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Abstract. In this article, we determine the wave front sets of solutions to time
dependent Schrodinger equations with a sub-quadratic potential by using the
representation of the Schrodinger evolution operator via wave packet transform
(short time Fourier transform).
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8§1. Introduction

In this article, we consider the following initial value problem for the time
dependent Schrédinger equations,

(1.1) iOu+ tAu—V(t,z)u=0, (t,z)€RxR",
' u(0,x) = up(x), x e R,

where i = /=1, u : RxR* - C, A =371, 86722 and V (¢, x) is a real valued
J

function.

We shall determine the wave front sets of solutions to the Schrédinger equa-
tions (1.1) with a sub-quadratic potential V' (¢,2) by using the representation
of the Schrédinger evolution operator obtained by the authors in [12] and [13]
via the wave packet transform which is defined by A. Cérdoba and C. Feffer-
man [1]. In particular, we determine the location of all the singularities of the
solutions from the information of the initial data.

We assume the following assumption on V (¢, x).

383
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Assumption 1.1. V (¢, ) is a real valued function in C*°(R x R™) and there
exists a non-negative constant p satisfying 0 < p < 2 such that for all multi-
indices «

03V (t,2)] < Ca(L + |z])P 1
holds for some C, > 0 and for all (t,z) € R x R™.

Let ¢ € S(R™)\{0} and f € S'(R™). We define the wave packet transform
W f(z,§) of f with the wave packet generated by the function ¢ as follows:

Woi(e.6) = [ Bl= i)y, a.cer”

In the sequel, we call the function ¢ in the definition of wave packet trans-
form basic wave packet. Wave packet transform is called short time Fourier
transform by some authors([8]).

We write Up(t) = ¢'(!/2)2 for the evolution operator for the free Schrodinger
operator. In the previous paper [12], we proved that the wave packet transform
of the solution u(t,x) = Up(t)uo(x) to the free Schrédinger equation with the
basic wave packet p® () = Uy(t)po(x) may be expressed by using the wave
packet transform of ug with ¢g as follows:

(1.2) W u(t,z,) = e 58 W ug(w — &, ),
where g(z) € S(R™)\{0}. We often use this convention @) = ¢®)(z) and
Womu(t, z,&) = Wy oy [u(t, )](z, §) for simplicity, if no confusion is feared.

In order to state our results precisely, we prepare several notations. Let
b be a real number with 0 < b < 1. For pg(z) € S(R™), we put (¢o)r(z) =
N/200(\oz) and @) (x) = Un(t) (o), (&) for A > 1. For (wo,&) € R x
R™\ {0}, we call a subset V = K x I' of R?" a conic neighborhood of (g, &)
if K is a neighborhood of zy and I' is a conic neighborhood of & (i.e. £ € T’
and « > 0 implies a& € T'). For A > 1 and (z,&) € R™ x R", let x(s;t, 2, \)
and £(s;t, z, A§) be the solutions to

£s) =-VV(s,a(s), &(t)=Ac

The following theorem is our main result.

Theorem 1.2. Assume Assumption 1.1. Take b = min (2_—’), %) Let up(z) €

L*(R") and u(t,z) be the solution of (1.1) in C(R; L*(R™)). Then (x0,&) ¢
WEF(u(t,x)) if and only if there exists a conic neighborhood V.= K x T' of
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(x0,&0) such that for all N € N, for all a > 1 and for all po(x) € S(R™)\{0},
there exists a constant Cy ., > 0 satisfying

(1.4) W, ouo(@(05t,2,78), (0,2, A8)| < Cyvapod ™

forA>1, a7 <|¢| <aand (z,6) €V.

