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Strong instability of standing waves
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Abstract. We prove strong instability (instability by blowup) of standing
waves for some nonlinear Schrédinger equations with double power nonlinearity.
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81. Introduction

In this paper, we study instability of standing wave solutions e™“!@,(x) for
nonlinear Schrodinger equations with double power nonlinearity:

(1.1) i0u = —Au — alulP"tu — blu|t u,  (t,z) € R x RY,

where a and b are positive constants, 1 < p < ¢ < 2*—1,2* =2N/(N — 2) if
N >3, and 2* =00 if N =1,2.
Moreover, we assume that w > 0 and ¢, € H*(R") is a ground state of

(1.2) —Ad+wd—alp|P Lo —blp|i o =0, zeRY.

For the definition of ground state, see (1.5) below. It is well known that there
exists a ground state ¢, of (1.2) (see, e.g., [2, 15]).

The Cauchy problem for (1.1) is locally well-posed in the energy space
HYRYN) (see, e.g., [3, 7, 8]). That is, for any uy € HY(RY) there exist
T* = T*(up) € (0,00] and a unique solution u € C([0,T*), H'(RN)) of (1.1)
with 4(0) = wp such that either 7% = oo (global existence) or T* < oo and
tl_l)nTl* IVu(t)|| 2 = oo (finite time blowup).
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Furthermore, the solution u(t) satisfies
(1.3) E(u(t)) = E(uo), [u(®)lz2 = lluollZ:
for all t € [0,T*), where the energy E is defined by

e
p+1

+1 b a+1

vl e = — vl Tar-

1 2
E(v) = 51 Vll3. - i

Here we give the definitions of stability and instability of standing waves.

Definition 1. We say that the standing wave solution e™'@,, of (1.1) is stable
if for any € > 0 there exists § > 0 such that if |jup — ¢u||g1 < 0, then the
solution wu(t) of (1.1) with u(0) = ug exists globally and satisfies

su inf u(t) — et -+ < e.
up nf )  ¢%6u(- + )

Otherwise, €@, is said to be unstable.

Definition 2. We say that e™?¢,, is strongly unstable if for any ¢ > 0 there
exists ug € HY(RY) such that ||ug — ¢ ||z < ¢ and the solution u(t) of (1.1)
with «(0) = ug blows up in finite time.

Before we consider the double power case, we recall some well-known results
for the single power case:

(1.4) i0u = —Au — |ulP"tu, (t,z) € R x RY.

When 1 < p < 1+ 4/N, the standing wave solution e“!¢,, of (1.4) is stable
for all w > 0 (see [4]). While, if 1 +4/N < p < 2* — 1, then !¢, is strongly
unstable for all w > 0 (see [1] and also [3]).

Next, we consider the double power case (1.1) with ¢ > 0 and b > 0. From
Berestycki and Cazenave [1], we see that if 1 +4/N < p < ¢ < 2* — 1, then
the standing wave solution €™, of (1.1) is strongly unstable for all w > 0
(see [14] for the case p=1+4/N < q).

On the other hand, when 1 < p < 1+ 4/N < ¢ < 2* — 1, the standing
wave solution e“!¢,, of (1.1) is unstable for sufficiently large w (see [13]),
while !¢, is stable for sufficiently small w (see [5] and also [12, 11] for more
results in one dimensional case). However, it was not known whether e™!@,
is strongly unstable or not for the case where 1 <p <1+4/N <qg<2* -1
and w is sufficiently large.

Now we state our main result in this paper.

