%q
(32)  dRr(pg)(20:) = (d2)(20: + 1)Or(pq)  and  d(,q = 0.

Hence, the set of 0-forms QO(.AR(nq)) is naturally Ag(,.q), while a 1-form w,
element of Q' (Ag(y.q)), is given by

(3.3) W = (dZ)WO(Za 20, aR(p,q))?

where wo(2, 20:, 0R(p.g)) = Dot k=0 aijk(z)i(zaz)j(ﬁmp,q))k with «;j; belong-
ing to C. Therefore, dw = 0 for w € Ql(AR(p’q)).

Proposition 3. For a nonnegative integer n, the following equalities hold:

AR (p.q) (2") = (d2)R(p", ¢")2" "1,
(3.4) dr R(p,q ( ) = (d )(28 +1) 8R(p,q)v
R (p0) (ORpg) = (@) q)-
Moreover if f € O(Dg) then
(35) dR(p,q)f(z) = (dz)aR(pg)f(z)

Proof. The equalities in (3.4) follow from the definition of the R(p, ¢)-derivative
(2.8), the commutation relations (2.14) and the definition of the differential
(3.1). Then, (3.5) follows by definition (2.8). O

Proposition 4. The differential dr(,,) obeys the two following equivalent
Leibniz rules

(3.6) drpg(f9) = (dz) ﬁﬂpﬂ 9Q) {4 (1)) (Pg) + (QF) pg(9))} +

(3.7) dripg)(f9) = (dZ)]ﬁR(pP, 4Q) {(9pa(1))(Q9) + (P)(Dpq(9))}
for f,g € O(Dg).
Proof. This follows from

q(f9) = (Opq(1))(Qg) + (Pf)(Opg(f) = (Op,g(f)(Pg) + (QF)(Dp,q(9))-
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3.2. R(p,q)-integration

We define the operator Zg, 4 over O(Dg) as the inverse image of the R(p, ¢)-
derivative. For elements 2" of the basis of O(Dr), Zg(p,q) acts as follows:

(3.8) Irpg)?" = (Orpg) 2" = R(pn+17qn+1)z e,

where n > 0 and c is an integration constant. Hence, if f € O(Dg) then

(39) Zrpag) Orpaf(2) = f(2) + ¢ and Or(pg) Irpgf(2) = f(2) + ¢,
where ¢ and ¢’ are integration constants.

Provided that R(P, Q) is invertible, one can define the R(p, ¢)-integration
by the following formula
(3'10) ZR(p,q) = R_I(Pa Q) 2,

with c =¢ = 0.
One can also derive the definite integrals:

B8
(3.11) / F@drpa? = Trpa fB) — Trpag (@), B € Dg;

+o0 . " /g™
(3.12) / f(z)dR(p’q)z = lim f(z)dR(pvq)z;

n—oo o

+o00 ' p"/q"
(3.13) / f(2)dr(pgz = lim f(2)dR(pq)2-

—00 n—0o0 7pn/qn

Moreover, the Egs. (3.6) and (3.7) lead to the following formulae:

(3'14) IR(p,q) 8R(p,q)(f(z)g(z))
= f(2)g(2) + ¢

~Trg { s p = L ROPAQ @ N)(P)

+ Tr(pg) ﬁR(pR 9Q) {(QF)(Dp(9))}

and

(3'15) IR(p,q) aR(p,q)(f(Z)g(z))
= f(2)9(2) + ¢

= T { 2L RO Q)01

+ TR ﬁn@a 4Q) {(PF)(8pa(9))},

respectively. These relation can be viewed as formulae of integration by parts.
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84. Relevant particular cases

Let us now apply the above general formalism to particular deformed algebras,
well spred in the literature.

4.1. Jagannathan-Srinivasa deformation

A. Taking R(z,y) = = Z, we obtain the Jagannathan-Srinivasa (p, q)- fac-
tors and (p, ¢)-factorials
P —q"

n =

g ==
and

1 for n=0
(4.1) [n)lpq = ((p7q);(p,g))n for n>1,

(r—q)

respectively.

Referring the readers to [12] for details on (p, ¢)-calculus, let us restrict
the present description to some new relevant properties.

