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Abstract. Let G be a graph and f : V(G) — {1,2,3,...,p + q} be
an injection. For each edge uv, the induced edge labeling f* is defined as

f(uww) = L/f(u)f(v)—‘ . Then f is called a super geometric mean labeling if
FV( @) U{f (w);w € E(G)} = {1,2,3,...,p+ ¢}. A graph that admits a
super geometric mean labeling is called a super geometric mean graph. In this
paper, we discuss the super geometric meanness of union of any paths, union of
any cycles of order > 5, the graph P,, ® S, for m < 3, square graph, total graph,
the H-graph, the graph G ® S1 and G ® S2 for any H-graph G, subdivision of
K1,3 and some chain graphs.
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8§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple
graph. Let G(V, E) be a graph with p vertices and ¢ edges. For notations and
terminology, we follow [5]. For a detailed survey on graph labeling, we refer
to [4].

A path on n vertices is denoted by P, and a cycle on n vertices is denoted
by C,. A star graph S, is the complete bipartite graph Ky ,. G ® S, is the
graph obtained from G by attaching m pendant vertices to each vertex of G.
A square of a graph G, denoted by G?, has the vertex set as in G and two
vertices are adjacent in G? if they are at a distance either 1 or 2 apart in G.
The total graph T'(G) of graph G is the graph whose vertex set is V(G)UE(G)
and two vertices are adjacent if and only if either they are adjacent vertices
of G or adjacent edges of GG or one is a vertex of G and the other one is an
edge incident on it. The H-graph is obtained from two paths wi,us, ..., u,
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98 A. DURAI BASKAR AND S.AROCKIARAJ

and vy, v9, ..., v, of equal length by joining an edge Unt1VUntt when n is odd
and Unt2Un when n is even. A subdivision of a graph G denoted by S(G),
is a graph obtamed from G by a sequence of elementary subdivisions forming
edges into paths through new vertices of degree 2.

Barrientos [1] defines a chain graph as one with blocks By, Be, Bs, ..., By,
such that for every ¢, B; and B;1 have a common vertex in such a way that the
block cut point graph is a path. The chain graph CA}'(pl, k1,02, ko ... kn—1,Pn)
is obtained from n cycles of length p1,p2,ps,...,pp and (n — 1) paths on
k1, ko, ks, ..., kn_1 vertices respectively by identifying a cycle and a path at
a vertex alternatively as follows. If the i** cycle is of odd length, then its

th
(’)‘2—+3> vertex is identified with a pendant vertex of the i** path and if the

th
h cycle is of even length, then its (#) vertex is identified with a pendant

vertex of the 7" path while the other pendant vertex of the i*" path is identified
with the first vertex of the (i + 1) cycle. The chain graph G*(py1,pa, ..., pn)
is obtained from n cycles of length pi,ps,...,p, by identifying consecutive

cycles at a vertex as follows. If the it cycle is of odd length, then its (piQ—JrB)th
vertex is identified with the first vertex of (i + 1) cycle and if the i** cycle
is of even length, then its (Z”'Tﬂ)th vertex is identified with the first vertex of
(i + 1) cycle.

If every edge of the path P, is replaced by a triangle Cs, then the resulting
graph is called a triangular snake T;,. The graph Tadpoles T'(n, k) is obtained
by identifying a vertex of the cycle C,, to an end vertex of the path Pyy.

The geometric mean labeling was introduced in [2] and the geometric mean-
ness property for some standard graphs was studied in [3].

The concept of super mean labeling was first introduced by R. Ponraj and
D. Ramya and studied the super mean labeling of some standard graphs [6].
In [7, 8, 9], R. Vasuki et al. discussed the super mean labeling of the H-graph,
corona of the H-graph and some special classes of graphs.

Motivated by the works on super mean labeling, we introduced a new type
of labeling called super geometric mean labeling.

The geometric mean of any two numbers need not be an integer. To assign
the edge label as an integer based on the geometric mean, we may use either
flooring function or ceiling function. In this paper, we consider the ceiling
function of our discussion.

