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8§1. Introduction

In this paper, we study the instability of solitary wave solutions for nonlinear
Schrodinger equations of the form

(1.1) i0pu = —0%u — i|u*0pu — blul*u, (t,z) ER xR,

where b > 0 is a constant. Eq. (1.1) appears in various areas of physics such
as plasma physics, nonlinear optics, and so on (see, e.g., [12, 13] and also
Introduction of [16]). It is known that (1.1) has a two parameter family of
solitary wave solutions

(1.2) U, (t, ) = e“lo,(x — wit),

16
where w = (wp,w1) € Q := {(wo,w1) € R? : wf < 4w}, vy =1+ ?b’

(13)  Gule) = dulz)exp (“’x -/ \éw<n>|2dn) ,

o1 . 1/2
c o Wo — Wi .
(14)  du(z) {_w1+\/w%+,y(4wo_wg) cosh(\/mx)}

399
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Here, we note that ¢, (x) is a solution of
(15) =076+ wod +wiide — ilo"0np — blo'o =0, w€ER,

and ¢, (z) is a solution of

4wy — w? w 3
(L6)  —Oio+ — o+ S loPe— [plel'e =0, zeR

For v, w € L*(R) = L*(R, C), we define

(v,w)p2 = ﬂ%/Rv(x)w(x) dx,

and regard L?(R) as a real Hilbert space. Similarly, H'(R) = H'(R,C) is
regarded as a real Hilbert space with inner product

(v, W) = (v, w) g2 + (Ozv, Ozw) 2.
We define the energy £ : H'(R) — R by
(1.7) E() = S110zvll72 = 7 (ilv[*0zv,v) 2 — Z|vl|Ze-
2 4 6
Then, we have
E'(v) = —0%v — i|v]*0,v — blv|v,
and (1.1) can be written in a Hamiltonian form id;u = E'(u) in H~*(R).
For 0 = (6p,01) € R? and v € H'(R), we define
(1.8) T(O)v(z) = ePv(z —0;) (z€R).
Note that the energy FE is invariant under 7, i.e.,
(1.9) E(T(0)v) = E(v), 0cR?* ve H'(R),

and that the solitary wave solution (1.2) is written as u,(t) = T'(wt)ep,,.

The Cauchy problem for (1.1) is locally well-posed in the energy space
H(R) (see [16] and also [7, 8, 9]). For any ug € H'(R), there exist Tipax €
(0,00] and a unique solution u € C([0, Thax), H'(R)) of (1.1) with u(0) = ug
such that either Tiax = 00 or Thax < 00 and t_l}im ||u(t)|| 1 = oco. Moreover,

max

the solution u(t) satisfies

E(u(t)) = E(uo), Qo(u(t)) = Qo(uo), Q1(u(t)) = Q1(uo)
for all t € [0, Thax), where Qo and ) are defined by

(1.10) Qo) = glvle, Quw) = 5(i0u0,v) 2.
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For € > 0, we define

U.(¢o) = {ue H'(R) : nf [lu=T(O)¢u|lu < e}
eR

Then, the stability and instability of solitary waves are defined as follows.

Definition 1. We say that the solitary wave solution T'(wt)¢,, of (1.1) is stable
if for any £ > 0 there exists § > 0 such that if uy € Us(¢,,), then the solution
u(t) of (1.1) with w(0) = ug exists for all ¢ > 0, and u(t) € Uz(¢,,) for all ¢ > 0.
Otherwise, T'(wt)g,, is said to be unstable.

For the case b = 0, Colin and Ohta [2] proved that the solitary wave solution
T (wt),, of (1.1) is stable for all w € Q (see also [6, 20]). We remark that the
instability of solitary waves for (1.1) is not studied in previous papers [2, 6, 20].
For a recent result on a generalized derivative nonlinear Schrédinger equation,
see [10].

In this paper, we consider the case b > 0, and prove the following.

Theorem 1. Let b > 0. Then there exists kK = x(b) € (0,1) such that the
solitary wave solution T(wt)p, of (1.1) is stable if —2,/wy < w1 < 2Kk+/Wy,
and unstable if 2k\/wg < w1 < 24/Wg.