Proposition 5. If n and m are nonnegative integers, then

n—1
(lpg = an_l_qu>
k=0
n+mlpg = q"[nlpg+0"[Mlpg
= p"[nlpq+ ¢"[Mmlpg,
(4.2) [—mlpq = —¢ P " [m]pg,
n—mlpg = q "nlpg—a P " mlpg
= p "[nlpq — """ [mlpg
lpg = [2lpgln — pg — paln — 2)pq

Proposition 6. The (p, q)-binomial coefficients

nl (2, 9); (P, D))n n m
(*3) [ k L,q S 00 () s L= RER

where ((pq); (p:@))m = (p = Q) (P> —¢°) -+ (P™ — ¢™), m € N satisfy the
following identities

(4.4) [ Z Lq

)
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with

["] _ (a/p;a/p)n
kL (a/pia/p(a/pia/phn—i’

where (q/p;q/p)n = (1 —q/p)(1 — ¢*/p*)--- (1 — ¢"/p"™) and the (p,q)-
shifted factorial

((a,0); (p,q))n = (a—b)(ap—bq)---(ap"" —bg" ")

S [ Z ] (1) p(n=h) k1) /2 (k1) 2 n
=0 pa

Proposition 7. If the quantities x, y, a and b are such that xy = qyz,
ba = pab, [i, j] =0 fori € {a,b} and j € {z,y}, and, moreover, p and
q commute with each element of the set {a,b,x,y}, then

(4.7) (ax +by)" = Z [ Z } a™FFyR ek,
k:(] p.q

The latter result is a generalization of noncommutative form of the ¢-
binomial theorem [6], which can be obtained setting a, b and p equal to
1, i.e.

(4.8) @ty =
k=

{ Z ] ykxn—k,
0 q

where

{ Z ] = (6 On/ (@ (@ Dn—k;

with (¢;¢)n = (1—q) (1 —¢*)--- (1 —¢").

Proof. An alternative proof has been also proposed in [12]. Here we
provide another one by induction on n. Indeed, the result is true for
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n = 1. Suppose it remains valid for all n < m and prove that this is also
true for n = m + 1:

(az + by)™ 1
= (ax + by)™ (azx + by)

=> [ nkl ] a™ ok yE ™k (ax 4 by)
k:() p.q

m
_ Z |: 7]? :| pkam—i—l—kzbkykl,m—l—l—k
2

m

m _ _ _

+Z|: . :| qm kam kbk+1yk+lxm k
k:O p7q

m _ —
— am+1$m+1 + Z |: :| pk:am—i-l kbkykfbm+1 k
p,q

+ Z [ 7]7; ] qukamfkbk+1yk+1xmfk + bm+1ym+1
kZO pvq

_ am—i—lxm—i—l + bm+1ym+l

= m mal— m mal— mal—
+Z<pk[k] qﬂk[k;—l} )aJrlkbkykarlk
k=1 Pq

p.q
m 41
m _ —
— am-i-lxm—l-l +Z |: :| am—l—l kbkyk$m+1 k+bm+1ym+1
k=1 p,q

m+1
-y [ ml:_ 1 ] Ry gk
k::O p,q

where the use of (4.5) has been made. Hence the result is true for all
n € N. O

The R(p, q)-derivative is thus reduced to the (p, ¢)-derivative [12]

1
(4.9) Opq = W(P -Q),

namely, for f € O(Dg),

f(pz) = f(az)

(410) ap,qf(z) = Z(p o q)
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The associated algebra A, ,, generated by {1, A, AT, N}, satisfies the
relations:

(4.11) A AT —pAtA =gV, A AN —gAtA = pV,
and its realization on O(Dg), engendered by {1, z, 20,, 0p 4}, satisfies

the relations

0 _ 202
20pq—POpg2=0q"", 20pq—q0pgz=p"",

(4.13) [20., 2] = z, (20, Opql = —0pgq-
Therefore, the differential operator dp, 4 is then given by

1

4.14 dyq = (dz P—

( ) P.q ( )(p—q)z( Q)

with the following properties:

(4.15) dpgl =0,  dpgz=(d2),  dpeOpq=(dz)0;,,

dp ¢(20;) = (d2)(20; + 1)0p 4 and do, =0.