A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p+ q} be
an injection. For a vertex labeling f, the induced edge labeling f* is defined
as f*(uv) = L/ w Then f is called a super geometric mean labeling

if f(V(Q@)U{f*(w);uv € E(G)} ={1,2,3,...,p+ q}. A graph that admits
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a super geometric mean labeling is called a super geometric mean graph.
The graph shown in Figure 1 is a super geometric mean graph.

Figure 1.

In this paper, we have established the super geometric meanness of union
of any paths, union of any cycles of order > 5, the graph P, ® S,, for m < 3,
square graph, total graph, the H-graph, the graph G®S; and G®.Ss for any H-
graph G, subdivision of K1 3 and the chain graphs @(P1, k1,02, ko ... kn—1,Pn)
and G*(p1,p2, ... ,Pn)-

82. Main Results

Theorem 2.1. Union of any path P, is a super geometric mean graph, for
n>2.

Proof. Let the graph G be the union of k paths. Let {U](-i); 1 <j <p;} be the
vertices of the it path P, with p; > 2 and 1 <14 < k.

k
We define f: V(G) — {1,2,3, cey Y 2p — k‘} as follows:
i=1

f <v§1>> =2j—1,for 1 <j<p; and

f (v](i)) —f <v§ﬁj})) $2j—1,for2<i<kand1<j<p.
The induced edge labeling is as follows:

* (vj(.l)vﬁl) —9j, for 1 <j <p —1and

£ (U(i)v(z‘) ) —f (vﬁf)) +2j, for2<i<kand1<j<p;—1.

J it
Hence, f is a super geometric mean labeling of G. Thus the graph G is a
super geometric mean graph. [

A super geometric mean labeling of Ps U P35 U Py is shown in Figure 2.

2 4 6 8 11 13 16 18 20
o ———o o

1 3 5 7 9 10 12 14 15 17 19 21

Figure 2.
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Corollary 2.2. Every path P,,n > 1 is a super geometric mean graph.

Theorem 2.3. Union of any cycles C,, is a super geometric mean graph, for
n > 5.

Proof. Let the graph G be union of k cycles. Let {Uj(.i); 1 < j < p;} be the
vertices of the it? cycle Cp, withp; >5and 1 <i <k.

k
We define f: V(G) — {1, 2,3,...,> 2pz} as follows:
i=1
When p; is odd,

1 j=1
45 — 4 2<j<|B
1 . .
f(v](-)>: 45 —5 i=|%]+1
45 — 6 j=|5]+2
dpr+5—-4j  |B]+3<j<p.
The induced edge labeling is as follows:
45 —2 1<j< |8
o, (1))_ 45 —3 i=18]+1
/ (v] Ut) T 45-8 j=[2]+2
App+3—-4j |B|+3<j<pi—1and
P () =3
When p; is even,
1 7=1
fof) =3 45 -4 2<j<|B]+1
dp1 +5—4j B +2<j<m

The induced edge labeling is as follows:
e (U(;)U(;) ) _ 42 1<j<|B
! dpy +3—4j |B ] +1<j<p—1and

«( (1) @
7 (ofVof) =3.
Case (i) For 2 <i <k, p; is odd and p;_; is odd.

F(e?) =3 (vf;;)IJH) +4j -5 2<j<|B)+1
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The induced edge labeling is as follows:

(i-1) _
f(vp2_1J+2>—|—2 j=1
s, @) () ) _ (i-1) , ’
f (vj %) —!f <vtpi2lj+2) +45-3 2<j< |41
f(v(Lf;1)1J+2> +dpi+4—4j |2 +2<j<p —1and
2

7 (vu!) = 7 (o J+2> +4.

2
Case (ii) For 2 <i <k, p; is odd and p;_1 is even.

7 (oP0v2) =< (JLT{JH) +4j -3 2<j<|B]+1

f
f* (vy)vz(,?) =f <U(Lipi21)1J+1> + 4.

Case (iii) For 2 <i <k, p; is even and p;_1 is odd.

