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Abstract. We study the large time asymptotics of solutions to the Cauchy
problem for the modified Korteweg-de Vries equation

O — 203u=0,(u®), t >0, z €R,
uw(0,z) =uo (z), z € R.

We develop the factorization technique to obtain the large time asymptotics of
solutions in the neighborhood of the self-similar solution in the case of nonzero
total mass initial data. Our result is an improvement of the previous work [18].
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8§1. Introduction

We study the large time asymptotics of solutions to the Cauchy problem for
the modified Korteweg-de Vries (KdV) equation

(1.1) atu—%ﬁi’u:@x (US), t>0, x€R,
u(0,2) =up (z), z€R

with nonzero total mass initial data [ uo (z) dz # 0.

Cauchy problem (1.1) was intensively studied by many authors. The exis-
tence and uniqueness of solutions to (1.1) were proved in [10], [12], [19], [20],
[21], [22], [25], [27], [30], [33] and the smoothing properties of solutions were
studied in [3], [5], [6], [19], [20], [21], [22], [30]. The blow-up effect for a special
class of slowly decaying solutions of the Cauchy problem (1.1) was found in

[2].
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The large time asymptotics of solutions to the generalized Korteweg-de
Vries equation u; — tgzs = Oy lulP~'u was studied in [4], [16], [21], [23],
[24], [26], [28], [29], [31], [32] for different values of p in the super critical
region p > 3. For the special cases of the KdV equation itself u; — %uxm =
Oy (uQ) and of the modified KdV equation (1.1), the Cauchy problem was
solved by the Inverse Scattering Transform (IST) method and thus the large
time asymptotic behavior of solutions was studied (see [1], [7]). Thus the
solutions of the modified KdV equation (1.1) decay with the same speed as in
the corresponding linear case, i.e. ||u (t)||p e < Ct™3 as t — oo (see [7]). The
IST method depends essentially on the nonlinearity in the equation. It is not
applicable if we slightly change the nonlinear term. So it is very important
to develop alternative methods for studying the large time asymptotics of
solutions to the Cauchy problem (1.1).

In [17] we obtained the large time asymptotics of solutions to (1.1) in the
case of small real-valued initial data ug € H"! with zero total mass assumption
fR uo(z)dz = 0. More precisely we have the asymptotics

u(t,x) = \/%t_%ReAi (:ct_%> w (mt_l) exp (—3i7r ‘W (l‘t_l) ‘2 log t)
(1.2) +0 (t—%—k)

for large time ¢, where 0 < \ < 2—11, W € L* is uniquely defined by the data
u, is such that W (0) = 0, and Ai (z) = L [ =58 ¢ is the Airy function.

7
It is known by [8], that the following asymptotics for Airy function
7r

2
Ai(n) =C \nl_i exp <—3i |77|% + i4> +0 (|77|_7/4) asn = 2t = 00

is valid. Airy function oscillates rapidly and decays slowly as z — oo, When
x — —o0, Ai(n) decays exponentially as

3 3
Ai(n)=Clygte 5 10 <|77|7/4 €§|n2> as = ot~ 3 — —o0.

Therefore, the first term of the right-hand side of (1.2) decays in time like 2
since W (0) = 0 and the estimate

u(t,z)] < Ct™s Ai(n)W(nt‘g)\
= ot i) (W (nF) =W (0)]
1
< oty 3T <o

is true.
In the previous work [18] we showed global existence of small solution:
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Proposition 1.1. Assume hat the initial data uo € HY are real - valued
functions with sufficiently small norm ||uo|lg1a = €. Then there exists a
unique global solution v € C ([0,00); H"') of the Cauchy problem for (1.1)
such that L

()35 ()l < Ce

for allt € R, where 4 < 8 < 0.

To state the result on the asymptotics of solutions, we denote by v, (¢t,z) =
3 fm (xt_%) the self-similar solution of (1.1). Note that if the function f,, (1)

satisfies the second Peinleve equation f” = nf,, + 3f3, then v, obeys (1.1).
The next result from [18] says the asymptotic stability of solutions in the
neighborhood of the self-similar solution.

Proposition 1.2. Letu € C ([0, 00) ; HYY) be the solution of (1.1) constructed
in Proposition 1.1 and \/% [ fm (z)dz = \/% J uo (z)dz. Then for any ug €
H1, there exist unique functions H; and Bj € L™ (B; are real-valued),

| = 1,2, such that the following asymptotic formula is valid for large time
>1

u(t,x) = t_%fm (xt_%)
+V/27mt 73 ReAi (a:t*%> (Hl (zt71) exp (iBl (xtil) log | z| t*%)
+H> (a:t_l) exp (iBg (l‘t_l) log |x| t_%>>

~1/4
(1.3) +0 <6t47_152 (1 + |xyt—%> > :

where v € (0, %)

Since Hj in the second term of the right-hand side of (1.3) are not neces-
sarily zero at the origin, and asymptotic property of solutions to the second
Peinleve equation is not stated explicitly in [18], therefore it is not determined
which one is the leading term f,, (n) or Ai(n) from the previous work. Below,
we prove that the leading term of f,, (n) as n = 2t™3 — oo is similar to the
leading term of Ai (n) for n > 0. Thus the previous work says that the main
term consists of the first and the second terms of the right-hand side of (1.3).

We note that the large time behavior of solution to (1.1) was also studied
in [9], [11] and their methods involve the estimates for the multi-linear oscilla-
tory integrals, which make proofs very complicated. In the present paper we
develop the factorization technique for (1.1) to obtain the sharp time decay
estimate of solutions and make an improvement of the previous result from
[18]. We evaluate the nonlinear term by various factorization formulas for the
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solution of Airy equation which involves one dimensional oscillatory integral
only. Therefore our proof is simpler than [9], [11].

To state our results precisely we introduce Notation and Function Spaces.
We denote the Lebesgue space by LP = {¢ € S';||¢||1,» < 0o}, where the norm

1
¢, = ([l (2)["dz)? for 1 < p < oo and [[¢llpe = sup,er [¢ ()] for
p = oo. The weighted Sobolev space is

Hy* = { €8 [9lgge = ()" (i0:) 6] < o0},

ks € Ry1 < p < o0, () = V1422 (i0;) = /1 —92. We also use the

notations H** = Hg’s, H* = H*? shortly, if it does not cause any confusion.

Let C(I; B) be the space of continuous functions from an interval I to a Banach

space B. Different positive constants might be denoted by the same letter C.
We are now in a position to state our first result.

Theorem 1.3. Assume that the initial data ug € H* N H%! s > % are real-
valued with a sufficiently small norm ||uo||gsqpor < €. Then there exists a
unique global solution Fe 5%y e C ([O, 00); LN Ho’l) of the Cauchy prob-
lem (1.1). Furthermore the estimate

sup (H]—"e*%agu (t)H

t>0 Lee

1

+(1)7s

ze 3%y (t)’

3(-3)
LU e, ) < ce
1s true, where p > 4.
In order to state the stability of global solutions in the neighborhood of the
self-similar solution vy, (t,x) = t=3 fm (:vt_%), we prove

Theorem 1.4. Assume that m is sufficiently small real number and

1
m:m/Rfm(az)dx;éO

Then there exists a unique real-valued solution of the Cauchy problem (1.1) in
the form vy, (t,x) = t_%fm (xt_%> , such that

it

Fe 5%y, € C([1,00);L%), me” %0, € C([1,00);L2).