Remark 1.3. Ww(_t)uo(:n,g) is the wave packet transform of ugp(z) with a
A

basic wave packet gof\ft) (x). As previously stated, @E\*t) (z) depends on b.
Remark 1.4. In [13], the authors investigate the wave front sets of solutions
to Schrédinger equations of a free particle and a harmonic oscillator via the
wave packet transformation. In [16], the authors give a partial answer to the
problem which is discussed in this paper by the aid of characterization of wave
front set by G. B. Folland and T. Okaji. Characterization of wave front set is
discussed in Section 2.

Remark 1.5. In one space dimension, if V' (¢,z) = V(z) is super-quadratic in
the sense that V(x) > C(1 + |z|)?T¢ with some € > 0, K. Yajima [24] shows
that the fundamental solution of (1.1) has singularities everywhere.

Corollary 1.6. Assume Assumption 1.1 with p < 1. Take b = min (%, 1-— p).
Then (x0,&0) ¢ WF(u(t,x)) if and only if there exists a conic neighborhood
V = K x T of (zo,&) such that for all N € N, for all a > 1 and for all
wo(x) € S(R™)\{0}, there exists a constant Cn q ., > 0 satisfying

|W¢<;t>uo(ﬂf — XE )| < Chapod ™

forA>1,a7' <|¢|<aand (z,&) €V.

The idea to classify the singularities of generalized functions “microlo-
cally” has been introduced firstly by M. Sato, J. Bros and D. Iagolnitzer and
L. Hérmander independently around 1970. Wave front set is introduced by
L. Hérmander in 1970 (see [10]). It is proved in [11] that the wave front set of
solutions to the linear hyperbolic equations of principal type propagates along
the null bicharacteristics.

For Schrodinger equations, R. Lascar [17] has treated singularities of solu-
tions microlocally first. He introduced quasi-homogeneous wave front set and
has shown that the quasi-homogeneous wave front set of solutions is invariant
under the Hamilton-flow of Schrodinger equation on each plane t = constant.
C. Parenti and F. Segala [22] and T. Sakurai [23] have treated the singularities
of solutions to Schrédinger equations in the same way.

Since the Schrodinger operator i0; + %A commutes = + itV, the solutions
become smooth for ¢ > 0 if the initial data decay at infinity. W. Craig,
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T. Kappeler and W. Strauss [2] have treated this type of smoothing property
microlocally. They have shown for a solution of (1.1) that for a point xzy # 0
and a conic neighborhood T of zp, (z)"ug(x) € L*(T) implies (&)"0(t,&) €
L?(I") for a conic neighborhood of I” of o and for ¢ # 0, though they have
considered more general operators. Several mathematicians have shown this
kind of results for Schrodinger operators [4], [5], [18], [20], [21].

A. Hassell and J. Wunsch [9] and S. Nakamura [19] determine the wave
front set of the solution by means of the initial data. Hassell and Wunsch
have studied the singularities by using “scattering wave front set”. Nakamura
has treated the problem in semi-classical way. He has shown that for a so-
lution u(t,z) of (1.1), (xo,&) ¢ WF(u(t)) if and only if there exists a C§°
function a(x,£) in R?® with a(zg,&) # 0 such that ||a(z + tD,, hDy)ug|| =
O(h*>) as h | 0. On the other hand, we use the wave packet transform instead
of the pseudo-differential operators.

§2. Preliminaries

In this section, we introduce the definition of wave front set W F(u) and give
the characterization of wave front set in terms of wave packet transform.

Definition 2.1 (Wave front set). For f € S'(R"), we say (xo,&) &€ WF(f)
if there exist a function x(z) in C§°(R"™) with x(x¢) # 0 and a conic neigh-
borhood I' of & such that for all N € N there exists a positive constant Cny
satisfying

XF©] < Cn(L+ )™

forall £ € T.

To prove Theorem 1.2, we use the following characterization of the wave
front set, which is given in [15]. For fixed b with 0 < b < 1, we put p)(z) =
A0/25(A0z).

Proposition 2.2. Let (z9,&y) € R" and u € S'(R™). The following conditions
are equivalent.