(i-1) _
(o) +1 7=t
f (U(fpz;)qu) +45 -5 2<j<|%]
(@) — (i-1) 47 — 4 i — | Pi 1
f’Uj fULi;1J+2 +4 J L2J+
f (v(fj.ﬂj”) +45 —11 j=|B]+2
2
f(v(tiil)lj+2>+4pz+6—4j & +3<j<pi
2




102 A. DURAI BASKAR AND S.AROCKIARAJ

The induced edge labeling is as follows:

£ ),0) +2
f <v(i’”;)lJ+2> +4j-3
P () =4 (o)) + -2
f <v(f521)lj+2> +4j -5
(v(i;:)l J+2> +4p; + 4 — 4j

/
f* (v%l)vz(fz)> =f <v(fpll)1 +2> + 4.

)
R —

( )+ j=1
i—1) . . pi
f(v =y +1>+4y 5 2<j< |5
@Y\ i—1) . _ ps
7 (o) = f(v =t +1>+4;—4 j= %] +1
i—1) . — | Pi
f(v =y +1>+4; 11 i=5]+2
f(v >+4pz+6 45 B +3<j<p
The induced edge labehng is as follows:
f vl +2 j=1

i= %]
i=15]+1
L%J+2<]<pz—1and
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Hence, f is a super geometric mean labeling of G. Thus the graph G is a
super geometric mean graph. O

A super geometric mean labeling of CgU Cg U C5 U C is shown in Figure 3.

: . 40 o
2 —e.__. 3 14 e 16 - —o- 42
1 13 307 29 2 39
18 41 44
6 4 5 7 17 15 0 31 43 16
34 \
¢35 0t %10 2243 | $45 489
{ !
21 . . 6 47
23 25 38, 49 4o
10 12 11 28 52 °
— 8 26 "5y ?7‘ 51 @

Figure 3.

Corollary 2.4. Any cycle C,, is a super geometric mean graph, for n > 3.
Proof. By Theorem 2.3, the result holds for n > 5. O

The Super geometric mean labeling of Cs and C4 are shown in Figure 4.

OV

Figure 4.

Theorem 2.5. The graph P,, ©® Sy, is a super geometric mean graph, forn > 1
and m < 3.
Proof. Let uq,us9,...,u, be the vertices of the path P, and UY), vgi), ey U%)
be the pendant vertices at each vertex u; of the path P,, for 1 <i <n.
Case (i) m = 1.

We define f: V(P, ® S1) — {1,2,3,...,4n — 1} as follows:

flu;)) =4i—1, for 1 <i<n and

(i)) . 1 1=1

f<”1 { 4i—4  2<i<n.

The induced edge labeling is as follows:
[flujuipr) =4i+ 1, for 1 <i<n-—1and
f* (vgl)uz) =4i—2,for1 <i<n.
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Case (ii) m = 2.
We define f: V(P, ® S2) — {1,2,3,...,6n — 1} as follows:
f(u;) =6i—3, for 1 <i<nmn,
f(vgi)) =6¢—5, for 1 <¢<n and
f(u§“> —6i—1,for 1 <i<n.
The induced edge labeling is as follows:
[ (uuipr) =61, for 1 <i<mn-—1,
f*(vy)ul) =6i—4, for 1 <i<nand
fr (véz)ul) =6i—2,for1 <i<n.
Case (iii) m = 3.
We define f: V(P, ® S3) — {1,2,3,...,8n — 1} as follows:
fu;) =8 —3, for 1 <i<mn,

i 1 1=1

f@@):{ 8i—-8 2<i<n

F@) =8i—6, for 1 <i<nand

f(vz(;)> =8 —1,for1 <i<n.

The induced edge labeling is as follows:

f(ujuipr) =8i+ 1, for 1 <i<n-—1,

f*(vgi)ui) =8i—5, for 1 <i<n,

f*(véi)ul) =8i—4, for 1 <i<nand

f* (vé)uz> =8 —2,forl <i<n.

Hence, f is a super mean geometric mean labeling of P, ® S,,. Thus the
graph P, ® S, is a super geometric mean graph, for n > 1 and m < 3. O

The Super geometric mean labeling of Py ® S1, P5s ©® Sy and Py ® S3 are
shown in Figure 5.