Furthermore the estimate

it 53

sup( Fe 3%up, (t)H
t>1 L
1 _itgs l(lfl)
78 |ze 5 vm(t)‘L2+t3 ) Jvm )llge ) < CJml

s true, where p > 4.
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Theorem 1.5. Suppose that

1 1
\/%/Rfm(m)dx:m/fiuo(x)da::m#&

Let u (t,x) and vy, (t,z) be the solutions constructed in Theorem 1.3 and The-
orem 1.4, respectively. Then there exists a v > 0 such that the asymptotics

(1.4) lw (t, ) — v ()| < Cet™2 ™

forx >0 and

3

(1.5) fu (t,2) = v (£, )] < Cet ™57 (a5)

for x < 0 are true for large t > 1. Also the sharp time decay estimate of
solutions s valid, namely there exist positive constants C1,Co such that

_1(1-1 _1
Cret 5(-3) < lu()|lge < Coet #(1-3)
ford < q < 0.
Remark. It is expected that the asymptotic behavior of solutions to (1.1)
is similar to the sum of a self-similar solution and the Airy function (see
[1], [7]). Therefore the asymptotic behavior of solutions presented in (1.5) is
not necessarily sharp in the domam x < 0, since the Airy function decays
exponentially with respect to |z|t~ 3 for z < 0.
We now introduce the factorization formula for the case of the modified

KdV equation (1.1). We define the free evolution group U (t) = F~'EF,
where the multiplication factor E (¢,£) = e~ 5 Then we find

—1 1 wc{ff
U F L= F 1By = r/ b (€) d

L o [T e e 2| (alale—Le?)
=Dl /_of 6 (€)dé = DiB ﬁ/_m )6 () de,

1
where Dy = |t| "2 ¢ (azt_l) and we introduce the operator

(B9) (x) = ¢ (w]al2).
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We define the cut off function yx (¢) € C? (R) such that x (¢) = 0 for £ < —

1
3
x (&) =1for &> %, and such that x (§) + x (=§) = 1. Then we write

Ut Flo = DB% 110 (€) y (607 de
DB \'ﬁ S (6) x (~ea ) de
DB % M1 (¢) x (607 de
+DiB \‘ﬂ Mg (—g) x () de
for x > 0. Also we have
Ut)F o= DtB\'j; - e M (€) de

for z < 0. Since u = U (t) F 14 is a real-valued function, we have ¢ (—¢) =

o (§), hence

1t]2 6 (x)
Nl
1t]2 6 (2)

7 itate- ) -1
el I G (@) (Go) de
= DB (MV¢+ MVo)

0 (2)U (1) F'p = DB / TR g () (ea ) de

+D:B

with 6 (z) = 0 for z <0, and 0 (x) = 1 for x > 0, where the multiplication
factor M (t,x) = e %t , the phase function S (z,&) = %m?’ — 226+ %53, and
the operator

t]2 6 (x)

Ve ="

/ T S@O g (6) y (€0 de.

Also we have
Ut)F Lo =DiBWo
for x < 0, where the operator

PO -0@) [ useee
wo = /_of 6 (€) de,
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and the phase function Sy (z,&) = 22¢ + %53. If we define the new dependent
variable = FU (—t) u, then we obtain the factorization representation

(1.6) u(t) =U (1) F'3 = DB (MVG + MVG) + DBWS

We will prove below that first summand of the right-hand side of (1.6) is the
main term of the large time asymptotics, namely, solutions decay in time faster
in the negative region z < 0 comparing with the positive region = > 0.

We also need the representation for the inverse evolution group FU (—t)

FU(-t)¢ = EFp= \/127/_00 56 =ict g (1)

N |=

t|t|_ & at(1e3_p _
1
2t |t|75 &0 ‘t(lg?)_ | ‘5) —1~N—1
= e"\35 TN BTID ¢ (x) |x| dae
\/271' /oo t
otz [
el d B S (x, ) rr—1n—1
Noral e MB™'D; ¢ (x) xzdx
1
2t|t|7§ 0 7 T — —
Nors —ooetSO( BID g (2) |2| da
1.7 = QMB'D;'¢+RB Do,
t t

where D; '¢ = |t|% ¢ (xt), (B~'¢) (z) = ¢ (x |z|) and the operators

and

1
ot 2 [0
Rop = — | 2|7r2 - et50@8 ¢ (1) zdx.

Since FU (—t) L = FU(—t), with L = 9, — %8;’, applying the operator
FU (—t) to equation (1.1) we get

0P = OFU (—t)u=FU (~t) Lu= FU (1) 0 (u*) = 3FU (—t) (u*uy) .
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Then by (1.6) we find the following factorization property
P = 3FU (—t) (vPuy) = 3QMB™'D;* (vuy) + 3RBD; ! (u?uy)
— 3QMB D! (DtB (MV@ n J\W@) ) ’ (ths (ng@ + W))
+3RB7ID; L (D,BWE)? (D:BWitD)
— 3 'QMB! <B (Mva n W) ) ’ <B (ng@ + W))
+3t'RBH(BWE)? (BWicD)
— 3t'oM (MV@ n JW@) ’ (ng@ + Wz’{@)
+3tTIR (WE)? (Wikp)
and similarly we have another representation
D = iFU (—t) (uv*) =i€QMB'D; ! (u?) + iERBD; ! (u?)
= ¢t loM (MV@ + JW@) L ISR (WE)?
which will be used in the domain 0 < ¢ < #~3. Note that
M (MVe+MVE) = Mg +3(ve) (V9)

30 (V) (vTa) e (vTa) ’

and for o # —1
1
20t 72 [ it<72(1+°‘)x3—z25+153)
Q)M = e ’ 3° )¢ (x) xdx
V2rm  Jo
2t|t|*% a(24a) itez OO 2.3_,2_ €& 1( & \3
— ; erm? 88 / e’bt(lm)(gz —2? e t3(os) >¢(m) rdx
V aT 0
a(24a)

— B 0D, Q(t(1+a)) 6.

Thus we obtain the equation for the new dependent variable ¢ (¢, &)

0P (t,€) = 3tIETID3Q(3t) (VE)® (ViED)
+3710(1) (2v9) (V3) (viep) + (v)* (Via))
31D, Q (—) ((V@)Q vieg) +2(v3) (V2) (w))
+371 53030 (-30) (VB)” (ViEp)
(1.8) +3tTIR (WE)2 (Wicd) .
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Now we explain how to use equation (1.8) for estimating |$ (¢, £)| uniformly
with respect to . For the real-valued solution u, we have ¢ (¢,&) = ¢ (t, —¢),
hence it is sufficient to consider the case & > 0 only. In Lemma 2.2 below
we state the property that the main term of Q (¢) ¢ lies in the positive region
€ > 0. Therefore the third and fourth terms of the right-hand side of (1.8) are
remainder terms. From Lemma 2.2 and Lemma 2.3, we find that the last term
of the right-hand side of (1.8) is also the remainder. We need to consider the
first and second terms of the right-hand side of (1.8). Due to the oscillating

factor £, we will show that the first term of (1.8) is also the remainder. For
the second term, by Lemma 2.2, we get

310(t) (2009) (VB) view) + (v)* (Viep) )
~ 37 Ay (15¢) € (2(v9) (VB) viep) + (v9)” (Vigg) )

where Ay (z) = &\/(23) [2°eis&a)y (¢271) d¢ for x > 0 with the phase function
T Y3

S (x,&) = %xS’ — 226 + %53 and the cut off function y (2) € C? (R) such that
X(z) =0 for z < 1 and Y(z) = 1 for z > 2. The asymptotics of Ay (z) is
obtained in Lemma 2.1. By Lemma 2.3 we find the main term of right-hand

side of the above is

where A; (z) = ?/(—Qw—) [0 e S@8Y (¢x71) ¢/d¢. Then using the asymptotics of
™3

Aj (z) from Lemma 2.1 we get the main term for the second summand of the
right-hand side of (1.8) which is

3.
SR ()

for {t% > 1. In the domain ft% < 1, the main term for the second summand
of the right-hand side of (1.8) is

3o 1. J o N 2 A
Sitlets (et5) 1P B(©) -

To justify the above procedure, we need the estimates of the derivatives 0V
and O¢) which are considered in the next section.



58 N. HAYASHI AND P.I.NAUMKIN

It is known that the operator J = = + td? = U (t)alU (—t) is a useful
tool for obtaining the L - time decay estimates of solutions and has been
used widely for the studying the asymptotic behavior of solutions to various
nonlinear dispersive equations (see [14], [15], [16]). However, the operator J
does not work well on the nonlinear terms. Then, instead of using the operator
J we apply the following operator P = 0,z + 3t0; in the same way as in [13].
Note that P acts well on the nonlinear terms as the first order differential
operator. Also J and P are related via the identity

o 'P — T =319, 'L
with £ =0; — %8;’
We organize the rest of our paper as follows. In Section 2, we state main
estimates for the decomposition operators related to the Korteweg-de Vries
evolution group Y. We prove a-priori estimates of solutions in Section 3.