16
Remark 1. Let b > 0,v=1+ ?b’ and

(1.11) g6 = 20 =D 1 VIHE V;“Q £ € (0, 00).

§

Then, g : (0,00) — (0,00) is strictly decreasing and bijective. Thus, for any
b > 0, there exists a unique £ = £(b) € (0, 00) such that g(§) = 1. The constant
% in Theorem 1 is given by x = (1 + £2/7)~/? (see Lemma 1 below).

Remark 2. The sufficient condition —2,/wy < w1 < 2k+/wq for stability of
T (wt)d,, is equivalent to Q1(¢,,) > 0, and the sufficient condition 2k./wg <
w1 < 24/wy for instability is equivalent to Q1(¢,,) < 0 (see Lemma 1 and Proof

of Theorem 1 below). We also remark that E(¢,,) = —%Ql(qﬁw) for all w € Q.

Remark 3. We do not study the borderline case wy = 2k,/wg in this paper,
and leave it as an open problem. Note that E(¢,) = Q1(¢n) = 0 in the case
w1 = 2K4/wg. For related results for one-parameter family of solitary waves in
borderline cases, see [1, 15, 14, 11].

Remark 4. It is not known whether (1.1) has finite time blowup solutions or
not. It will be interesting to study relations between unstable solitary wave
solutions obtained in Theorem 1 and the existence of blowup solutions for
(1.1). For a recent progress in this direction, see Wu [18, 19].
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For w € €, we define the action S, : H(R) — R by
1
Su(v) = E(w) + > w;Q;(v),
=0

where E, Qo and @ are defined by (1.7) and (1.10). Note that Qp(v) = v,
Q) (v) = i0yv, and that (1.5) is equivalent to S/,(¢) = 0.
We also define a function d : 2 — R by

1
d(w) = Su(dw) = B(du) + > wjQj(¢u)-

J=0

Then, we have

d'(w) = (Oupd(w), Oy d(w)) = (Qo(¢w), Q1(¢w)),

and the Hessian matrix d”(w) of d(w) is given by

() = 02, d(w) Dy Ouyd(w) ] _ [ By Q0(dw) O Qo)
O Oun d(w) 63161(‘*‘)) 0.y Q1(0w) 00, Q1(dw) |-

To prove Theorem 1, we use the following sufficient conditions for stability
and instability in terms of the Hessian matrix d”(w) (see [5]).

Theorem 2. Let w € Q. If the matriz d’(w) has a positive eigenvalue, then
the solitary wave solution T (wt)¢,, of (1.1) is stable.

Theorem 3. Let w € Q. If d"(w) is negative definite (all eigenvalues of d"(w)
are negative), then the solitary wave solution T (wt)¢,, of (1.1) is unstable.

Theorem 2 can be proved in the same way as in Colin and Ohta [2], and
we omit the proof. We give the proof of Theorem 3 in Section 3 below. As we
stated above, the instability of solitary waves for (1.1) has not been studied
in previous papers [2, 6, 20].

Moreover, by the explicit form (1.3) with (1.4) of ¢,,, and by elementary
computations, we have the following.

1
Lemma 1. Letb >0 and v =1+ §6b. For w € Q, we have

A e Vel + (e — o)
val Y(dwo — w?)

1
@(0) = 5 { /o — 2

QO((bw) =

I

—2(y — 1)w; tan

2

w1+ Vw4 y(dwo — w?)
¥(4dwo — W1) ,

; B —4Q1(dw)
det[d"(w)] = \/W{w% + v(dwo — W%)}
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Theorem 1 follows from Theorems 2 and 3, Lemma 1 and Remark 1.

Proof of Theorem 1. Let w € Q. If wy < 0, then by Lemma 1, we have
Q1(¢y) > 0 and det[d’(w)] < 0. Thus, the matrix d”(w) has one positive
eigenvalue and one negative eigenvalue. Therefore, by Theorem 2, T'(wt)¢,, is
stable.

4wy

w2

Next, we consider the case w; > 0. We put &€ = /vy (
1

— 1). Then, by
Lemma 1, we have

Q1) = i daop — ? {1— g(6)}

where g(§) is defined by (1.11) in Remark 1.