3 5 7 9 11 3315 17 19 21 18 21
2{ 6{ 10{ 1{ /\ /\ 7/\ /\ /\\
1 4 8 12 11 93 17 19 23 25

/NMM\

15 16 18 23 24 26 31

Figure 5.

Theorem 2.6. Pﬁ is a super geometric mean graph, for n > 3.
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Proof. Let vi,vs,...,v, be the vertices of the path P,.
We define f : V(P2) — {1,2,3,...,3n — 3} as follows:

f(vl)zlv
f(v-):{3i_3 3<i<n-—1and7is odd

¢ 3i—2 2<i<n-—1andiiseven and
f(vy) =3n—3.

The induced edge labeling is as follows:
ff(viviz1) =3i—1,for 1 <i<n-—1and
3 1<i<n-—2and¢7isodd
t+1 2<i<n-—2andiis even.
Hence, f is a super geometric mean labeling of P2. Thus the graph P2 is
a super geometric mean graph, for n > 3. O

[ (vivige) =

A super geometric mean labeling of P72 is shown in Figure 6.

9 15
2 5 8 11 14 17
¢ ¥ v >
1 4 6 10 12 16 18
13
7
Figure 6.

Theorem 2.7. The total graph T(P,) is a super geometric mean graph, for
n > 2.

Proof. Let V(P,) = {v1,v2,...,v,} and E(P,) = {e; = vjvit1;1 <i<n—1}
be the vertex set and edge set of the path P,. Then
V(T(P,)) = {vi,v2,...,vpn,€1,€2,...,6,_1} and
E(T(Pn)) = {vi,viﬂ,eivi,eiviﬂ; 1<i1<n— 1} U {€i6i+1; 1<i1<n— 2}.
We define f: V(T(P,)) — {1,2,3,...,6n — 6} as follows:

1 1=1
f(vi>:{6i—6 2<i<nand
flei)) =6i—2, forl<i<n-—1.

The induced edge labeling is as follows:
f*(viviH) =61 — 3, for 1 < ) <n-— 1,
fHlejv;)) =6i—4, for 1 <i<n-—1,
f*(evip1) =6i—1,for 1 <i<mn-—1and
S

e
“(ejeip1) =61+ 1, for 1 <i<n—2.
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Hence, f is a super geometric mean labeling of T'(P,). Thus the graph
T(P,) is a super geometric mean graph, for n > 2. O

A super geometric mean labeling of T'(FPs) is shown in Figure 7.

! 3 6 9 12 15 18 21 24 97 30
5 8 14 20 23 26
\/\/\ 1 g
v ¥
19
4 7 10 13 16 22 25 28

Figure 7.

Theorem 2.8. Any H— graph G is a super geometric mean graph.

Proof. Let uy,us,...,u, and v1,vs,..., v, be the vertices on the paths of equal
length in G.
Case (i) n is odd.
We define f: V(G) — {1,2,3,...,4n — 1} as follows:
flu;))=2i—1, for 1 <i<n and
L[ 2m-3+4i 1<i< || +1
f(m_{ 6n+2—4i |2]+2<i<n
5 <i<n.
The induced edge labeling is as follows:
[ (ujuipr) =24, for 1 < i <n—1, f*(uv;) = 2n, for i = L%J +1 and
. 2n — 1+ 44 1<i< |2
f(”i”"“):{b‘nzu ng+1tg2£§n1.
Case (ii) n is even.
We define f: V(G) — {1,2,3,...,4n — 1} as follows:
flu;))=2i—1,for 1 <i<n,
f(v‘>:{2n—|—4z’ 1<i<|%| -1
! 6n —1— 4i 2] <i<n-—1and
f(vp) = 2n.
The induced edge labeling is as follows:
[ (ujuipr) =24, for 1 <i<n—1, f*(ujp1v;) =2n+ 1, for i = L%J ,
. m+244i  1<i<|2|-—1
! (UiviJrl)_{ 6n —3 — 41 L%J giLSQJl—Qand
[ (op—1v,) =2n+ 2.
Hence, f is a super geometric mean labeling of G. Thus the graph the
H—graph G is a super geometric mean graph. ]

The super geometric mean labeling of G; and G are shown in Figure 8.
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1 20
2 22
3 24
4 26
5 28
30
6
7 31
17
8 29
L 11
13
2 Ga: 9 27
3 15 10 25
4 17
11 23
10
Gy : 5 19
12 21
6 18
X 13 19
7 16
14
. 4 18
9 12 15 16
Figure 8.