(i) (wo,80) ¢ WF(u)

(ii) There exist p € S(R™)\{0}, a conic neighborhood V' of (xq, o) such that
for all N € N and for all a > 1 there exists a constant Cy,, > 0 satisfying

(W, f(2,X6)] < Cy oA™Y

for A\>1 and (z,€) € V with a™! < |¢] < a.
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(iii) There exist a conic neighborhood V' of (x0,&) such that for all N € N,
foralla > 1 and for all ¢ € S(R™)\{0} there exists a constant Cn 4., > 0
satisfying

[Werf (@, 29| < Cvad™

for \>1 and (z,€) € V with a™! < |¢] < a.

Remark 2.3. Characterization of wave front set by wave packet transform is
firstly given by G. B. Folland [7]. Folland [7] has shown that the conclusion
follows if the basic wave packet ¢ is an even and nonzero function in S(R")
and b = 1/2. P. Gérard [6] has shown (i) is equivalent to (ii) in Proposition 2.2
with basic wave packet p(z) = e~ (Proof is also in J. M. Delort [3]). Okaji
[20] has shown the same when ¢ satisfies [ 2*p(x)dz # 0 for some multi-index
a.

Remark 2.4. Folland [7] and Okaji [20] give the characterization for b = 1/2.
In [15], we give the characterization for b = 1/2. Without any change of the
proof, we can extend the characterization for 0 < b < 1.

§83. Proofs of Theorem 1.2 and Corollary 1.6

In this section, we prove Theorem 1.2 and Corollary 1.6.

Proof of Theorem 1.2. The initial value problem (1.1) is transformed by the
wave packet transform with the basic wave packet Lp(t) (x) to

(i00 + i€ - Vo = iV, V (t,2) - Ve = J[e[2 = V(1,2)) x
(31) w (t)u(t,m,f) = Ru(t,x,&),

©
W@(O)u(ov €, 6) = chOUO(xa 6)5

where V(t,2) = V(t,2) — V.V (t,z) - = and

Ru(t,z,§&) = Z ;!/80(1‘/)(3/—5”)

|a|=2

1
<[ oV +ot -2 -0 (- o) ult e

(For the deduction of (3.1), see [14].) Solving (3.1), we have the integral
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equation

W@(t)U(t, z, 5) =

e_Z f()t{%|5(87t7x7§)|2+‘7(S7x(5yt7x7€))}dSWwOuO(':U(O; t’ x, 5)7 5(0; t’ x, g))

t ~
— 7 / e_i fst{%|§(51;t?$7£)|2+v(51@(Slita%f))}dsl R’LL(S’ IE(S, t, x, 5)7 5(5, ta x, f))dS,
0

where x(s;t,z,£) and £(s; ¢, x, ) are the solutions of

{@(s) =€£(s), x(t) =z,
E(s) =-=V.V(s,x(s)), &£(t) =¢&.

For fixed tg, we have
(3:2) W oowyult, 2(t: 10,2, ), €05 f, 7, 36)
— o fot{%Ié(s;to,x,Af)|2+\7(s,az(s;to,x,Ag))}dsW@(;to)uo(x(o;to’x’ ), £(0: to, 7, AE)
i / t e~ JAGIEGs1 0.2 N PHV (s1,2(s15t0,2.,0E)) s
’ X Ru(s,z(s;to, x, N), &(s; to, x, AE))ds,

substituting (z(t; to, ¢, AE), £(t; to, ¢, AE)) and cpf\_to)(a:) for (z,£) and po(x)
respectively. Here we use the fact that

I’(S, tu l‘(t, t(),.’]j, )\f),é(t,t@,ﬂ?, Ag)) = LU(S;tO, x, )‘5)7
E(sit,x(tsto, z, AE), E(ts to, 2, AE)) = E(s5t0, 7, AE)

i

and ¢34 (2) = o\ 7 (a).