If g(€) < 1, then Q1 (¢,) > 0 and det[d”(w)] < 0. Thus, d”(w) has a positive
eigenvalue, and by Theorem 2, T'(wt)¢,, is stable.

On the other hand, if g(§) > 1, then Q1(¢,) < 0 and det[d”(w)] > 0.

Moreover, since

—40.)1
2 2 o <
VAwe — wi{y(dwo — wi) + wi}

we see that d’(w) is negative definite. Thus, it follows from Theorem 3 that
T (wt)o,, is unstable.

Finally, by Remark 1, we see that g(§) < 1 is equivalent to wi < 2k/wo,
and that g(§) > 1 is equivalent to wy > 2K,/wo. O

0,

830(1(0.)) = 0y Qo(Pw) =

The rest of the paper is organized as follows. In Section 2, we give a
variational characterization of ¢,,. This part is essentially the same as Section
3 of [2], so we omit the details. In Section 3, we give the proof of Theorem 3.
We divide the proof into two parts. In Subsection 3.1, we prove that if d”’(w)
is negative definite, then there exists an unstable direction . In Subsection
3.2, we prove the instability of T'(wt)¢,, using the variational characterization
of ¢, and the unstable direction .

82. Variational characterization

In this section, we give a variational characterization of ¢,. Although ¢, is
given by (1.3) and (1.4) explicitly, we need such a variational characterization
to prove stability and instability of solitary wave solutions T'(wt)¢,,.

Throughout this section, we assume that b > 0. The case b = 0 is studied
in Section 3 of [2], and the proof for the case b > 0 is almost the same as that
for b = 0, so we will omit the details.
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For w € ), we define

Ly(v) = Haﬂch%? +WOHUH%2 + w1 (1020, v) 12,

1 1, b
SLu(®) = (000, 0) 2 = 2o,

Sulv) =3 T
Koy(v) = Lo(v) — (i‘v’Q(?xv,v)Lz - bH'UH?:Gﬂ
and consider the following minimization problem:

(2.1) p(w) = inf{S,(v) : v € HY(R)\ {0}, K,(v) =0}.

Note that (1.5) is equivalent to S/ (¢) = 0 and that K, (v) = 95\Su(Av)|r=1-
We also define

1 b
Su(v) = Su(v) = Ky (v) = ZLw(U) + EHUH%G
Lemma 2. Let w € Q.

(1) There exists a constant C1 = C1(w) > 0 such that Ly,(v) > Ciljv||3: for
allv € HY(R).

(2) ww) > 0.
(3) Ifve HY(R) satisfies K,,(v) <0, then p(w) < S, (v).

Proof. (1) See Lemma 7 (1) of [2].
(2) Let v € HY(R)\ {0} satisfy K,(v) = 0. Then, by (1) and the Sobolev
inequality, there exists Co > 0 such that

CullvllF < Lu(v) = (ilv]*pv,v) 2 + bl|v]l 36
Cy
< [0svllzzllvlizs +bllvlize < - lollFn + Callollz.
Since v # 0, we have ||v||3, > 2%2 Thus, we have

p(w) = inf{S,(v) : v € HY(R) \ {0}, K, (v) =0}

> iinf{Lw(U) tve HY(R)\ {0}, Ku(v) =0} 2 (il\/g -0

(3) Let v € HY(R) \ {0} satisfy K,(v) < 0. Then, there exists A; € (0,1)
such that
Ko,(Mv) = M Ly,(v) — A1 (i]v]200,v) 2 — Ab||v]|S6 = 0.

Since v # 0, we have

: ST I P
() < Sulhav) = ZLLu() + )G < Su()

This completes the proof. O



INSTABILITY OF SOLITARY WAVES 405

Let M,, be the set of all minimizers for (2.1), i.e.,

My = {p € H'(R)\ {0} : Su(p) = p(w), Ku(p) =0}

Then, we obtain the following.

Lemma 3. For any w € Q, we have M, = {T(0)¢,, : € R%}. In particular,
if v € HY(R) satisfies K,(v) =0 and v # 0, then S,(¢w) < S, (v).

The proof of Lemma 3 is almost the same as that of Lemma 10 of [2], so
we omit it.
The following lemma plays an important role in the proof of Lemma 12.