Theorem 2.9. For a H—graph G, G ® 51 is a super geometric mean graph.

Proof. Let ui,uo,...,u, and vi,ve,...,v, be the vertices of G. Then
V(G®S1) =V(G)U{uj,uy, ... u,} U{v],vh, ... 0} and
E(G® S1) = E(G) U{uu},viv},;1 <i<n}.

Case (i) n = 0(mod 4).

We define f: V(G ©® S1) —{1,2,3,...,8n — 1} as follows:

. . , 1 i=1
f(ui):élz—l,forlgzgn,f(ui):{42._4 9<i<n,
N n+2+80 1§i<L%J—1andiisodd

J(vi) = { 4n + 8i 2<i<|2] —2andiis even,

dn + 2 i
f(,UTH*le') - { 4n — 9+ 8 2
4dn + 8¢ 1<
N =
J(w) _{ In+248 2<i
4dn
/ —
JWn1=) =\ gn 12 4 8 <i< |3 +1
The induced edge labeling is as follows:
[ (uiuip1) =4i+1, for 1 <i<n—1, f*(uu) =4i -2, for 1 <i <n,
[ (uig1v;) = 4n+3, fori = L%J , [H(vivig1) = 4n+548i, for 1 <i < L%J -1,
f*(anrlfifUnfi) =4n — 5+ 827 for 2 <i< L%J ; f*(vnvnfl) =4dn + 5a
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frow)) =4n+1+8i, for 1 <i<|%| -1,

S*(Vpg1-iv)y 1) = 4n—10+8i, for 2 <i < | 2| +1 and f*(vnv),) = 4n+1.
Case (ii) n = 1(mod 4).

We define f: V(G ®S1) —{1,2,3,...,8n — 1} as follows:

flu))=4i—1,for 1 <i<mn, f(u) = {1 i1=1

49 —4 2 <1< n,
F(or) = {4n—4+8i 1<i<|%2]—1andiisodd
! 4n — 2 + 8i 2gi<[gJ ndz'iseven,
f(ony1—3) =4n—5+8i for 1 <i
(o)) = {4n—2+8i 1<i<|
4dn — 4 + 83 2§i§L and 7 is even and
fWh_;)=4n—8+8i, for 1 <i< |2 +1.
The induced edge labeling is as follows:

witip1) =4i+ 1, for 1 <i <n—1, f*(wu;) =4i—2, for 1 <i <n,

~

*

f(

fH(uvy) = dn+1, for i = [ %] +1, f*(vvip1) = An+1+48i, for 1 <i < [Z],
[ (vpt1—ivn—i) =4n — 14 8i, for 1 <i < L%J ,

f*(viv )—4n73+8i for1<i<|%| and

[ (vnp1— z”n+1 ;) =4n—64+8i, for1<i< [%J + 1.
Case (iii) n = 2(mod 4).

We define f: V(G ©® S1) — {1,2,3,...,8n — 1} as follows:
f(uz)—4ll_1f0r1<z<n f( ) {1 Z:l

47 — 4 2 <1i<n,
L[ An+8i 1<i<|[%]—2andiisodd
f(vl)_{4n+2+8i 2 <i<|[2] —1andiis even,
4n + 2 1

i =
f(”““—i)_{ dn— 948  2<i

<[z)+1L
fh) = dn+2+4+8  1<i<|%]-2andiisodd
V) 4n 4+ 8i 2§i§L%J—1andiisevenand
in i1=1
/ —
f(”n+1i)_{4n—12+8z‘ 2<i< |2 +1

The induced edge labeling is as follows:
[ (uiuipr) =4i+1, for 1 <i<n-—1, f*(uu) =4i —2, for 1 <i <n,
fH(wip1vi) = An+3, fori = | 2], f*(vvis1) = dn+5+8i,for 1 <i < [2]|-1,
[*(Ung1—ivn—i) =4n — 5+ 8i, for 2 <i < L%J y [*(vpvp—1) = 4n + 5,
f*(viv )—4n+1+8z for1<i<|2|-1,
J*(Ung1—ivl 1) = 4n—10+48i, for 2 < i < | 2| +1 and f*(v,v},) = 4n+1.
Case (iv) n = 3(mod 4).