Section 4 is devoted to the proof of Theorem 1.3. Finally, we show Theorems
1.4 and 1.5 in Section 5.

82. Preliminaries
2.1. Estimates for two kernels A, and ANa

Define two kernels

—zS —1 «
Aq (2) \/% / % (€01 €vde
and 2 (2)
- _ T 15(5 ) -1\ ¢
A (2) = = / X (€x™1) ende

3
for > 0, where the phase function S (z,
off function Y (z) € C? (R) is such that Y
2> 2,

=3

€) = g 26 + 353 and the cut
(z) =0 fi rz§3andx( z) =1 for
Lemma 2.1. Let o € [0,2). Then the estimate
(@)27 Ao (@) + |(@) 7 Ao (@) < ©
18 true for any x > 0. Moreover the asymptotics takes place
Ao (2) = <=3+ 0 ((2)°77)

and
Ao (@) = V2ia""% + 0 ((@)*77)

as r — —+0o0.
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Proof. For the case of 0 < < 1, changing the contour of integration & = re %

with a small § > 0 we get

[ Ao (2)| < C

1
/ efiS(x,E)% (é-xf].) gadé-

+C

/ e—i5($,£)£Qd£| + C/ C_CT3+CTTadT < C,
Cs 1

where Cg5 = {§ €EC:é=e0<¢p< 6} . In the same manner in the case
of 0 < z < 1, changing the contour of integration & = re?® with a small § > 0
we get

Ao(@)|<cC

1
/ 62’5(&@)5‘(’ (é—x—l) é—adg

+C

o
/ ez‘S(ﬁw)gadg' +C / e O agy < O
Cs 1
For z > 1 we use the identities

e~i@O = [, <(§ ) 6—1’5(:07&))
. . 2 -1
w1thH1:<1—z(§+x)(§—a;)) and
S(&m) — H0 <(§ —z) ei5(6y$)>

~1
with Hy = <1 + 2i€ (£ — ac)2> to integrate by parts to have

A (@) = ——= ; eI (¢ — ) O (I (601 €°) d
and 5 -
Ap (z) = B . &) (¢ — 1) O (HoX (€x71) €2) de.
Hence in view of the estimate
o o Cee
(€= )06 (1% (62 €0) [+ (6 =)0 (1 (&) €0 < 1

for £ > %, we obtain

. 2x d oo 1
|Aa (l‘)| + ’Aa (l‘)‘ S Cl‘aﬂ ]__|_1'(§_x)2 + C ) faigdf S Cﬂjaiﬁ
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for all x > 1. To compute the asymptotics of the functions A, (z) and Aq ()
for large x we apply the stationary phase method (see [8], p. 163). We have
the asymptotics

27
7 |G” (1o)]

3

(2.1) / e f () dy = " f (o) TG0 1 0 (773
R

for r — +o00, where the stationary point 7y is defined by G’ (n9) = 0. We
change £ = xn, then we get

o1 (z) [ _is 3

Ay () = ——> e 3% (2—377+77 )~ *dn.

() Ton /;, X (1) ndn

By virtue of formula (2.1) with r = 223, G(n) = — (2-3n+7%), f(n) =

55(77) 77a» o = 17 we get

Aq (z) = i;: (\/Zeil +0 (g;3>> _ x;; L0 ((@a—%)

for x — +o00. We also have

—~ 22190 (1) [ i 3(98_3,2401) ~ o
Ao (o) = 222 [T oot 05 ) g

then in the same way as above

Aa ) = 2¢% (\/Z o (“"3)> = 2*"3V2i 1 0 (()*77)

as £ — +oo. Lemma 2.1 is proved. O

2.2. Estimates for the operators Q@ and R

In this subsection, we consider the operators

N

ol

V2r

Qo /OO 3@ ¢ (z) wdx
0

for ¢ € R and

1
-3 0
Ro = el ’t2|7r2 /OO it50(:8) g () zdx

for £ # 0, where S (z,§) = %x?) — 26+ %53 and Sp (z,¢) = 22¢ + %53. In the
next lemma we obtain the estimates of the operators Q and R.
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Lemma 2.2. Let a € [O, %]

<t§§>i_a_

<p< % — «. Then the estimates

1—

A (156) €700 (6)) ‘

&) —t

= -
/~ (e}
8}
<

for £ >0,
‘<t§§>i_a_ﬂ Q¢ (5)’ <ot %

for £ <0, and

(1#6)" R (0)] < C ol +C ot

for € #£ 0 are valid for all t > 1.
Proof. We write

1

o=

_a—— (1 2t20 Ooi z,8)~ — a
673 A, (t3§> = \/%6)/5 ettS( ’g)x (a:§ 1):0 dx,
therefore
Q¢ — 17 A, (13€) €76 (¢)
— Qt% > wtS(z,8) (. 1—a _ ¢l-a ~ -1\ ..«
Jor ), € (= 7% (z) =70 (&) X (v€71) 2%dx
22 [P o) -1
s [ 90 @) o (o) e
= L+

for & > 0, where xo (x{fl) =1—-x (a:ffl) . In the first integral I; using the
identity
eitS(ac,{) _ Hgax ((ZB N é—) eitS’(ﬂC,E))

—1
with Hs = (1 + 2itz (x — §)2> we integrate by parts

ho= T [T @ @) - 00 ©) ¥ (o6 e
_ 2t% > itS(z,€) (. 1—« ¢l
X (z—&) 0y (z*Hsx (2€71)) dz
2t>

o SitS(@,8) (z — &) x®HsxY (xffl) Oy ($17a¢ (m)) du.

_\/271' 0
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Then using the estimates

170 (2) — €26 (9)|
< Cle—gff (152) H<t%x>_ﬂ O (2170 (2))

i

L2(R4)

\Hs| < C (1 +tw (z— 5)2)_1

and

}(m — &) 0y (.Z‘OéHg)z (xﬁ_l))} < Cz“ (1 +tz (z — 5)2)_1

for z > %5, we find

IL| < Ct2

<t%x>75 Oy (ml_o‘gb)

=

¢ lttz(z—¢)°

B
/oo x|z — §|% <t%a:>
L*(R+) /3

ot e lii o\ B
+Ct3 /; xl ftj(:'fi ;Z ‘<t§x> "o, (¢'7%¢ (2))| dz
< i) s,
o0 xa|$—§|% <t%m>ﬁ o0 <t%$>25 22 (x — €)* dx
/;)g 1+t:c(x—f)2 o /;,S <1+t$(x—f)2>2
< ors ()™ () To @)
L2(R4)

since changing ats = y we get for ( = §t% >1

1 /1 \B
ooxa\:c—§]5<t§x> . 00 Ll 13 (a8
/ dx:tB;/ vy =),
1 1
3 3

e 1+4tr(z—¢)° ¢ 1+yy-¢)7°

2¢ _ 1 o [e'e)
< Ct—g_;caw/ ly CI?dy2+Ct_3_;/ o5y
e 1+¢y =) 2
[ + -3
< Ot 53 <t%§>a i

dx

N[
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and

e (14tr@-9?) i (L 0?)