We fix a > 1. Let V = K x I" be a neighborhood of (xg, ) satisfying (1.4)
fort =tg, A>1, a7 <|¢| <aand (z,£) € V. We only show the sufficiency
here because the necessity is proved in the same way. To do so, it suffices
to show that the following assertion P(o,¢g) holds for all ¢ > 0 and for all

o € S(R™)\{0}.
P(0,p0): “ There exists a positive constant Cy g, such that

(3.3) ]Ww(;_to)u(t, x(t; to, x, /\f), f(t; t(), x, /\f))‘ S Cg’m(p())\_a

forallz € K all £ e T with 1/a <|{| <a,all A\ >1and 0 <t <ty "7
In fact, taking t = ty, we have cpf\to_to) = (¢0)y, x(to;to,x, ) = x and
&(tos to, ¢, AE) = AE. Hence from (3.3), we have immediately

’W(¢0)Au(t07 ':Ev )\5)| S CO',(Z,(,DQ)\_O-
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for A > 1,2 € K and £ € I' with 1/a < [¢| < a. This and Proposition 2.2
show the sufficiency.

We write z* = x(s;tg, 2, A),§* = &(s;to, 2, \E), t* = s — 1y and py(z) =
(o) () for brevity.

We show by induction with respect to o that P(c, o) holds for all o > 0
and for all ¢y € S(R™)\{0}.

First we show that P(0, ¢g) holds for all oy € S(R™). Since ug(z) € L*(R"),
u(t,z) € C(R; L?(R™)), Schwarz’s inequality and the conservation of L? norm
of solutions of (1.1) show that

’W¢§t—to)u(t> .’B(t7 tOv z, )\‘5)7 £(t7 t07 z, )‘5))

< / Ty — (s to, 2, )| [ult, )| dy

(t—to)
< el Oll e et ) 2
= lleaGllz2luoC)l 2 = lleo()ll 2 lluo ()l z2-
Hence P(0, ¢o) holds.
Next we show that for a fixed pg € S(R™)\{0}, P(co + 2b,¢p) holds under
the assumption that P(o,¢p) holds for all ¢y € S(R™)\{0}. To do so, it

suffices to show that for fixed g, there exists a positive constant C ,, such
that

(3.4) |Ru(s, z(s: to, 2, AE), £(s: t0, 7, AE))| < Cpg A~

forallz € K,all ¢ € I" with 1/a < |¢| < a,all A > 1 and 0 < s < £, since the
first term of the right hand side of (3.2) is estimated by CA~(?*2%) from the
condition on wuyg.

Let L be an integer. Taylor’s expansion of V(s,y) yields that

(3.5) Ru(s,z*,£")

ooV (s, x* o (o= .
- > ()/(y 28T (y — a*)uls, y)e T dy + Ry,

al
2<|a|<L-1
where

1 1
RL(S,x*,g*) =L Z AT

2=, alllwlZ;

S </ 8V (5.0~ " = ))(1 = 6) a8 ) (3~ )"

X w(f Oy — ) TNy — 2)eWE _”)dy> ngs—th(s, z,m)dzdn.
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Here we use the inversion formula of the wave packet transform

Wo ' Wef(z) = f(a),

where

-1 iz
W, g(x) = ||<P” // gy, §)w(x — y)e™ dédy

for a smooth tempered function g(y, &) on R?™.

The strategy for the proof of (3.4) is the following. In Step 1, taking
b= i min(2 — p, 1) according to the value of p which is the order of increasing
of V(t,z) with respect to z in the assumption 1.1, we estimate the first term
of the right hand side of (3.5) by CA~(“*+2%)_ In Step 2, taking L sufficiently
large according to the value of o, we likewise estimate the second term Rj of
the right hand side of (3.5).