The differential of f € O(Dg) is then

_ (g ] P2) = f(e2)
(4.16) dpaf (2) = (d) T =50
affording the Leibniz rule
A1) (o)) = (@) TS g
9(pz) — 9(qz)
+ (dz)f(p2) D=0z
= {dpqaf(2)} - 9(q2) + f(p2) - dpqg(2)

or, equivalently,

A (P2) — fla2)
(d2) (r—q)=
ey )(qz)g( pz) — g(qz)
(

(4.18) dp,q(fg)(z) = 9(pz)

(p—q)z

= {dpqf(2)} - g(p2) + fqz) - dpqg(2).
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The (p, ¢)-integration is obtained from (3.10) as follows:

(@19) Tl = 5= Zng(z) “ - 0)Y gy (2)
v=0

_ o q Zf zq V+1 l//pl/-‘r].

Setting p = 1, one recovers the g-derivative and g-integral of Jackson

[14].

B. Taking R(z,y) = gx:i , where a,b € C with a # b, the R(p, q)-
factors are given byp !
(4200 R =[met= L 7T g

apn—l _ bqn—l’
The R(p, q)-factorials become

1
(421) [l =1 (2.0
((a;0); (P, @)n

The derivative is now given by

p—q P- Q _ 1 P-Q
z

4.22 0 = )
(4.22) R(p,9) qup_Q%P Q %p_gQ

so that for f € O(Dg) we have
1 roo

(4'23) a72(‘z>,q)f( ) - aP Q

f(2)
- ;<p - Q)a% Z(bp/aq)”(Q/P)”f(Z)
v=0
-2 Z(@/@V [(Q/P) —(Q/P)"*] f(2)

_ P Z bp/aq)” [f ((a/p)"z) — f ((a/p)"""2)] .

Moreover,

ﬁ\@
|
Qo
O

(424) IR(p q) = ﬁz.
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Applying this to f € O(Dr) we obtain
(4.25) IR(pg)f(Z) = p___ 9”7

P—
an b 1 y
TP 00) pX@Pr a0

_ (Z /) ) S (@/P) 21 (2)

v=0

Il
N

> [@/p) (Q/P) = (b/a) (Q/P)" | 2£(2)

i
[e=)

[(a/p)(q/p)"2f ((¢/q)" 2)

o

v=0
—(/q)(a/p)" ' 2f ((a/p)" )]
= (2/p) > _(a/p)” [af ((a/a)"=) — bf ((a/p)"™)] .
v=0

4.2. Chakrabarty and Jagannathan deformation

The algebra of Chakrabarty and Jagannathan [3] can be obtained from our
general formalism by taking R(z,y) = (plfifg)x. Indeed, the R(p, q)-factors
and R(p, q)-factorials are reduced to (p~!,q)-factors and (p~!, q)-factorials,

namely

[Alytg = 2L
P —q
and
1 for n=0
[, = L) (pt
(4.26) [n)lp-14 ((p ’q)l’ (P, q)n for n>1,
(p~t =)

respectively. The properties of this deformation can be readily recovered from
the previous section 4.1 by replacing the parameter p by p~1.
The R(p, q)-derivative is also reduced to (p~!, ¢)-derivative. Indeed,

5, P—q 1-PQ
(4.27) aR(p,q) = ap,qp —Q(pt—¢qP
1 _
=T P 9=,
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Therefore, for f € O(Dg)

flp'2) — flgz)

(4.28) 8p717qf(z) = Z(p_l — q)

and the differential of f € O(Dg) is given by

f'2) — flaz)

(4.29) dy-1 .f(2) = (dz)

Computing the Leibniz rule we get

fp~'2) — f(g2)
z(p~' —q)

1907 t2) —g(qz)
+ (d2) f(p~'2) S pe—

= {dpfl,qf(z)} ’ g(qz) + f(pilz) : dpfl,qg(z)

(4.30) dy-1,4(f9)(2) = (dz) 9(qz)

or, equivalently,

1) — Z
f(pz(p_)l _];()q )g(p—lz)

9(p~'2) —g(qz)
+ (dz)f(qz) Y pat—

= {dpfl,qf(z)} : g(pilz) + f(QZ) ' dpfl,qg(z)'

We obtain from (3.10) the action of the (p~!, ¢)-integration on f € O(Dg) as
follows:

(4.31) dp-1,4(f9)(2) = (dz)

-1 _ ]
(1432 Toagf(s) = g gaf(6) = 07 =) Y QP ()
v=0

= (1—pg)z Y f(z¢"p"" ) (pg)".
v=0

4.3. Generalized ¢-Quesne deformation

The generalized Quesne algebra [10, 16] can be found by taking R(x,y) =

0 qu;;})y. Indeed, the (p, ¢)-Quesne factors and factorials are given by
pt—q "
[”];?,q = 1

q—p
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and

o 1 for n=0
(4.33) [n]p,q! = (X' X )Y for n>1

(g—p= 1)
respectively. There follow some relevant new properties:

Proposition 8. Ifn and m are nonnegative integers, then

(4.35) [n+mlg, = q g, + "y, = 0" [n]g, + ¢ " mlg,
(4.36) [n—m]Y, = q" NS, — " "q" M, = p "N, +p g™ mS,
-1
q—7p _
(437) [n];g?,q = p— q_1 [Q]gq[n - 1]1?,(1 —Pq 1[” - 2]}62,(1

Proof. We obtain Eqs.(4.34) and (4.35) applying the relations

—m m —m _m

p " =q"=—p "q"P" —q ™)
and

pn+m o qfnfm _ qu(pn - qfn) +pn(pm - qu)
=" =)+ """ "),
respectively. Eq.(4.36) follows combining Eqs.(4.34) and (4.35). Note that

n n

pPt—q " q-p'p"—q 0
438 n -1 = f—y = |n , n:1’2’...
( ) [Pl p—q1 p—qlqg_pl [y

which, combined with the following identity

Mpﬂz—l = [Q]pvq—l[n - 1]p,q—1 - qul[n - 2]p,q*1

gives Eq.(4.37). O

Proposition 9. The (p, q)-Quesne binomial coefficients

Q —1y. _
(4.39) [H _ (a7 (g™ )n

pa ()i )e((p a7 (07 )’

where 0 <k <n, neN, satisfy the following properties:

Q Q
n _ n _ k(n=k) | T _ k(n—k) n
(4.40) [k} _[”_k] P [kL 7 [”_k] 7
/ap 1/gp

p.q
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Q Q Q
(4.41) [n—l—l} _pk[z _|_q—n—1+k|:kﬁ1:| 7
p,q p.q p,q
n+1 @ _ n 19 41—k n @
k Pk b k—1
b,q p,q p,q
Q
n -n n—1
- (" —q )[k_l]
p.q

Proof. This is direct using the Proposition 5 and

(4.42) [ Z Ijq = [ Z L’ql.

O

Proposition 10. If the quantities =, y, a and b are such that xy = ¢ ‘yz,
ba = pab, [i, j] = 0 fori € {a,b} and j € {z,y}, and, moreover, p and q
commute with each element of the set {a,b,z,y}, then

n Q
(4.43) (ax 4+ by)" = Z { Z ] a™ Ry,
kIO p.q

Proof. By induction on n. Indeed, the result is true for n = 1. Suppose it
remains valid for n < m and prove that this is also true forn =m +1:

(az 4 by)™ " = (azx + by)™ (az + by)

M Tz

Q
|: TZ :| am_kbkyk$m_k(al‘+by)
P,q

Q
|: TZ :| pkam—l—l—kbkykmm—&—l—k
b,q

b
Il

0

+

m Q
Z [ 7: } gk gmokpkt Ly kel m—k
k:O pvq
m m Q
_ ,m+1_ m+l1 k m+l—kik k, m+1—Fk
=a"" + Z [ k ] pra by x
k:1 p7q
m—1 m Q
+ |: h :| q—m—i-kam—kbk—&-lyk—l—l:vm—k + bm+1ym+1

k=0 p.q
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m

:am+1xm+1+§ : p
k=1

gLk [kml} ) metLkphy b ymtl—k | pmetly mtd
p,q

m Q
gL Z [ m}j 1 } gLk ke 1k
k=1 p,q

)

+ bm+1 m+1

m+1
_ Z [ m+1 ] Lk gk
p.q

where the use of (4.41) has been made. Therefore the result is true for all
n € N. g