_2a_ X w-0’dy
C 5 1C2a+25

t /< (1+cw-07

a 2a+25-32
ot -1 <t%5> v

e (o) @t [t =0

oo

)2 +Ct_23a_1/ y2a+2ﬂ—4dy
2

A

¢

IN

In the second integral I, using the identity e3¢ = H,0, (ve*5(*:9)) with
Hy = (1 + 2ita? (z — 5))71 we integrate by parts

1
2t2 oo
I = N e’ts(x’5)¢(x) X2 (x&fl) xdx
1
262 ™ §5(2,6), 1-a a -1
= — e 8172 (2) 20, (x*Haxz (2€71)) da
V2T
212 o
_m eztS($,§)xl+aH4X2 ($£—1) O, (xl—a(b (l‘)) dor.
0

Then using the estimates ’H4X2 (ac{fl)‘ <C(1+ t§$2)71,

|21 ()] < Caz <t%x>ﬁ H<téx>_5 9, (z19)

L (R4)

and

|20, (2 Hyxo (2671))] < Ca® (1 + tfo)_l
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for 0 < x < %5, we get

2¢ a:aJr% <t%x>ﬁ

1 1 —B -«
Ll s €t (i) "o (+) Lzum/o [T
B
35 x1+a <t%$> 5
1 3 1 l—«a
< Ct% <t%x>_ﬂ8m (:Ul_agb)
L2(Ry)
1/.1\PB 1\ 28 3
2¢ ma+2<t3x> 2¢ p2H2a <t3:1:> dx
X / —————dr + / 5
at+p—% 1\ B8
< Ot 5 (3¢ sz 9, (2t )
(g () 0. ea)

since changing ot = y we get for ( = §t% >1

E
e ati (vix) o1 [36y0F5 ()P
0 1+ téx o 14y

[ 24 3 [ +8—
< Ct—s—éga#@/?’ B <t%5>a =i
0

1+ Cy? —
and
283
2¢ 212 <t%x> dzx t—Q—D‘—l 2¢ y2+2a <y>25d
= 3 _— y
0 (1+ t&a2)? 0 (1+¢y2)°
2
< 075—23“—1420‘“5/3C _ydy ot 51 <t§5>2a+25_§.
a o (1+¢y?)* ~
Next consider
1
2t2 .
Q¢ = \/% ; elts(m”f)qﬁ(a:) xdx

for £ < 0. Using the identity e*5(@¢) = H,0, (ve*S(*9)) with H, which is the
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same as defined in the above, we integrate by parts

Q¢

Hence

Q¢ < Ct
< Ot
L Ot

L o
= \2/% ; @8 ¢ (z) wdx
_ N et () p2—a H d
= ) ¢ () Oy (Haz®) dz
2t3

_\/271' 0

etS@E) potlp g (z'7%¢ (z)) dz

00 a|x1 a¢ a+l‘8 1 o¢¢ )}dl’
/0 1+tx2(:c+|§y -+t / 1+ ta? (z + [€])

o gt d (4
<t%x>_ﬂ&; (z'7% () L2(R+)/0 - <t x> -

1+ t22 (z + [€])

23
<t%:r> x2t2edy

Finally we estimate

1 0
2t2 6it50($7§)¢ (x) zdzr

Ro=="r=]

for £ # 0. Using the identity

eith(x,{) _ Hgam (l,eitSO(x,f))

with Hg = (1 + 2itw2§)71 we integrate by parts

L 9

Ré — _2t2 eitSo(%f)gb(;U)xdm
NoY
L

1
2tz (0,
2 eztSO(l’vf)xH&’L'(bm (3?) de.

V2r )

%x 7 % (x )
<t > % (=% (@) L2(R+) /0 (1 + ta? (2 + [€])*

< cr$ <t%§>a+57

65
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Hence we find

0 24 2
C (I9lam) + lroe e ) (t/ uﬁxﬁgﬁ

Rel <
1\
< () " (Iolem ) + l26elem )
for all £ # 0. Lemma 2.2 is proved. O

2.3. Estimates for the operators V and W

In the next lemma we obtain the estimates for the operators

@) [P e o
vo - 120 /_Ooe 6(6)y (e2) de

for x > 0, and

= 0@) [* aswe
e~ /_ K 6 (€) d,

for 2 < 0. Here the phase functions S (x,§) = %563 — 2+ %53 and Sp (z,§) =
%€ + %53.
Lemma 2.3. Let j =0,1. Then the estimate
3_; .
<xt%>4 ’ <V§]¢(z) _—

for x>0 and

Weo

27

a5 (ath) 6 @) < €8 (H 16001+ Do)

<xt%>3_j WEi (x)

for x <0 are valid for all t > 1.

< 04 (14 16 (0)]+ el

Remark. By Lemma 2.1 and Lemma 2.3 we have the following estimate for
x>0

)
oty (o) 1o
+Ot84 <xté>_‘l‘ (1o )1+ 75 1ocll2)

17 _1
Ot (16l +% dele)

IN

~
JoNTS,

|
Wi

IN

for j =0, 1.
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Proof. Since

1_J tée T > —itS(x,6) - j
6734 (ath) = J;?)/_Ooe S@OT (a7t e,

we can write

= = | 009~ s @)X (e g
A e 5@ (€) xo (€2 Ede = I+ 14

V2T ) o

for > 0, where x» (fa:_l) =X (53;‘1) -X (§x_1) . We integrate by parts via
the identity
e~itS@8) = o, <(§ ) 6—it$’(a:,§)>

with Hy = (1 -t (6~ 2) (€ +2)) to get

L= \jﬂ eI (€2 O (FHX (671)) (6(9) — 6 (2) €
B \jﬂ e (6 ) Hs X (607) 0 (€)d

Using the estimates

-1

s < C(1+t(E—2) (+))

and

o Hsx (§x71 c¢
(€ — ) O (€ H5X (¢ ))\§1+t(5_$)2(§+$)

for & > %:):, we obtain

[ 6 (&) — ¢ (x)] & dE [ € — x| ¢ (§)| &7 dE
sl = ¢t /ﬂg 1+t(§fx)2(§+x)+0t / 1+t(§fx)2(f+az)

3

8

€ — |2 gldg
1+t(&—12)° (£ +)

N 2%
+C || #¢ 1,2 (tl (1 f(g ))f(ﬁdg >>2)
5 Tre -2 e

1 oo
< Ot} |dellys /
3

N
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Changing y = 2t3 and (= §t% we get

L Je—alrgde g [* ¢ yl?
t/g 1+t(6—2)* (£ +a) ' /3 1+ (C—y)*(C+y)

8
i~

) 2y T . oo s ) )
< oty [ o [t < o gy
% )

g 1+y(C—vy) 2(y
and

00 _ )2 e%yg 2 [ — )22

[ (€=’ g s Coyf e
f 1+t € +a) § (1w )
_2 ;[ (C—y)de _2 [0 9j4

Ct 3 2 Ct 3 7% d

< Ct <y>L 5+ Ct /2<y>\<\ ¢

f (1+y(C-v?)
< O (y¥e.

[ NI

Thus we have ,
. 1 j_,
I < Ct4 (ath) el

for all z > 0, t > 1. To estimate

1y

_ \Z—W e~ S@E) 4 (£ x (éa™ ) e

for x > 0, we integrate by parts via the identity

¢S — Fy0 (fe—itS(x,§)>

with Hg = (1 —it€ (52 — 1‘2))_1 to get

I = _j% eSO epe (& Hyxo (€271)) 6 (€) dE
_\;;Tr [ e~tS@O L oy (€271) e (€) de.

Using the estimates |Hg| < C (1 +¢[¢| 552)_1 and

C¢l
1+ t&x?

€06 (& Hoxz (€27))| <
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for [¢] < 2z, we obtain

<

<

) %z id 1 %z — 0)| &7
|]4,§Ct2|¢(0)|/0 1it§m2+0t2/0 !¢(£1)+t¢2;2)\£

L 57 1E [ge (9] . i gide
rork [TELE S <o) [T 15

; b choag (i erag
+0t ol (/0 mw(/o mta)))

-3

. -3 .
Clo )] t5a'™ (ath)" "+ C ol s thadt (ath)

P <xt;>j‘3 (t% 6 (0)] + chd\m)

for all x > 0, where v € (O, %) .

Finally we estimate

Weig = Jt% T 0w (6) el de

for x < 0. We integrate by parts via the identity

e—itSo(m,f) — H78€ (fe—itS()(aC,f)>

with Hy = (1 — it€ (22 + 52))_1 to get

W§J¢ — \;;?(b (0) /_ e—itSo(x,é)fag (ng7) d¢
_\j;? 3 e—itSo(J:,g) (¢ (5) _ d) (0)) gaf (ng7) dé_
_\;;771- . e*itso(x,g)H,?é‘j‘i’léé (f) dé.