Lemma 4. If v € H'(R) satisfies (K/(¢w,),v) =0, then (S"(¢u)v,v) > 0.

Proof. Let v € H'(R) satisfy (K (¢w),v) = 0. Since K,(¢,) = 0 and
(K! (¢w), dw) # 0, by the implicit function theorem, there exist a constant
§ > 0 and a C?-function ~ : (—6,8) — R such that (0) = 0 and

(2.2) K(¢py +sv+v(s)p,) =0, se(—0,0).

Taking § smaller if necessary, we also have ¢, +sv+7(s)p, # 0 for s € (=6, 9).
Differentiating (2.2) at s = 0, we have

0= <K¢;(¢w)av> + 7/(0)<K¢;(¢w)a ¢w>

Since (K, (¢,),v) =0 and (K, (¢w), ¢u) # 0, we have 7/(0) = 0.

Moreover, since ¢, € M, by Lemma 3, it follows from (2.2) that the
function s — S, (¢, + sv + Y(s)Pw) has a local minimum at s = 0. Thus, we
have

d2
0< @Sw(ﬁsw + sv + 7(5)¢w)’s:0
= (S5(¢w) (v +7'(0)w), v +7'(0)dw) + (S, (dw), 7" (0)¢w)
= (S5(¢w)v,v).

This completes the proof. O

83. Proof of Theorem 3

In this section, we give the proof of Theorem 3. We divide the proof into two
parts. In Subsection 3.1, we prove that if d”(w) is negative definite, then there
exists an unstable direction 1 (see Lemma 6). In Subsection 3.2, we prove
the instability of T'(wt)¢,, using the variational characterization of ¢,, and the
unstable direction v (see Proposition 1). Theorem 3 follows from Lemma 6
and Proposition 1.
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3.1. Existence of unstable direction
Lemma 5. (S (¢w)dw, du) < 0.
Proof. Since the function

A2 A6b
(0,00) 2 A= Su(Agy) = ?Lw(@u) ( ‘¢w| Opbu, Pu)r2 — 7||¢w||L6

has a strictly local maximum at A = 1, we have

2

d 1
0> 2550(0) 5y = (S(60)60, 0u)-

This completes the proof. O

Lemma 6. Assume that d"(w) is negative definite. Then there exists ¢ €
H'(R) such that

(Qo(¢a),v) = (Q1(¢a), ¥) =0, (S5(da)v,¥) <0
Proof. For (s,w) near (0,w) in R x £, we define

L Q0(5¢w+¢w)_ ( w)
PO =1 Quson +0u) — Qi(6)

Then, we have F(0,&) = 0. Moreover, since D, F(0,&0) = d”(@) is negative
definite and invertible, by the implicit function theorem, there exist a constant
§ > 0 and a C'-function 7 : (—4,d) — Q such that v(0) = & and

Qo(500 + Dy(s)) = Qo(ds), Q1506 + dy(s)) = Q1(¢a)
for s € (—4,8). We define @5 1= sdg + ¢(s) for s € (—6,0), and

1
wj 1= awj¢w|w:ofz (] =0, 1)7 P = s@s|s:0 = ¢&1 + Z’Yé(o)w]
=0

Then, for j = 0,1, we have
d
(31) 0= LQs(ea)limo = (Q}(62). ¥)
1
= (Q)(¢), b)) + Z’YZ(OMQ}(%%W)-
k=0

Moreover, differentiating

1
0=5,(¢w) = E'(¢) + > _ wrQh(¢w),
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with respect to w; for j = 0,1, we have

(3.2) 0= E”(¢w)(awj bu) + Zkalkl(¢w)(awj bu) + Q;(¢w)

k=0
= Sx(ﬁﬁw)(awj(ﬁw) + QQ(%)
By (3.1) and (3.2), we have

1
(SB(Ga)h, ¥) = (SE(60)Par ba) + 2> V5 (0)(SH(da)wj, da)
=0
1

+ > (000 (S5 (00 )w), wr)

4,k=0

1
= (SE(p) o o) — 2D V5 (O0NQ(60) b0y — D 75 (0)71.(0)(Q) (), w)

=0 j.k=0

1
= (S5 (¢0) 0, do) + Z Y;(0)7%(0){(Q} (b)), wr)
k=0
1

= (S2($2) b d0) + > V5(0)7£(0) Do, O ().
j,k=0
Since d”(w) is negative definite, it follows from Lemma 5 that

(S5 (¢0)t, ) < (S5(¢a)¢a, Po) < 0.