The (p, q)-Quesne derivative is then given by

o _ p—q PQR-1 _ 1 -1
WA Oy = Opap Qg—phHQ (q—pfl)Z(P o)

Therefore, for f € O(Dg)

f(pz) = flg'2)
2(g—p7)

(4.45) 02, f(2) =
and the differential is given by

f(pz) — flg'2)
2(g—p7)

(4.46) dgqf(z) = (dz)
leading to the Leibniz rule
fp2) = fla'2)

(4.47) d3,(f9)(2) = (dz) a—p D) 9(q'2)
9(pz) —glg™'2)
+ (dz) f (pz) =

={d%,f(2)} - gla™"2) + f(p2) - d3y9(2)

or, equivalently,

f(pz) = flg'2)

(4.48) A3, (f9)(2) = (dz) PRl
1, 9(pz) —glq'2)
+ (d2)f(q""2) Y

= {d%,f(2)} - g(pz) + f(a"'2) - d9,9(2).
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The action of the (p, ¢)-Quesne integration on f € O(Dg) is obtained from
(3.10) as follows:

1

(4.49) zggf<z>::q“ﬁg'lzf<z>::<p1-—q>j£jzﬂ«9”+lzf<z>
v=0

oo
= (" =@z fep e pg
v=0

4.4. (p,q; u,v, h)-deformation

The deformed Hounkonnou-Ngompe generalized algebra [11] can be obtained
by taking
Y oxy—1
R(z,y) =hp,q)
(2:9) = M. 4) (¢—p~ "y
such that 0 < pg < 1, p* < ¢"~%, p > 1, and h(p, q) is a well behaved real and
non-negative function of deformation parameters p and ¢ such that h(p,q) — 1

as (p,q) — (1,1). Here the R(p, q)-factors become (p, ¢; u, v, h)-factors, namely
vn n —-n

[TR7 qg P —4q
(450) [n]p7q7h - h(p7 q)p“n q _ pfl .

Proposition 11. The (p, q; i, v, h)-factors verify the following properties, for

m,n € N:
—2vm+m
9 q 9
<4'51) [_m}z,;’,h - _p—2um+m [m]z,;’,h’
(452) ety = S D, L g
: p7q7h pﬂm p7q7h pﬂnfn p7Q7h
_ 9w T
B pum*m [n]p7q7h‘ p'u'n [m]p7q7h ’
(4 53) [n B m]#ﬂ’ B qfuerm [n]u,v B qu(anm)er [m]u,v
: p.g,h T p—Hm D,q,h pu(n—2m)—n+m p,q,h
g m v qu(n—Zm)—n+m v
= p—Hmtm [n]pquh B pu(nf2m)+m [ ]p,qu’
-1 —v 2v—1
: 9—r q 1 : : q :
(4.54) [, = 2] nln =100, = e 2

pah = p—q=1p=rh(p,q)
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Proof. This is direct using the Proposition 8 and the fact that
(4.55) ) = hlp,0) T ]
: p7Q7h - p’ q pﬂzn p7q7h'
O
Proposition 12. he (p,q, p, v, h)-binomial coefficients
(4.56) [ i ]W SN Y VA i [ n ]Q
& p,qh [k]gjq,h![n N k];’qvh! A P,q
where 0 < k <n, n €N, satisfy the following properties:
Y wv
(4.57) [Z :[nﬁk] :
- p’q7h p7q7h
0% vk 782 (v—1)(n+1—k) 787
(4.58) [”Zl = H] + [/{il} !
- paqvh p p7q7h p P,%h
12214 vk 12214 l/(TL-‘rl—k) 12214
(4.59) { ”}’;1 - <Z—1>k [Z ] * (Z—l)(n—l—l—k) [ kﬁl ]
- pquh p7q7h p p7q7h
_ qyn n — 1 wv
-0 - [ b1 ] :
p P,q,h
Proof. This is direct using the Proposition 9 and the fact that
v qn(n+1)/2
) — n
(4.60) [n]pan! = R"(p, q)W[n]p,qlv
where the use of Eq.(4.55) has been made. O
qyfl
Proposition 13. If the quantities x, y, a and b are such that xy = YT,
v
ba = Zﬁlab, [i, j] =0 fori € {a,b} and j € {z,y}, and, moreover, p and q
p

commute with each element of the set {a,b,z,y}, then

n v
(4.61) (az +by)" = Z [ Z ] a"kpkykgn=k,
k=0 p:q;h
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Proof. By induction on n. Indeed, the result is true for n = 1. Suppose it
remains valid for n < m and prove that this is also true forn =m+1:

(az + by)™ ™ = (ax + by)" (azx + by)

m m /J')V
— Z [ f ] am_kbkyka:m_k(a:c + by)
k=0 p,q;h
m v k
_ Z m q” qmHL—kpk, kg mA1-k
- k gDk Y
k=0 p,q,h
m wy - (v—1)(m—k)
m q m—kpk+1, k+1_m—k
+Z[ A } 7])#(”&—@ a /A VA
k=0 ,q;h
+1_m+1 [ m 1" qyk +l—kik, k. m+l—k
— m m m — m —
=a T —1—2 [ ] q(#_l)ka by~ x
k=1 D,q,h
m—1 v (v—1)(m—k)
+ [T:] q s amfkbk+1yk+lxmfk
k=0 pah P
+ bm+1ym+1

+1,.m+1 +1, m+1 - g’ m
_.m m m m
=a T + 0"y —1—2 q(ul)k[kz}
k=1

g D(m1-k)

O fl—kk, k. m+l—k
m — m —
AR [ k-1 ] Ay
p,q;h

2214

pq;h

[ m +1 1"
_ am-l—lxm—‘rl + Z am—i—l—kbkykxm—i-l—k
k
k=1 .0,k
4 bm+1ym+1

m+1 v
m—+1 _ _
_ 2 : [ ] am+1 kbkykxm+1 k,
k=0 Dsq;h

where the use of (4.58) has been made. Therefore, the result is true for all
n € N. 0

The R(p, q)-derivative is then reduced to the (p, ¢; i, v, h)-derivative, given
by

_ v PO -1
(4.62) OR(pa) = Opa %QQ hip.9) %mf?m)

h(p,q) QY S\ o
- ey T =
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Therefore the (p, q; p, v, h)-derivative and the (p, q; p, v, h)-differential of f €
O(Dg) are given by

2q¥ n—1y _ » v—1 /.
(4.63) 2, = hip, q)f( 4" /p Z(q)_ pf(l)q /p")

and

f(zq” [p" ) = f(zq" 1 /p")

(4.64)  d, f(2) = (dz)h(p,q) a—p D

respectively, with the Leibniz rule

2q¥ n—1y > v—1 /.1
f(zq /pz(q)_ pf_(l)q /p )g(zqu—l/pu)

2q" /p" ) — g(zq” !
+(dz)f(zq“/p“‘1)h(p,q)g( q /pﬂz(q) pg_()q /o)

={dr F(2)} - g(zq" /o) + Fzq" /1) - A 9(2)

A (£9)(2) = (d2)h(p, q)

which is equivalent to

2q¥ n—1y > v—1 /.1
f(zq /pz(q)_p{(l)q /p )g(zqu/p,ufl)

2¢"/p" ) — g(2q" !
¢ (@) F e /i, q)g( q /pﬂz(q)_ pg_(l)q /pH)

= {0y F(2)} - g(zq" /" 1) + F(zq" 1 pM) - A 9(2).

dvr (f9)(2) = (d2)h(p,q)

From (3.10) we obtain the action of the (p, ¢, i, v, h)-integration on f € O(Dg)
as follows:
q—p " PH/Q¥

pt—qPH/Q !
h(p,q) P—Q! 2f(z) = h(p,q) 1-PQ

-1 _q4 P+ o
N ph(p q)q Q! ZP]Q]Zf(Z)

T qzww 21

(4.65) I“ ”hf( ) =

2f(2)

_ 2 —q) P! it j+1—v
= h(qu) qy_l ]Z:;f(zp] q )-
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85. Concluding remarks

In this paper we have provided a new noncommutative algebra related to the
R(p, q)-deformation and shown that the notions of differentiation and inte-
gration can be extended to it, thus generalizing well known ¢ or/and (p,q)-
differential and integration calculi [1, 4, 14]. The whole formalism has been
illustrated by relevant examples.
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