Using the estimates |H7| < C (1 +¢t[¢] (2% + 52))71 and

€0 ()| < Clelf (1+te] (22 + %)) 7",

dg

69
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we obtain

| O N
‘ijﬁb‘ <Clg(0)|t /_OO 1+t[¢] (22 + €2)

1 [ |f’j+% dg
+C' || pelly 22 /Oo L+ t[g] (22 +£€2)

(e geas N
+C el t </_OO (1+tle] (22 +€2)° )

Changing y = 215 and ¢= §t% we find

cors.

% = |£|]d§ . %_ OOL é—% j;%
t/_oo1+t|£|(x2+§2)—t /01+<(y2+cz)§0t ()

O N A Sy AL S GV
! /_ool+t£|(x2+£2)_t /0 1+C(y2+c2)§Ct )
and
> 172 dg Ly [ (E2C 3 gia
t =173 <Ot 3 (y)7 7.
lmﬂ+ﬂﬂ@“£%f A (1+C2+¢))° W

Thus we get

weig| < ot (a3 7 (1 10 (0) + 1 ele)

for all x <0, ¢t > 0. Lemma 2.3 is proved.

2.4. Estimates for derivatives 9,V and 9,V

In the next lemma we estimate the derivative 0,V¢.

Lemma 2.4. Let 0 < a < %, % <a+p< %, 7 =0,1. Then the estimate

<:L't% >75 I, VE ¢

< CtF (1o(0)] + 175 [1gelly )

L2(Ry)

18 true for all t > 1, provided that the right-hand side is finite.
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Proof. We have 9,e~5(@:¢) = _%356—#5(27,5)' Thus we get

2at3 [ o—itS(,6) X (=7 &

WY = T LS
_7; N efitS(I,g)wl ($7£)¢(§) df
_%;";; : e~ HS@E) (2, €) & (€) dE = T+ Ty + T

for x > 0, where

(03 (.TU,(S) = (:B,f) 92 (‘fx_l) s P2 (x7§) = ('%35) (1 - )? (&U—l))

and
IR S S x(¢27h) ¢
U(@,€) =G8N (ET) 0
Then we have
-3 12
<xt%> e
L2(R+)
0 —28 . % R F 3
= C’t/o <a:t%> a:42°‘2]da:/ cit(3a° a6+ 3?) XAST )& (§$+:c)€ e (€)dE
00 ) . -1\ J
—it( 223 —2 1 X \nx Ui
x/ e t(2a3 2n+3n3)(n+x)¢n (n)dn

— c/ d§eg€3¢§(§)/ dne™ 5" gy (n) K; (t,€,1),

where

oo —1\ ¢j —1\ i 5
A _ —ita2(¢—n) X (575 ) & x (775” ) Ui N8 4 oq_9j
K;(t,&n) t/o e f e Nt <xt3> x dzx.

Changing y = 2% we get

K (t,&,1)

1 . 1 .
0o X (fy‘i) & x (ny‘i) ’ 2 ,
Ct/ e 1 1 <y%t%> ﬁy%wﬂdy-
0 2 2
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We can rotate the contour of integration y = re *s%9™&=7) then
1K (t,€,m)|

o €7 fnf? r3e=d (raes) " ar
Ct/ e~ CtlE—nlr - -
0 (% +1¢l) (7% + In])

20 [ % 1
Ct3/ e~ Clenltsr 1y =8 3 —agy
0

et (je—nltd)™" (e med) .

Then by the Young inequality we obtain
’ <:ct% >_B P

2a
< Ot [|oellpe

IN

IA

IN

2

L*(Ry)

[ (1e=a1e))"™ 7 (e t3) oyl an
(1e168)™ 7 ()| < o poetis

ifa+ 6 — % > —1and o — % < —1. To estimate the integral

L2

2a
< Ot ||gelg

S 2;2% _Z IS@E Y (2,€)  (€) de

for x > 0 as in the proof of Lemma 2.3 we use the identity
e~ itS(x,€) H;0; <(§ — ) e—itS(x,§)>

~1
with Hs = (1 — it (& — x)2 &+ x)) and integrate by parts to find

D= Do) [ e ()0 (v (. €) e

+7§ Z e H5@E) (¢ — 2) (6 (€) — ¢ (0)) e (Hstpn (w,€)) dE
orts [

+ fﬂ . e—ztS(x,§) (§ _ :E) Hs (ZU,{) ¢€ (5) d.

Using the estimates

_ Clg—=|&™?
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j—2
C ¢ 5
1+1(§— )" (E+ )
1
for £ > 5 and [¢ (§) — ¢ (0)] < C[¢]2 [[¢e ||z we get

. .1 2z j_2d 00 j_Qd

. 2 g RSALLS
2-j,1 5 75
FOTE el </ I+te(e—a) /zx 1+ t§3>

3

, < g2ge \2
eeitlods ([ 55

< Ot [g(0)] (2t ) 7+ C bl

(€ — 2) O (Hs¢1 (2,€))| <

Therefore
-8 )
<:ct%> =iy
L2(Ry)
_B_l -B
< cobjoo |(ath) |t el (ot Tae
L (R4) L3(Ry)

< Ct5 16 (0)] + Ct577 ||ge] o

ifﬁ+a>%and0§a<%.
To estimate

th%
\V2m )

for > 0, as in the proof of Lemma 2.3 we integrate by parts via the identity

o itS(@€) _ He0¢ <§€7it5(x’£)>

Jy (x) = — e~ 5@y (2,€) ¢ (€) dE

with Hg = (1 —it€ (¢ — xz))_l to get

Jy (z) = —ijqb (0) /_ Z e @O e (Hotpo (,€)) dE
2wtz

I [ (9€) — 6.(0) €0 (Hoti (,)
Qwts

- / eHS@OE Hyy (i, €) ¢ (€) dE.
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Using the estimates |Hg| < C (1 +¢|¢| 332)_1 and

CaI=?
€0 (Hovz (2,6)| < T e
for -5 <¢< ?x we obtain
-7 1 2?:8 d 1 %c — 0
21 JJa<x>\szC%2\¢<o>y/'z:1+;;2-Fcu2 gﬁb$Qthi§>ld§

L [T e (9)
+Ct a:/ T+ tte 5dé < Ct2 |6 (0 |/9§1+t&02

1

. T ognde T e ’
+Ct2 || de |l / 1+ t&x2 + (/w (1+t§$2)2>

z
3

wlg

< (o) (B 16O+ o)

for all x > 0. Hence

-8 )
‘ <xt%> zl=ei g,

L3(R+)
< C (1516 0)| + el <$t%>iﬁ7§$_a L2(R.)
< ot (|¢( +t7s H¢£HL2> :

Lemma 2.4 is proved.
In the next lemma we estimate the derivative 9, W.

Lemma 2.5. Let 0 < a < %, % <a+ < %, j =0,1. Then the estimate

1s true for all t > 1, provided that the right-hand side is finite.

<xt%>_ﬁ [T 9, Wel ¢

< Ct5 (16 O] + 75 19¢ly2)

L2(R_)

Proof. Applying the identity dye"50(@€) = xgiiz 856_“50(“3’5) we get

L [e'e) +1
2xt2 o—itSo(@.€) 51

V2r ) +2
e 0@ g (2,€) ¢ (§)de =T+ T

aocW§j¢ = - ¢§ (g) d§

2:1;t%

Vo
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for x <0, where 3 (z,€) = 85%. Then

-8 112
’ <xt%> ' T

L2(R-)
= o [ () [T o) ST Gt
X itz ier) W
X/ooe ( n+3ﬁ)x2+n2¢n(n)dn

- 0/_ dee5€ Ge (€) / dne=5"" ¢, (n) K; (t,6,7),

where

— o Jj+1 J+1 —28 )
K;(t,&§mn) =t eite?(€=n) 3 o <$t3> I
j( 577) / l’2+£2$2+772 | |

— 00

Changing y = 2 we get

= R J+l i+l _9 '
Ry 6m) =0t [ ewison S () i
0 y+ &2y +n?