(Stepl) We estimate the first term of the right hand side of (3.5). Recall

that Up(t) = e2?®. Since zUp(t) = Up(t)(x — itd,), we have

(y— ) (y — %) = Uo(t) [(y — &* — it*D,)* (p0)] (y — =)
= Y Gt ARG gy ),

fty=a
B'<BA <y

where (87 (z) = :c”(‘)ggoo(a:) and gog\’g’w) (t,x) = Up(t) (go(ﬂ”)))\ (x). The as-
sumption of induction yields that

|(The first term of the right hand side of (3.5))]

1 (6% * * —
< XY Vs Oy NN

2<|a|<L—1 BH+y=a
B'<By <y
* *
u(s,x
QO/\BIY’Y,)(t*,:L‘) ( ) 75 )

1 * [\ p—|a * b — —0
< Y X Lo ptcs, ey
2<|a|<L—1 f+y=a

Since

(3.6) z* =x(s;tg,x,\) =x + x(s1)ds1
to

=z + (s —to) A — (s —s1)ViV(s1,2(s1))ds1,

to
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there exists a positive constant Ay such that
(3.7) %] > |*]A
' ~ 2a

for all A > g, A2 < |[t*] < tg, * € K and ¢ € T with 1/a < |¢] < a. ( see
Appendix A for the proof of (3.7)). Hence we have for A= < [t*| < ¢,

|(The first term of the right hand side of (3.5))]
1 * —|a * - -0
< Z Z JC“ NG ‘Cﬁ,ﬂt 1BI\BUBI=ID o)
2<|a|<L-1 B+y=a
<Y @[NP AR 4 AT lely e
2<|a|<L-1
<O Y (e e
2<|al<L-1
< o Z (|t*|)pAp—(1—b)\a|A—o < C)\p+2b—2—o < C)\—Qb—a’
2<[al<L-1
since 2b = § min(2 — p, 1). For [t*] < A2, we have that
|(The first term of the right hand side of (3.5))]
1 * b — —0
< Z JCCB;N ‘Iﬂ\)\ UBI=D o
2<|a|<L—-1 B+y=«

1
< Z Z JCCMA—b(WH'V')C,\—U20’)\—%—0.
2<|a|<L—1B+y=a

(Step 2) We estimate Ry. Let 11,12 be C* functions on R satisfying

1 for s <1,

S) =
Y1) {0 for s > 2,
0 for s <1,

S) =
Yals) {1 for s > 2,

P1(s) +1o(s) =1 for all s € R.

Take d with 0 < d < b. Putting V,(s,z*,y) = fol oV (s,z* —0(z* —y))(1 —
6)L=1df and

)\d ok
(ot = [[[ oy (T ) Vet =)

x &y —2)o\ ) (y — QUECUCES n)e” ¥ dzdndy
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for j = 1,2, we have

(3.8)  Rp(s,z*,&) LZOA% 2ZL”S$,§ A).

We need to show that for j = 1,2, there exists a positive constant Co 4,4,
such that

(3.9) [To(8, 2%, 0)] < CoapoA ™02

for A > 1,2 € K, { € I'"with 1/a < [¢] < aand 0 < s < ty. For I, 1,
integration by parts and the fact that (1 — A,)e(E= = (1 + [¢ —n|?)e¥(E—M
yield that

Ia,l(svx*vg*v)\):/// (1+|€_77|2) N
—_ )\d ok
x (1= AN [so&t My — 26y - 2)in (M)

xVa(s, 2™, y)(y — ) TW e uls, z,n)e” VD dydidz.
A

We take d' such that 0 < d’ < d. Since |y — z*| < 2(1 + ANt A™? if
U (’\ﬂy)\'ﬁ ) # 0, the estimate (3.7) shows that for [t*| > A¥~1 and X\ > X
with some Ay > 1, we obtain