This completes the proof. ]

3.2. Proof of instability

In this subsection, we prove the following.

Proposition 1. Let w € Q, and assume that there exists 1) € H'(R) such that

(3-3) (Qo(¢w), ¥) = (Q1(¢w), ¥) =0, (SL(dw)¥, ) <0.
Then, the solitary wave solution T (wt)¢,, of (1.1) is unstable.

To prove Proposition 1, we use the argument of Gongalves Ribeiro [3] (see
also [17, 4]) with some modifications. Throughout this subsection, we fix
w € Q, and assume that ¢ € H'(R) satisfies (3.3).
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Lemma 7. There exists a constant Ay > 0 such that
Su(bw + M) < Su(dw)
for all X € (—Xo,0) U (0, o).
Proof. By Taylor’s expansion, for A € R, we have
Sw(w + M)

1
- Sw(¢w) + )‘<Sc/u(¢w)vw> + AQA (1 - 8)<SLZ(¢LU + s)\i/J)w,w) dS
1
= () + N2 /0 (1= $)(S" (o + s )6, ) ds.

Since (S/(¢w), ) < 0, by the continuity of A — (S (¢, + \p)1, 1), there
exists Ag > 0 such that

(S + M), ) < SO, 0)

for all A € (=g, Ag). Thus, for A € (=g, 0) U (0, Ag), we have

Sullha M) € Sul) + 2 (SO ¥) < Sl
This completes the proof. O
For u € H'(R), we define
Tou=iu, Tju=—0u.
Then, by (1.8) and (1.10), we have
(3.4) 9, T(O)u=T(O)Tju=T,T(O)u, (Q(u),v)=(T}u,iv)r
for 6 = (6p,61) € R?, u, v € H'(R) and j = 0,1. We denote T = R/27Z.
Lemma 8. There exist a constant ¢g > 0 and a C'-function
a=(ap,a1) 1 Ugyy(py) = T xR
such that a(¢,,) =0, and
(1) a(T(E)u) = a(u) + & for allu € Ugy(¢y,) and £ € T x R.

(2) (Tju,T(a(u))pw)r2 =0 for all u € Usy(¢w) and j =0, 1.
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(3) There exists p > 0 such that
1
> (Tju, T(a(w) Ty dw) r2GCk > plCf

J,k=0

for all u € Uy (¢) and ¢ = ({o, (1) € R2.
Proof. See Section 3 of [3]. O

For u € U, (), we define
H(u) = [hjr(u)ljr=01, hje(u) = (Tju, T(a(u) Ty, du) L2
Then, by Lemma 8 (1), we have
(3.5) hjn(T()u) = (T(E)Tj u, T(a(u) + §)T;, ¢w)r2 = hji(u)

for u € Ugy(¢y) and £ € T x R.
Moreover, differentiating Lemma 8 (2) with respect to u, we have

1
(3.6) > hir(w)(ag(w), w) = (T(a(w))T] du, w) 12
k=0

for u € Uz, (¢), w € HY(R) and j = 0,1. By Lemma 8 (3), the matrix H (u)
is invertible, and we denote the inverse H(u)~! by G(u) = [g;jr(u)]. Then,
there exists a constant C' > 0 such that

(3.7) lgjx(u)] < C forall ue Us(dy), j,k=0,1.

For 7 = 0,1 and u € U, (¢, ), we define

Zg]k‘ Tk Do

Since ¢, € H?(R), we see that a;(u) € H'(R), it follows from (3.6) that
(af(u),w) = (aj(u),w)r2, we H'(R).