We rotate the contour of integration y = re’s%9(€=) to get

B tem| <ot [ ece
Foem|<cr [~ GRS ICEe
< Ct?/ e_clf_”lt%’”(r)_ﬁr%_o‘dr
0
200 1 atp-32 1\ B
< o (g-nles) T (E-me)

Then by the Young inequality we obtain
’ <:mf% >_5 gl ]|

20
Cts ||¢£”L2

2

L2(R-)

[ (=)™ (=) oy ool i

GO

ifa+p3— % > —1and o — % < —1. To estimate the integral

IN

L2

2c0—1
3

2a 2 2
Cts [ delly [ ¢¢llf.2

IN

<Ct
L1

ot
~ 2
J=_2

A | s o) de

75
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for x < 0, as in the proof of Lemma 2.3 we integrate by parts using the
identity

e~itS0(@E) = [0, <§€—it50(x7€)>

with Hy = (1 —it€ (2% + 52))_1 to get

0 (0) /_ ¢~ £y (i Hr) de

+E 3 o~ iS0(x.€) (6(€) — & (0)) €0 (b3 Hy) de

v | eSOy o (6) e

Using the estimates

C j+1 B
vatir] < S (14 01l (02 + )
and i
C _
60 ()] < 5 B (1] (22 +€2)
we obtain

‘xl—jj‘ = Ct3 |6 (0)] /_Z 1 thlildlS

(2 +&2)
1 %0 ¢|7 de
O ol /oo 1 +t|£!| @+ &)

: N e >§
+Ct2 ||l .2 (/_Oo (1+tlg] (a2 +€2)°)

Changing y = 2t3 and (= §t% we have
o g 1 /°° d¢ 1, .3
= 16 — > @ < (ts 2
[ i, e st

o JgEde e dl o
/_m1+tfl<x2+£2)_/o 1+<(y2+<2>§0<y>

[N

t

1
t2

and

°° €% dg * ¢2d¢ i
— O -3
75/—oo (1+t[¢] (22 +€2)° /0 iy =W
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Thus we get

L2(R_)

)1+ 1elga) [ (xt8) ™ ot

Ct (16 O + 75 1dellyz ) -

IN
Q
—
P

<

L2(R-)

IN

Lemma 2.5 is proved. O

2.5. Estimate for the nonlinearity

In the next lemma we estimate the large time behavior of FU (—t) 9 (u?) .
_1
Define the norm [[9llyy = 6l + ¢ delps

Lemma 2.6. The asymptotics

FU(-1) 0, (u¥) = V3 <t%§ e <t, 5)

2it 5
+i2ij§€t3 <t%§>_1 @ (&) @ (1)

—1-y
+0 <t‘1£t§ (et%) IIwH%v>
is true for allt > 1 and & > 0, where @ (t) = FU (—t)u(t), v is small.

Proof. In view of the factorization property (1.8), we have for the case of
1
E>t3

FU (—t) 0y (u?)

= 3t7'ET9D5Q (3t) (VR)? (ViED)
w31 (1) (2009) (V8) (vep) - (va)* (Vep))
+Ri1+ Ry + Rg,

where
mo= o0 ((V8) wigs) + 2009 (V) (ViEg) ).

s N2
Ry = 37'ETID5Q(-31) (VB) (Vigp),
Ry = 3t7'R(WV@)’ (Witp).
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To estimate Ry and Ry we apply Lemma 2.2 with a =0, 5 € (%, %) to get
1.\i8
9/

= Ottt

L>(R4)

L (R_)

<t%a:>_6_1 Oy (xVi€P)

(the)
= ct|(1e) T a(-ne
(tha)

IA
Q
7

L>(R4) L2(Ry)

1

<t%x>_5 Viep

L>R+)

<
(tt) " on (=79)

L>(R4)

L2(R.)

Then
e

1,1 1 ~2
Ct13 ||l

L>(R4)

’<t?l:x>ﬁ 0, (aVied)

IN

L%(R4)

v ot gty () o (+77)
]<t;x>“

—~ 1 e~
v ot gl (o) ovics

L2(R4)

IN

1,1 1 ~3
Ot || 3l

L*(R4)

L2(R4)

_ ~ 1 -8 o= _ P
v oo Ity [ (He) 0 vE| <oty

L2(Ry)
since by Remark 2.3 we have
1\ 5] . 1
(t52)" 7 |velg| < Cth 4 ||glw

and by Lemma 2.4 we find

<xt% >_B 20, VE ¢

<Clollw -

L2(R4)
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Similarly

<Ot 3l -
L>R+)

<t§§>i_ﬂ Ro

Consider the estimate for Rs3. Using Lemma 2.2 we obtain

H<t%5>ZR3 — ! <té£>3R(W@2 (Wicp)

L>(Ry)

< ot overP i), o+ OE IOVE) WigR) x0 Wl

07 = ove)? (2 wied)|

L>R+)

2(Ro)
Then by Lemma 2.3

weo] < or-bek (a1} ) ol

and by Lemma 2.5 with a =0 and § € (%, %)

—B . .
‘<xté> eI, WE < Cllglw -
L2(R_)
Hence
1 % 1,L 1 ~3 1 %
(i36)" ro < O 11y | (ot
Lo(Ry) L2(R_)
-2
+Ot @Ry |[(2t7) 20w
L2(R_)
1~ 1\ 2 R 1~
ror Ity () “awien|  <crtian,.
L2(R_)

Next we calculate the asymptotics of
I = 3t L E79D30 (3t) (V@) (VieD)

and

-0 (200 (57) v - 052 (75).
By Lemma 2.2 with a =0, 8 € (% %) we find

Q)¢ =

Uﬁ\»—t
/'\
w\»—A

(R-)

79
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Hence

L= 3T ETIDy (300 Ao ((36)° €) € (VR) (VigD)

+0 (t_l <t§§>ﬂ_i

1\ B

(tiz) "o, (¢ (v3)* (viep))

LZ(R+)>
and

I = 3764 (156) € (2009) (VB) (vew) - (va)* (Vep))

(et o ort,L)

The remainder can be estimated as follows

(t52) "0, (2 (v3) (viep))

L?(R4)

< o|(i2) " wpy iep)
L2(Ry)
B
+C <t3m> (V@) (ViEp) x0, Ve
L2(R4)
1 - ~ 2 N
+C <t3x> (Vo) z0,Viép
L3(R4)
1.3 1 _5_% —~12 1 -8 o~
< Ot gl [ (tie) +ClBIR || (tz) 208
L2(Ry) L2 (R4)
~12 1 -8 PN ~113
+C 3l || (ta)  uvies < C Il
L2(Ry)

Next by Lemma 2.3

vero=ttia; (21}) o)+ 0 (174 fol <xt§>j_i>

and so we get
3

(VQDZ(Lﬁfa)::téAg<$t§)x41($t§>¢§(m)ﬁ—6)<téH¢H%V<xté>_4)
2(v3) (V3) (vep) - (vo)* (Véa

and
?)
— 2T A (q:ts> Ay (mt3>A1 ( %> =k

—ﬁ@ﬂﬂg)m( NW U+0waw@w>%-

~

o (x
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By Lemma 2.1
A (&t7) = \/12 (ai)é o (<€t§>;> |
Ao (art) = vai (1) "0 <<§t;>—;> |
hence
I LAl ORUIGRCOIMERY
and

3, ~2 ~ -1 1 B_% ~13
I=ilgP g+0 (7 (156) " gl ) -

Consider the case of 0 < £ < =5 In view of the factorization property we
have

FU (1) 0y (u?)
= g B0 (31) (VR) +3igt o (1) (V) (V) )
+R; + Ry + Rs,

where
R, = &t 'D_1Q(—t) ((1}@)2(1/@)),

Ry = i€t \E5D_3Q(—3t) (17@)2 (vTB) :
Ry = it '"R(WP)* (WP).

As above we get

FU(-1) 0, (v¥) = V3 <t%§>_1 e 78 (t, g)
£

e (tlgté (e3) u@u%v) !

where v > 0 is small. Lemma 2.6 is proved. O
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83. A priori estimates

Local existence and uniqueness of solutions to the Cauchy problem (1.1) was
shown in [22] and [20] when ug € H®, s > 2 and the estimate of solutions

such that fOT ||Ozu (t)||ioo dt < C for some time T was also shown in these
papers. By using the local existence result, we have (for the result U (—t) u €
C ([0,7];nH"), see the estimate of Ju (t) in Lemma 3.2 below).