Theorem 1. Leta >0,0>0,1<p<1+4/N < q<2*—1, and let ¢, € G,,.
Then there exists wy > 0 such that the standing wave solution e™'¢,, of (1.1)
is strongly unstable for all w € (w1, 00).
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For w > 0, we define functionals S, and K,, on H'(RY) by

1 2 W2 a p+1 b g+1
Su(v) = 5 Vel + S IolEe — S elgd — el
+1 +1
Ko(v) = [[Volgz + wllvllZ: = allollfm = bllvl 7o

Note that (1.2) is equivalent to S/,(¢) = 0, and
Kw('l)) = 8)\Sw()\'l))})\:1 = <S<fu(v)7 U>
is the so-called Nehari functional. We denote the set of nontrivial solutions of

(1.2) by
A, ={ve H(RY): 8 (v) =0, v #0},

and define the set of ground states of (1.2) by
(1.5) Go ={¢ € Ay : Su(¢) < Su(v) for allv € A}
Moreover, consider the minimization problem:
(1.6) d(w) = inf{S,(v) : v € HYRY), K,(v) =0, v # 0}.
Then, it is well known that G, is characterized as follows.
(1.7) Go = {6 € H'(RY) : Su(¢) = d(w), Ku(¢) =0}
The proof of finite time blowup for (1.1) relies on the virial identity (1.8).

If ug € ¥ := {v € H'RY) : |zJv € L?>(RY)}, then the solution u(t) of (1.1)
with «(0) = ug belongs to C([0,77), %), and satisfies

d2
(1.8) T lleu®li: = 8P(u(t)

for all t € [0,T*), where

ac +1 bp +1
P(v) = [[Voll72 - 1 ol T — ﬁ”vH%Q-H

with a = g(p -1),8= g(q —1) (see, e.g., [3]).

Note that for the scaling v*(z) = AN/2v(A\z) for A > 0, we have

+1 1 1 +1
IVoMZ2 = A2 1VlZe, oM = Aol M5 = A lellfen,

[0 32 = vl32,  P(v) = 0E@Y)],_,-
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The method of Berestycki and Cazenave [1] is based on the fact that d(w) =
Sw(¢) can be characterized as

(1.9) d(w) = inf{S,,(v) : v € H*(RY), P(v) =0, v # 0}

for the case 1 +4/N < p < ¢ < 2* — 1. Using this fact, it is proved in [1] that
if ugp € ¥ N BBY then the solution u(t) of (1.1) with u(0) = ug blows up in
finite time, where

BBY¢ = {v e HY(RY) : S,(v) < d(w), P(v) < 0}.

We remark that (1.9) does not hold for the case 1 < p < 1+4/N < g < 2*—1.
On the other hand, Zhang [16] and Le Coz [9] gave an alternative proof of
the result of Berestycki and Cazenave [1]. Instead of (1.9), they proved that

(1.10) d(w) <inf{S,(v) : v € H'(RY), P(v) =0, K,(v) <0}

holds for all w > 0if 1 +4/N < p < ¢ < 2* — 1 (compare with Lemma 2
below). Using this fact, it is proved in [16, 9] that if ug € X N BZ* then the
solution u(t) of (1.1) with u(0) = up blows up in finite time, where

BZL = {v e HY(RY): 5, (v) < d(w), P(v) <0, K,(v) < 0}.

In this paper, we use and modify the idea of Zhang [16] and Le Coz [9] to
prove Theorem 1. For w > 0 with E(¢,,) > 0, we introduce
(L11)  By,={ve H'RY):0< E(v) < E(dn), [[v|32 = ||dul3e,
P(v) <0, K,(v) <0}.

Then we have the following.

Theorem 2. Leta >0,b>0,1<p<1+4/N <q<2"—1, and assume
that ¢, € G, satisfies E(¢,,) > 0. If ug € ¥ N By, then the solution u(t) of
(1.1) with u(0) = ug blows up in finite time.

Remark. Our method is not restricted to the double power case (1.1), but is
also applicable to other type of nonlinear Schrédinger equations. For example,
we consider nonlinear Schrédinger equation with a delta function potential:

(1.12) 10 = —0%u — y8(x)u — |[u|?tu, (t,z) € R xR,

where §(z) is the Dirac measure at the origin, v > 0 and 1 < ¢ < co. The
energy of (1.12) is given by

1 Y 1 1
E@) = 0013 = JO)F - —IlEh
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The standing wave solution !¢, () of (1.12) exists for w € (v%/4, 00).