By (3.5) and Lemma 8 (1), for j = 0,1, we have

(3.8) a;(T(&u) =T(&)aj(u) for all ue Usy(dy), £ €T xR,

Moreover, by (3.7), there exists a constant C' > 0 such that

(3.9) llaj(u)||gr < C for all u € Ugy(dw), j=0,1.
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Next, for u € U, (¢ ), we define

(3.10) A(u) = (iu, T((u)¥) 12

1

(3.11) q(u) = T(aw) + > (iu, T(a(u)Tiv) , ia;(u).

=0
Then, since ¥, ao(u), ai(u) € H'(R), we see that q(u) € H*(R).
Lemma 9. For u € U, (¢w),
(1) AT(§)u) = A(u), q(T(§)u) = T(§)q(u) for all§ € T x R.
(2) (A'(u),w) = (q(u),iw)L2 forw e H'(R).
3) a(¢w) =1
(4) (Qj(u),q(u
Proof. (1) By Lemma 8 (1), we have
A(T(€u) = (T (&u, T(o(u) + &)) 2
= (IT(&)u, T(E)T((u)) 2 = A(u).

Moreover, by (3.8), we have

1

4 )) =0 forj=0,1.

1
q(T(E)u) = T(EOT () + Y (IT(E)u, T(E)T ()T ) iaj(T(E)u)
j=0
= T(&)q(u).

(2) For u € Uy (¢,) and w € H'(R), we have

(A (), w) = (iw, T(a(u)Y) 2 +Z (iu, T((u) T} ) 1
= (1w, T'(o(u))®) 2 + Z iu, T« 1/1)L2 (aj(u),w),»
= (q(u),iw) 2 .

(3) By (3.4) and the assumption (3.3), we have

(idw, Tj ¥) 2 = (T] Gu, i90) 2 = (Qj(dw), ) = 0.

Moreover, since a(¢,,) = 0, by (3.11), we have ¢(¢,,) = .
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(4) For u € H2(R) N U,y (¢w), by (1) and (2), we have
0 = 0, AT())|_y = (A'(u), T} u) = (q(u), iT] ) -

By density argument, we have (q(u), T} u)r2 = 0 for all u € Usy(¢w)-
Thus, we have (Q’(u), q(u)) = (T} u,ig(u))r2 = 0 for u € Usy(duw)-

For u € U,y (¢,), we define
P(u) == (E'(u),q(u)).
We remark that by Lemma 9 (4), we have

(3.12) P(u) = (S, (u), q(w)), u € Us(du)-

411

Lemma 10. Let I be an interval of R. Let u € C(I, HY(R)) N CY(I, H~1(R))

be a solution of (1.1), and assume that u(t) € Us,(¢y,) for allt € I. Then,

d
S A(D) = Plu(t)

forallt € 1.

Proof. By Lemma 4.6 of [4] and Lemma 9 (2), we see that t — A(u(t)) is a

C'-function on I, and

d

$A(u(t)) = (10:u(t), q(u(t)))

for all t € I. Since u(t) is a solution of (1.1), we have

(i0ru(t), q(u(t))) = (E'(u(t)), q(u(t))) = P(u(t))
for all ¢t € I. This completes the proof.
Lemma 11. There exist constants A1 > 0 and €1 € (0,e9) such that
Sw(u+ Ag(u)) < Sp(u) + AP(u)
for all X € (=M1, \1) and u € Uz, (¢w)-

Proof. For u € U, () and A € R, by Taylor’s expansion, we have
1
(3.13) Sw(u+ Ag(u)) = Sp(u) + AP(u) + )\2/ (1 —s)R(As,u)ds,
0

where we used (3.12) and put

R(A,u) = (S{(u+ Ag(u)q(u), q(u)).
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Here, we remark that

P(T(§)u) = (S,(T()u), T(§)q(u)) = P(u),

R(X, T(§)u) = (SH(T(E)(u+ Aq(u))T(§)q(w), T(§)q(u)) = R(A,u)
for ¢ € Tx R, A € R and u € H*(R). Moreover, since

R(07¢w) = (SZ(%)C](%%Q(%» = (SZ(%WJP) <0,

by the continuity of R(\,u) with respect to A and wu, there exist constants
A1 > 0 and €; € (0,g0) such that R(A\,u) < 0 for all A € (—=A;, A1) and
u € Uy (¢). Thus, by (3.13), we have

Se(u+ Ag(u)) < Sy (u) + AP(u)
for all A € (—=A1, A1) and u € Us, (¢s,). 0

Lemma 12. There exist constants ea € (0,e1) and Ay € (0, A1) that satisfy
the following. For any u € Ug, (@), there exists A(u) € (—A2, A2) such that

K, (u+A(u)g(u)) =0, u+ A(u)g(u) # 0.