Theorem 3.1. Assume that the initial data vy € H* N HY, s > %. Then

there exists a unique local solution u of the Cauchy problem (1.1) such that
U(-t)ue C([0,T];H* NnH™).

We can take T > 1 if the data are small in H* N H”! and we may assume
that

(3.1) IFU(=t) u(Dlgee + [|Tw (D2 + lu (Dl <e,

where p > 4. To get the desired results, we prove a priori estimates of solutions
uniformly in time. Define the following norm

lullx, = sup <HFU<—t>u<t>||Loo L T ) + 65075 |ru<t>||Lp> :

where J = x —t02 =U (t) 2U (—t) .

Lemma 3.2. Assume that (3.1) holds. Then there exists an e such that the
estimate
lullx, < Ce

is true for oll T > 1.

Proof. By continuity of the norm [[ul|x, with respect to T, arguing by the
contradiction we can find the first time 7" > 0 such that [Julx, = Ce. Define
as above ¢ (t) = FU (—t) u (t), then applying estimate of Lemma 2.3 we find
for x >0

\@{u (t, ) \
— \ths (ngj@+m)\

IN
gé\
W=
|
Wl
8
[
7
o=
\/
<
|
[N]]

IN
Q
7
[
|
Wl
T
8
[
i
ol
~_
<
|
ol
TN
©
=
3
_l’_
=
|
ol
2
F
)
N—
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and for z <0

}%u(t,x)‘ = ’DtBWifj@‘
. 1 j,Q R R
< CF R (alelTeR ) T (180)] + 47 (1Bl )
1 1o_1\J3
(3.3) < Cets 3<\x|2t 6> .
Hence
. ji—z
‘8%u(t,x)‘<05<|w|5t_%> zt_%_%,
lu (t,z) Opu (t,x)| < Ce?t™?
and
34l <0 ul, [(shed) | <caniC)
P

for p > 4. Consider a-priori estimates of || Ju (t)|| 2. Using the identity
Oy Y Pu— Ju = 3td; ' Lu
with J =2 +t0%, L =0, — %82, P = Opx + 3t0:, we get
1T ullpz < C |05 Pullya + Ct [} < C |07 Pul|y, + Ce¥tt.

We apply the operator 9, 1P to equation (1.1). In view of the commutators
[L,P] =3L, [P,0;] = —0,, we get

LI Pu=09; (P+3)Lu=0"(P+3)0, (v*) =(P+2) (u?).
Then by the energy method we obtain
di |0 Pul)?, = 2/ (07 "Pu) (P +2) (u*) d
t R

= 6/ u? (9, 'Pu) Pudx + 4/ (v?) 9, ' Pudx
R R

—6/ Uy, (8;173u)2d:):+4/ (u?) 0y " Pudz
R R

C lJutell g (|05 Pullys + lullgs [0 Pull»
< CH|0 Pl e + C26 |07 Pul|

IN

from which it follows
d

—Ce? [t~ 1dt || 9—1 3,—3 —ce? [leat
pr 1 H(’?x PuHL2 < Ce’t se 1 .
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Then integrating we get

165 Pullye < 1|05 Pu(1)]| e
OBl [t /t s G Ce [{ T dr 4
1
< 67 Pu (1) 19 + CEYS.
Since
107 Pu (D)2 < 17w (Dlge + Cllu(D)is < e+ Ce
we have 1
105 1 Pul| . < et + C3ts.
Therefore

1 Tullpz < C |05 Pull g + Ctullis < C¥t5

for all ¢t € [1,T]. Finally we need the estimate for ||$||;« . By equation (1.8)
for p = FU (—t) u (t), using Lemma 2.6 we get

—~ _2
23 =0 (73113l )
for 0 < € < ¢35 and

\/§ 8it ¢3 & 31
hp = e TP (2 )+ PO E(E
1D 5 ¢ 2P <,3>+2tl<ﬁ(,£)| o (t,6)

1\ =7, <
+0 <t‘1 (&%) H«pll%’v>
for £ > ¢=5. For the case of 0 < &< 73 we can integrate

t
BEOI< 1|+ IRl [ tiar<erCetied <e v Ce
1

For the case of £ > =5 choosing

. At d
W (t,€) =exp <3; /5_3 (¢, 9 TT)

5, (5 (1.) W (1,6))
_ VB pes (15) wwe o (2 () 7).

21t

we get
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Integrating in time , we obtain

|2 (£,6) ¥ (¢, 6]

o b Sires dr
< g3y +o é?36 w3 <T»§>‘I’(T,§)T

Lo / ; O

Integrating by parts we get

| ()]
t .y
/_ e w0, (7'1@3 <7’, g) v (T, §)> dr

< Ce4Ce3
C3 C
+C’53/ <Ce+ —e34+Ce® < Ce
1

Zl—f—% - §3t

for £ > 0. Since the solution w is real, we have ¢ (t,&) = ¢ (t,—&) . Therefore
| FU (=) u ()|l < Ce. Thus we obtain |lul|x . < Ce. Lemma 3.2 is proved.
[

Also we consider the estimates for the difference of two solutions u; with
the same mass. Define

1_ _
i1 = wally, = sup (37l — wale +77 17 (00 = )l
tell,

T]
with a small v > 0.

Lemma 3.3. Suppose that Hu]HXT < Ce, j = 1,2, where ¢ is sufficiently
small. Let o1 (t,0) = @2 (t,0) for j =1,2,t > 1, where p; (t,&) = FU (—t) u;.

Let us = f%f xf%) be a self-similar solution. Then the estimate
Jur = uzlly, < Ce
18 true for all T > 1.

Proof. By the continuity of the norm [lu1 — uz|y,. with respect to T', arguing
by the contradiction we can find the first time 7" > 0 such that [lu; — usly,. =
Ce. We let W = @1 — @2,y = uy — us. Applying estimate of Lemma 2.3 we
find for x > 0

y (t, )] = ‘DtB (MV@er)‘

3|~ 11
w(t,x2t 2)’

IN

C%
Wl
=~

8

(NI

7
=
\/
|
[N}
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and for z <0
ly(t,z)| = [DBW
(3.6)

IN

_3
Ct3 (o2 478) |10l < CHF Ol

since

1
’@ <|xy%f%>‘ <C ’m%f% > 10| -

Thus we need to estimate the norm [|Jy||y2. From equation (1.1) we get for
the difference y

LO7'Py = (P+2) (uf —uj).
Hence by the energy method
d | 2
2 oz Pyl
= 6/ 97 ' Py (uiPur — uiPus) dz +4/ ;' Py (uf — u3) da.
R R
Next we get
6 / 9, Py ((uiPur — uPus)) da
R
= 6/ uto, ' PyPydx + 6/ (u% - u%) Pusd;, " Pydx
R R
= 6/ UTUL (8;17311)2 dx + 6/ (u% — u%) PuQﬁm_led:U
R R

< Cllururell |05 Pyl[
+C H@;lpyHLa H (“% - U%) 7DWHL? .