For the case ¢ > 5, it is proved in [6] that there exists we € (v2/4, 00) such
that the standing wave solution !¢, (z) of (1.12) is stable for w € (v2/4, ws),
and it is unstable for w € (w2, 00). Since the graph of the function

A2 YA M\
A +1
B(*) = G100l = o) - ol

—1
with 8 = % > 2 has the same properties as in Lemma 1 for (1.1), we can

prove that the standing wave solution e*“!¢,, () of (1.12) is strongly unstable
for w satisfying E(¢,) > 0 (see also Theorem 5 of [10] for the case v < 0).

The rest of the paper is organized as follows. In Section 2, we give the proof
of Theorem 2. In Section 3, we show that FE(¢,) > 0 for sufficiently large w,
and prove Theorem 1 using Theorem 2.

§2. Proof of Theorem 2

Throughout this section, we assume that

a>0, b>0, 1<p<l+4/N<qg<2"—1, E(¢,)>0.
N N
Recallthat0<a:5(p—1)<2<B:5(q—1), and

A e, - Y

U 1 - -

p+ 17T g4
ac)® our o bBNT A
P [l ﬁ”vuiﬁl = ANE(v),

a 1 1
(23)  Ku(0®) = M| Vol Tz +wllol7 = Aallollfs — Abllo]| 5

Lp+1 Lat1-

q+1
La+1»

)\2
(21)  E@Y)= 5!\WH%2 - o]

(22)  P(Y)=2|Vu[ia -

Lemma 1. If v € HY(RY) satisfies E(v) > 0, then there exist A, = A\p(v)
(k=1,2,3,4) such that 0 < A1 < Ay < A3 < A\q and

e E(v*) is decreasing in (0, A1) U (A3,00), and increasing in (A1, A3).
e E(v) is negative in (0, \2) U (A4, 00), and positive in (A, \s).
o E(v)) < E(w") for all X € (0,A3) U (\3,00).

Proof. Since a > 0,b > 0,0 < a < 2 < 8 and E(v) > 0, the conclusion is
easily verified by drawing the graph of (2.1) (see Figure 1 below). O
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Figure 1: The graph of A +— E(v*) for the case E(v) > 0.

Lemma 2. Ifv € HY(RY) satisfies E(v) > 0, K,(v) <0 and P(v) =0, then
d(w) < Sy(v).
Proof. We consider two functions f()\) = K, (v*) and g()\) = E(v}).

Since f(0) = wHU||L2 > 0 and f(1) = K,(v) < 0, there exists \g € (0,1)
such that K, (v*) = 0. Moreover, since v*° # 0, it follows from (1.6) that

d(w) < 8o (™).

On the other hand, since ¢'(1) = P(v) = 0 and ¢(1) = E(v) > 0, it follows
from Lemma 1 that A3 = 1 and g(\) < g(1) for all A € (0,1).
Thus, we have E(v') < E(v), and

w w
d(w) < Su(0™) = B@) + S 03 < B(o) + S lol2: = Su(v)
This completes the proof. O

Lemma 3. The set B, is invariant under the flow of (1.1). That is, if ug € B,,,
then the solution wu(t) of (1.1) with w(0) = wug satisfies u(t) € By, for all
te[0,7%).

Proof. Let ug € B, and let u(t) be the solution of (1.1) with u(0) = ug. Then,
by the conservation laws (1.3), we have

0 < BE(u(t)) = E(u) < E(¢w),  l[u®)l72 = lluollZe = llgull7

for all t € [0,T™).

Next, we prove that K, (u(t)) < 0 for all t € [0,7*). Suppose that this were
not true. Then, since K, (up) < 0 and t — K, (u(t)) is continuous on [0,7%),
there exists t; € (0,7*) such that K, (u(t1)) = 0. Moreover, since u(t;) # 0,
by (1.6), we have d(w) < S, (u(t1)). Thus, we have

d(w) < Su(u(tr)) = Eluo) + 5 [ull72 < B(dw) + S0}z = d(w).
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This is a contradiction. Therefore, K, (u(t)) < 0 for all ¢ € [0,T%).