Vi(s,z" +0(y —2"))||(y — 2%)°|
<O+ |z* +0(y — a)[)P~H (1 + A Fa—4E
C(1+|z*| =y — & )P~ H (1 + A A=t
C(1 4 Mt*[)Pa—L,

aa

<
<
Simple calculation yields that

d *
(t") . b Ay — 2| a
106 = a i < 3, [0 {un ()} < oat,

(3.10) [To1(s, 2%, €5 0)| < CATIENNF,

Hence we have

For |t*| < A¥~1 we have |y — z*| < C(1 4+ At*)A~% < CA¥~?, which shows
that [In1] < CA~@=dILN2N+2 Hence (3.9) with j = 1 holds if we take L
sufficiently large.
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Finally we estimate I,2. Since xUy(t) = Up(t)(z — itVy), O, Uo(t) =
Uo(t)0x;, Tor(z) = At (zp)a(x) and Vi, (z) = A\ (Ve)a(x), we have for any
integer M and any multi-index «

(1+ |z)M ozl (2)
=Us(t) [(1 + |z — itV )M 05 o x(w)]

|B+~|<2M

< Z Oy (APt PIA—EUBI=leD 17 () {(mﬁé)g”(po))\}.
|B+vI<2M

=U(t ! Z Cg (A1) PIATEUBI=laD (1B 5ot 0

Hence we have for M, N € N,

‘Ia 2’

\d — .
| [[[ o (Y5 vt - el = 0 - 2

X Wq,(t*)u(s, z,m)e” Y E M dzdndy

~|[[[a =Bt e B Yy -

Ay — 2+
<(1- 8" |1 (M) Vals,a® u)(y — 2°)°

X\ My = a7l (g = AW erus, 2, 77)] e V& dzdndy

< 2.

|1+t <2N || <[B+7[<2M +|a
B'<BA <y

(7] y o v+l e [+|az] = B])
X Y Cay.oa pyiaty oy [Nt

/// =)V (1 - €)Y
x ‘Uo [(mﬁ azaglwmu (y_x*)‘ ‘Ug(t*) [(agwo)A} (y — z)‘

x (14 AJt*|)~leslydlas] (")xang‘ ‘a;“*Va} ‘W‘p&t*)u(s,z,n)‘ dzdndy.

Since |y — 2*| > X791 + MNt*|) if Ya( My — 2*|/(1 + [t*|\)) # 0, we have



394 K. KATO AND S. ITO

with M =m+n+land N=n+1

[In2| < > > 3" ojr Aoyl 18D
a4+ | 2N [a|<|B+y]<2M+a| oy <as

X (L AL AEDD I+ 1) Dzl + 7))l
x (1+ Mt*\)_m"")\d'o‘?"Hyﬁ_waﬁ“ﬂsOoHLgH@X%OHL%HW@Y*)U(S’ znllez,-

For 0 <t < A~ 2%, we have ]t*\)\b < A~t. Hence we obtain

< ¥ 3 S eatlhiHEIlaal-lazD ydaal

|1+ +aq| <2N L<|B+7|<2M+L aj<as
—b(L—2N —b(L—2(n+1 —2b—
< CANE2N) — o) ~bE-2nt D) < oy~

‘Ia?

if we take L > N +2n+ 4+ o/b.
For A2t <t < ty, we have

|Ia,2|
< > > CA+ X214+ A Y™

| +-4as | <2N L<|B+7|<2M+L
x (AP =lezl \bllaal=181) ydles]
<O+ (}\1—d—2b)2)—m)\b(2M+2N+L)
< CA72m(17d72b))\b(2m+4(n+1)+L)

< CA*Qm(lfdfiﬂ)) Ab(4(n+1)+L).