Proof. First, since (S/)(¢w)1,¥) < 0, by Lemma 4, we have (K[ (¢,,),v) # 0.
Thus, without loss of generality, we may assume that (K/ (¢,), 1) > 0.
For u € U, (¢,) and X\ € R, we have

1
(3.14) K,(u+ A(u) = Ky(u) + )\/0 (K] (u+ sA\q(u)), q(u)) ds.

Since (K/,(¢w), q(¢pw)) = (K (pw),¥) > 0, by the continuity of the function
(K,(u+Aq(u)), q(u)) with respect to A and u, there exist constants Ao € (0, A1)
and 2 € (0,e1) such that

1
(3.15) (K (ut Aq(w),q(w)) = 5 (K (dw), )
for all A € [—X2, A2] and u € U,,(¢,). Moreover, since K, (¢,,) = 0, taking e9
smaller if necessary, we have

(3.16) Kulw)] < 220K (0). 1), € Uny(0).

Let u € U, (). If Kyy(u) < 0, then it follows from (3.14)—(3.16) that

1
Ko(u+ Aoq(u)) = Ko(u) + X /O (K5 (u+ shaq(u)), q(u)) ds

A2 A2
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Since the function A — K, (u+Ag(u)) is continuous, there exists A(u) € (0, A2)
such that

(3.17) Ky (u~+ A(u)q(u)) = 0.

Similarly, if K (u) > 0, then we have

1
Ko(u— Agq(u)) = Ko(u) — /\2/0 (KG,(u— shaq(u)), q(u)) ds

< L6, 0) — LKL, 0) =0,

Thus, there exists A(u) € (—A2,0) such that (3.17). If K,(u) = 0, taking
A(u) =0, (3.17) is satisfied.

Finally, by (3.9) and (3.11), taking A2 and e2 smaller if necessary, we have
u+ A(u)g(u) # 0 for all u € Ug,(¢y). This completes the proof. O

Lemma 13. Let Ao and g2 be the positive constants given in Lemma 12. Then,

for all u € U, (¢).

Proof. By Lemma 12, for any u € U,,(¢,,), there exists A(u) € (—A2, A2) such
that K,(u + A(u)g(u)) = 0 and u + A(u)g(u) # 0. Then, it follows from
Lemma 3 that

(3.18) Sw(Pw) < Su(u+ Au)q(w)),  u € Usy(du)-
Thus, by Lemma 11 and (3.18), for u € U,,(¢,,), we have
Su(6) < S (u+ A(wa(w) < Sulw) + Aw) Plw)
< Su(u) + A (W)[[P(u)] < Su(u) + Aol P(u)]-
This completes the proof. O
We are now in a position to give the Proof of Proposition 1.

Proof of Proposition 1. Suppose that T'(wt)g,, is stable. For A close to 0, let
ux(t) be the solution of (1.1) with uy(0) = ¢, + Ap. Since T'(wt)@,, is stable,
there exists A3 € (0, \g) such that if |A| < A3, then u)(t) € Ug,(¢,) for all
t > 0. Moreover, by the definition (3.10) of A, there exists C1 > 0 such that
|A(v)| < Cy for all v € Ug,y (Puw)-

Let A € (—A3,0) U (0, A3). Then, by Lemma 7, we have

Ox = Su(dw) — Su(ux(0)) > 0.
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Moreover, by Lemma 13 and the conservation of S, we have
0 <0\ = Su(dw) — Sulun(t)) < Aa|P(ux(t))], t>0.

Since t — P(uy(t)) is continuous, we see that either (i) P(uy(t)) > dx/A2 for
all t > 0, or (ii) P(ux(t)) < —d0x/A2 for all t > 0. Moreover, by Lemma 10, we

have p
%A(u,\(t)) = P(ux(t)), t>0.