Finally, we prove that P(u(t)) < 0 for all ¢ € [0,7*). Suppose that this
were not true. Then, there exists to € (0,77) such that P(u(t2)) = 0. Since
E(u(t2)) > 0 and K, (u(t2)) < 0, it follows from Lemma 2 that d(w) <
Su(u(t2)). Thus, we have

d(w) < Suu(ta)) = E(uo) + 3 [ul[72 < B(dw) + S0}z = d(w).
This is a contradiction. Therefore, P(u(t)) < 0 for all ¢t € [0,T). O
Lemma 4. For any v € B,

B(6) < B(v) - P(o).

n the proof of Lemma 2, there exists A\g € (0,1)

Proof. Since K, (v) < 0, as in
d(w) < S,(v*). Moreover, since [[v*]2, = [jv]2, =

such that S, (¢n) =
||¢UJ||L27 we have

(24) E(¢u) < E@W™).
On the other hand, since P(v*) = AO\E(v?), P(v) < 0 and E(v) >
follows from Lemma 1 that A3 < 1 < As. Moreover, since 93E (v A < 0 for
A € [A3,0), by a Taylor expansion, we have
(2.5) E(w) < E(v) + (A3 — 1)P(v) < E(v) — P(v).
Finally, by (2.4), (2.5) and the third property of Lemma 1, we have
E(4,) < B@™) < E@") < E(v) — P(v)
This completes the proof. O
Now we give the proof of Theorem 2.
Proof of Theorem 2. Let up € XN B, and let u(t) be the solution of (1.1) with

u(0) = up. Then, by Lemma 3, u(t) € B, for all t € [0,T%).
Moreover, by the virial identity (1.8) and Lemma 4, we have

< alzu®)lf: = P(u(t)) < E(u(t) — E(¢w) = B(uo) — E(éw) < 0

for all ¢ € [0,7™), which implies T* < co. This completes the proof. O
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83. Proof of Theorem 1

First, we prove the following lemma.

Lemma 5. Leta>0,b>0,1<p<1+4/N <q<2*—1, and let ¢, € G.
Then there exists wi > 0 such that E(¢y) > 0 for all w € (wy,00).

Proof. Since P(¢,) = 0, we see that E(¢,) > 0 if and only if
(2-a) pi1 _ (B-2)

@ b +1
(3.1) pT||¢w”Lp+l < ﬁ”%”%ﬁv

Moreover, in the same way as the proof of Theorem 2 in [13], we can prove
that "
[ bullfmrs

m ——— =
+1
wmroo Hgbw”%q-&-l

Thus, there exists w; > 0 such that (3.1) holds for all w € (wq, 00). O

Proof of Theorem 1. Let w € (w1, 00). Then, by Lemma 5, E(¢,,) > 0.

For A > 0, we consider the scaling ¢ (z) = AN/2¢,,(\z), and prove that
there exists Ao € (1,00) such that ¢} € B,, for all A € (1, \o).

First, we have [|¢}[|2, = ||¢w|/2, for all A > 0. Next, since P(¢,) = 0 and
E(¢y,) > 0, by Lemma 1 and (2.2), there exists Ay > 1 such that

0< E(¢}) < E(d), P()) <0
for all A € (1, \4). Finally, since P(¢,) = 0, we have

(p — Daa 1 (g—1)bp 1
aAKw(d)ZE)‘,\:l = _pT”(bw”i—;+l - ﬁ”%”%ﬁﬂ <0.

Since K, (¢,) = 0, there exists A\g € (1,)4) such that K,(¢}) < 0 for all
A€ (1, )\0).

Therefore, ¢}, € B, for all A € (1, ). Moreover, since ¢}, € X for A > 0,
it follows from Theorem 2 that for any A € (1, \g), the solution u(¢) of (1.1)
with u(0) = ¢} blows up in finite time.

Finally, since /1\1_}ml 62 — po|| g1 = 0, the proof is completed. O
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