Since 1—d—2b > 1—4b > 0, we have |, 2| < CA\=2=7 if we take m sufficiently
large. This shows (3.9) with j =2 for x € K, £ € I" with 1/a < |{] < a and
A>1and 0 <s <t O

Proof of Corollary 1.6. (3.6) shows that
(3.11) x(0;t, 2, ) = @ — ME+ 51 (N)

where |01 ()] < CAP~! uniformly in VN {¢ € R*"a"! < |¢| <a} for A > 1. In
the same way as for (3.11), we have

(3.12) £(051,2,08) = AE + 5a(N)
where d2(A) has the same property of d;(\). Roughly speaking, we show that
(3-13) W _emuo(x — ME+ 01(A), A + 02(X)) =
A
Ww(muo (x — M, AE) + (lower order term).
A
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We have
Ww(;ﬂuo(ﬂ? — ME A4 01(N), A + 62(N))

= /90(;*)(3/ — (2 — A&t + 61(N)))ug(y)e~VAEHRN) gy

By Taylor’s expansion, we have with an integer L

Py — (@ = et +61(V)) = iy — (& — At))
Y o (B0 - xé) ()"

1<|a|<L
1 e
Y Lcaoe
|a|=L+1

where rq = L5 [1(1 = 0)L020 ) (y — (x — A¢t) — 66,(N)) and

—y(AE+02 () — ,—yAE (1 + Z iy51()\))a) ;

1<|o¢\

from which we obtain

W@(;*)Uo(l‘ — M€+ (51()\), A+ (52()\)) =
w (t*>u0($ — M, AE)

B
TSN PP kit a‘ (~02) W(aw)(;*) [vuly)] (= - xe, 2e)

|
1<]a|<L1<|g] f!

o 62ﬂ —i
s 3 S TR R pue iy,

la|=L+11<|B]

Taking L large, the above equality implies that W(aw)“*) [yﬁu(y)] (x(05t, x,
x A

XE),&(0;t, 2, ME)) and W(aa & [yﬁu(y)] (z — M€, A&) have the same order of

with respect to A uniformly in V N {£€ € R*|a™! < [¢] < a} for A > 1, since

61(A)], [62(N)] < AP W(aa@)g\t*) [yPu(y)] (z — AtE, AE) is the same order of

W@(t*)uo(x — M€, AE) with respect to A and the order of [ R,y u(y)e” ¥ dy
A

with respect to A is estimated above by some constant. This completes the
proof. O
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§A. Proof of the estimate (3.7)

In this appendix, we give the proof of the estimate (3.7). We fix p. We show
the estimate (A.1) below for |[tg| > [t*]| > NP7, A > Ao, # € K, £ € T with
1/a < €] < a.

Proof. The equation (3.6) can be solved by Picard’s iteration method. We put
20 (s) = 2 + (s — o)\ and we define
NV (s) =z + (s —to)Ae — [ (s — 1)V V (s, 2N (s1))ds
to
for N > 0. Then we have the solution z(s) of (3.6) as z(s) = limy_e V) (s).
We show that there exists a positive constant Ay > 1 such that

1
(A.1) gl < 2N (s)| < 2alt*]A, (N =0,1,2,...)

for A > g, W71 < |t*| < tg, » € K and € € T with 1/a < |¢] < a. We only
treat the case that 1 < p < 2. We show (A.1) by induction with respect to N.
Obviously (A.1) holds for N = 0.
Assuming that (A.1) holds for N, we have

s — 51|V V (51,20 (51))|ds1
to

to
> [EE ol = [ Js = si]C(1+ o) (s} d

[N (5)] = o+ (s — to)AE] —

to
zwum—m—c/‘b—mu+mm—awwpr
> INE] — o] — Ol — CA gl et

. T t _ -
N alx alty a?PltolP
> e (1- 51 - ool - ot ).

Since p > 0 and 2 — p > 0, there exists a constant A\g > 1 such that
alz| altol a®* Pltol” 1

- -C -C > —
AP A A2=p T2

for A > \o. Hence we have [z(VF1(s)] > Lit¥|A[¢] > & [¢%|A.
In the same way as above, we can show that

2NV ()] < 2/t Aa

1

for A > Ao, AP71 < [t*] < tg, x € K and ¢ € T with 1/a < |¢] < a, assuming
that (A.1) holds for N. O
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