Note that X ) ) 1
Puy = Oyt 3 f <:Ut_§> + 3ot f <:L"t_§> =0

for the case of self-similar solution uy = =5 f (af;t—%). Hence
d || 2
Lo 1py 2,
37 < Cluully |95 Pylge + C |07 Pyl [luf — . -

By (3.2) and (3.3) we have for x > 0

1 1
(et

N[

lu(t,z)| < Cet™s
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1 1 2 1

To estimate Hu:f — u%HLQ we use the above estimates to get

3 3
et = w2l
2 11 % 2 1 1\ —1
< CZ <]a:|2t75> uj <]$|2t75> Y
j=1 Lo L2
-1
(3.8) < 23 <\a:|%f%> yll .
L2

In view of Lemma 2.3

L1\~ 1\T5 _1
|x|2 ¢ 6 Yy < Ct7 s ||(|z|2t7 s W (t,x2t 2
[ttt (elfed) Za(nate )|
_1
+ot73 | (ef2 ¢78) | (9l
Since w (0) = 0, we get
1o 1\"3 Lo
<|x|2t 6> w(t,amt 2)
L2(0,00)
1 1 -3 1 1 1 1 2
< CH<|$[2 t_€> S22t 2 (0eW) (t,@:ﬁt_§>
L2(0,00)
00 -3 2
= C <x%t*%> xtil)(agﬁ) (t,@w%t*%)‘ dx
0
1\ 8 _ .
< o (wth) 1) (t.0y) tydy < C |0cb]

0

and by a direct calculation

H<\x|5t—é> e Cts </ (y)~3 dy> e
[{latt 8y

N =

7
4

=

Hence

_1 ~
< COt73 ||0eW]| 2 -
L2

Therefore by (3.8)

|uf — ud|| . < CE*71 |0 . < CEPIHT
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and by (3.7)
% 107 ' Pyl| . < CPH

which implies
10 Py||. < CE*.

Then
1Tyl < |07 Pyl| s + Ct || — ul|| . < O30,

Lemma 3.3 is proved. ]

84. Proof of Theorem 1.3

By Lemma 3.2 we see that a priori estimate [|ufx, < Ce is true for all T >
0. Therefore the global existence of solutions of the Cauchy problem (1.1)
satisfying the estimate

lullx,, < Ce

follows by a standard continuation argument by the local existence Theorem
3.1.

§5. Proofs of Theorems 1.4 and 1.5
5.1. Proof of Theorem 1.4

In this section we prove the existence of a unique self-similar solution
Um (£,2) =173 f (xt*%> — D, <t%fm <xt%)>

of equation (1.1), which is uniquely determined by the total mass condition
m = \/% Jg vm (t,z) dz # 0. Define the operators

_0@) [T iaswe -1
'm¢—%h/;e 6(€) v (ex7Y) dt

for x > 0, and

(1—9(93))/00 —iauSo (x.€)

Wod = iaSo(z, d

o= Bt [™ sy 6y ag

for 2 < 0. Here the phase functions S (x,§) = %333 — 22+ %53 and Sy (x,¢) =
%€ + %53. Also let

Qup = \/2277 /ooo e 5@ g (2) vz
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for £ € R and
R = —\/22? / OOO 100 @8) g (1) xd.
Then by the factorization formula (1.6)
Um (t,2) = 3 fn (xt—%) - D, (t%fm (mt%))
— DB (MV@?L + m) + DBWG,
where ¢, (t,€) = FU (—t) v, (t) . Hence

f (w3) = 4738 (MY + MV + 175 BWan,

89

Then for the self-similar form ¢, (t,€) = ¢m (), n = ft%, we get with y =

x|x]_%t%
BMV,
1 _1
120 (2lel ™) oo g

= 631

V2m
o0 3 _1 _1
% / e*ltS<x‘$| 2.t §>¢m (77) Y (nt—% ‘x|% x—l) dé-

—00

i .
15 0(y) 2,

Nors /_ e 5w () x (ny™t) dn

and similarly

BMWs,, — 10— 0W) Q}zf D [ esatun g, () dn.

Hence

Im (wt%) = 2Re623iy3?/<£) /_00 e_is(y’n)qu (n) x (779_1) dn

2
A=0@) [ _isown)
+2Re Nor /0 e W () dn.

Using the relation 8;&y, (t,€) = $t7'n¢}, (1) we get from equation (1.8)

1 _8 .
S0 () = inEy "D3Qs Vidm)” +inQi (Vidm)* Vidm

_8
+inD-19Q-1 (Vidm)  Vidm + inE; *D-30_3 (Vidm)’

+inR1 (Wigm)? .
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Therefore

G () = 3iE; D3y (Viom)® +3iQ1 (Vidm)> Vidm
+3iD_19_ (V1¢m)2 Viom + SiEl_%D_;J,Q_g (V1¢)m)3
(5.1) +3iR1 Widm)® = F (¢m) -

Note that F (¢, (1)) is not in L2. Hence we need the approximate equation.
Denote Or (n) = 1 for [n| < R and ©g (n) = 0 for |n| > R. And define the
approximate equation

s
Grr(n) = 3iE| °D3Q30p V1Orom.r)"
+3iQ10r (ViORrOm.R)’ VIOROm.R
+3iD_1Q_10R (V19R¢m,R)2 ViOROm.Rr

_8 -
+3iE, °D_3Q_30pg (V1®R¢m,3)3
(5.2) +3iR108 W1Okdm.R)* = Fr ($m.r (1))

Let us consider the linearized equation

R
e (1) =+ [ Fie (o, () i
0
where v, r is a given function satisfying

me,R

1z = [¥m.Rllge + [Vl < 31ml.

We have

if |m| < CR? which implies the existence of solutions to (5.2). Let us show a
priori estimate
[6m,&llz < 3|m]|

uniformly in R. Applying Lemma 2.5 with t = 1 we get equation

\/§ 8i,3

Gnn () = 5o T )7 Ordmn)’ (3)

% )" 1O RrGm,r (1)]> ORSm,k (1)

(53) +0 (0r ()77 1Orbmrl)

+

Integrating in 7, we obtain

(54) ||¢/T”,RHL2(R+) < CHQSWL,RH%
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To exclude the second term of the right-hand side of (5.3) we change ¢ (n) =
$m (1) ¥ () with

W) =en (= [ 007 1Ot () Ot (1) ).

Hence we get

v = L e B ©ninn’ (1) ¥ )
+0 (O ()" 7))
Integrating we get
o) = mr 32 [ ©uom () o)

+0 (/0 ()1 ’YH%andn)

The first integral can be estimated by integrating by parts. Hence
(5.5) [6m, Rl m,) < 1¥llpe@m,) < Iml+C ém.rll5
By (5.4) and (5.5) we get
1m.Rllpeo ) + [0mrllL2 g,y < Iml+C 6m, Rl
Since the solution vy, is real, we have ¢, (1) = ¢ (—1). Therefore
”@bm,RHLoo(R,) + HﬁbIm,RHm(R,) <|m|+C H¢m,R||%

Thus we obtain

[6m,Rllz <

from which we find that there exists m such that ||¢n, rll, < 3|m|. We take
the limit R — oo. Then there exists a unique solution ¢, of (5.1) in Z. By
the definition of ¢, (), we obtain

— 1 1 —~
Haf(pmH]_ﬂ =16 HQZ);nHLz <C |m| te, ||80m||Loo <3 |m| .

In the same way as in the proof of (3.4) we have the L? estimate of vy, stated
in the theorem for p > 4.
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5.2. Proof of Theorem 1.3

Now we turn to the proof of asymptotic formula (1.4) for the solutions u of
the Cauchy problem (1.1). Let vy, (¢,x) be the self-similar solution with the
total mass condition m = \/% Jg o (x) dz = \/% Jgr vm (t,z)dz # 0. Note
that [[vm[|x_ < Ce by Theorem 1.4 and [Jul|x_ < Ce by Theorem 1.3. Also
m = @ (t,0) = 0y, (¢,0) for t > 1.Then by Lemma 3.3 we find for z > 0

w(t,z) = vy (t,z) + O <st*%ﬂ>

and for z <0

]

u(t, ) = vm (t,2) + O <st—§+7 <mt—%>

)

Thus asymptotics (1.4) and (1.5) follow. By Theorem 1.3 and Theorem 1.4,
we have the estimates L
lu ()]l < Cet ™35

and

1
_1 _1\|P p 1,1
lom Ol =1 s(/\fm (at5)] d:c) =755 | fllg

for 4 < p < co. Hence by Lemma 3.3

C [t () = vm (8) 1 [l (£) — v (D)2,
< cartD)AC
= Cet‘(é‘”)(l‘@‘%(l‘

for ¢ > p, which implies the lower bound of time decay of solutions

IN

[l (8) = vm ()| La

V

uOllge > lom Ollgs — ()~ v (Ol
30D g, - 0o G0 0=8)-30-3),

v

Theorem 1.5 is proved.
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