Therefore, we see that A(ux(t)) — oo as t — oo for the case (i), and
A(ux(t)) — —oo as t — oo for the case (ii). This contradicts the fact that

|A(ux(t))| < Cy for all t > 0. Hence, T'(wt)¢,, is unstable. O

Acknowledgment

This work was supported by JSPS KAKENHI Grant Number 24540163.

References

[1] A. Comech and D. Pelinovsky, Purely nonlinear instability of standing waves
with minimal energy, Comm. Pure Appl. Math. 56 (2003), 1565-1607.

[2] M. Colin and M. Ohta, Stability of solitary waves for derivative nonlinear
Schrédinger equation, Ann. Inst. H. Poincaré, Anal. Non Linéaire 23 (2006),
753-764.

[3] J. M. Gongalves Ribeiro, Instability of symmetric stationary states for some
nonlinear Schrédinger equations with an external magnetic field, Ann. Inst. H.
Poincaré, Phys. Théor. 54 (1991), 403-433.

[4] M. Grillakis, J. Shatah and W. Strauss, Stability theory of solitary waves in the
presence of symmetry, I, J. Funct. Anal. 74 (1987), 160-197.

[6] M. Grillakis, J. Shatah and W. Strauss, Stability theory of solitary waves in the
presence of symmetry, II, J. Funct. Anal. 94 (1990), 308—-348.

[6] B. Guo and Y. Wu, Orbital stability of solitary waves for the nonlinear derivative
Schrddinger equation, J. Differential Equations 123 (1995), 35-55.

[7] N. Hayashi, The initial value problem for the derivative nonlinear Schrédinger
equation in the energy space, Nonlinear Anal. 20 (1993), 823-833.

[8] N. Hayashi and T. Ozawa, On the derivative nonlinear Schrodinger equation,
Phys. D 55 (1992), 14-36.

[9] N. Hayashi and T. Ozawa, Finite energy solutions of nonlinear Schrodinger equa-
tions of derivative type, STAM J. Math. Anal. 25 (1994), 1488-1503.



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

INSTABILITY OF SOLITARY WAVES 415

X. Liu, G. Simpson and C. Sulem, Stability of solitary waves for a generalized
derivative nonlinear Schrédinger equation, J. Nonlinear Sci. 23 (2013), 557-583.

M. Maeda, Stability of bound states of Hamiltonian PDEs in the degenerate cases,
J. Funct. Anal. 263 (2012), 511-528.

W. Mio, T. Ogino, K. Minami and S. Takeda, Modified nonlinear Schréidinger
equation for Alfvén waves propagating along the magnetic field in cold plasmas,
J. Phys. Soc. Japan 41 (1976), 265-271.

E. Mjglhus, On the modulational instability of hydromagnetic waves parallel to
the magnetic field, J. Plasma Phys. 16 (1976), 321-334.

M. Ohta, Instability of bound states for abstract nonlinear Schrédinger equations,
J. Funct. Anal. 261 (2011), 90-110.

M. Ohta and G. Todorova, Strong instability of standing waves for the nonlinear
Klein-Gordon equation and the Klein-Gordon-Zakharov system, SIAM J. Math.
Anal. 38 (2007), 1912-1931.

T. Ozawa, On the nonlinear Schrédinger equations of derivative type, Indiana
Univ. Math. J. 45 (1996), 137-163.

J. Shatah and W. Strauss, Instability of nonlinear bound states, Comm. Math.
Phys. 100 (1985), 173-190.

Y. Wu, Global well-posedness of the derivative nonlinear Schrédinger equations
in energy space, Anal. PDE 6 (2013), 1989-2002.

Y. Wu, Global well-posedness on the derivative nonlinear Schrodinger equation,
preprint, arXiv:1404.5159.

W. Zhang, Y. Qin, Y. Zhao and B. Guo, Orbital stability of solitary waves for
Kundu equation, J. Differential Equations 247 (2009), 1591-1615.

Masahito Ohta

Department of Mathematics, Tokyo University of Science
1-3 Kagurazaka, Shinjuku-ku, Tokyo 162-8601, Japan
E-mail: mohta@rs.tus.ac.jp