We define f: V(G ® S1) —{1,2,3,...,8n — 1} as follows:

1 1=1
=4 — <1<
flu))=4i—1,for 1 <i<n, f(u) = {4Z 4 9<i<n,
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F(vi) {4n—2+8i 1§z’<L Jandiisodd
! An—4+8i 2<i<|[Z]—1andiis even,
(Ung1-i) =4n —5+8i for 1 <i<|%]+1,
(v):{4n—4+8i 1§i<L Jandiisodd

4n—2+48  2<i<|%|—1andiiseven and
Jh ;) =4n—8+8i, for1<i<|%|+1.
The induced edge labeling is as follows:
[ (uiuipr) =4i+ 1, for 1 <i<n-—1, f*(uu) =4i — 2, for 1 <i <n,
f*(uiv) = 4n+1, fori = | 2] +1, f* (UzUz+1) =4n+1+48i,for1 <i< |%],
[ (vp41—ivn—i) =4n —1+48i, for 1 <i < LgJ,
f* (v
f(

- =

*(vv]) =4n — 3+ 8i, for 1 <i < | %] and
Uny1-iUy ;) =4n —6+8i, for 1 <i < L J + 1.

Hence, f is a super geometric mean labeling of G ® S1. Thus the graph
the graph G ® S is a super geometric mean graph. O

*

The Super geometric mean labeling of G; ® S7 and G2 ® S7 are shown in
Figure 9.

9 33

1] &—— 93 34— 32
5 37
6 41
Le— 87 40 &——— @ 42
2 33
1e——9?3 3280 34 9 45
49
5 37 g —10 ¢ 50 € ®48
6 41 P .
L e———9 7 42— 40 13 53
54
9 45 g e—14 15 29 55 .52
10 46
8 &—911 179 ® 44 17 51
27
13 43 18 46
38 16 &——» 19 47 p———e 44
14
12 &— e 39— —*36
21 43
17 35 29 38
18 30 20 &e———9 23 39— 36
16 e——p19 31 @ — 28
25 35
21 29
22 25 26 30
20— 4953 26 ¢&———e oy 24 e—— & 27 31 &——e 28
Figure 9.
G1 O S1 G2 ® Sy

Theorem 2.10. For a H—graph G, G ® Ss is a super geometric mean graph.

Proof. Let uy,ug,...u, and vi,vy,...,v, be the vertices of G. Let V(G) to-
gether with w},ub, ... ul, uf ul, ... ul v}, v).. .,vn,vl’,vé’,...,v;{ form the
vertex set of G ® Sy and E(G) together with {w;u;, u;u!, v;v}, viv);1 <i < n}
form the edge set of G ® Ss.

Case (i) n is odd.

We define f: V(G ® S2) — {1,2,3,...,12n — 1} as follows:
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(uj) =6i — 3, for 1 <i <n, f(u
(u) =6i—1, for 1 <i<mn, f(v;
(Ung1—i) = 6n — 7+ 124, for 1 <4
(/
(

NN

<

v}) = 6n —10+12i, for 1 <7 < 2] +
i <
L

o s s

1) = 6n —11+12i for 1 <

, 6n —2+12: 1< < J
(vi) = B N

12n -5 z—bJ—i—land

flog _;) =6n—3+12i, for1<z<t
The induced edge labeling is as follows:
¥ (uinip1) = 66, for 1 <i <n—1, f*(wu}) = 6i —4, for 1 <i <n,
f*(Uz //)_61—2 for1 <i<mn, f* (%%)—6” for 7 — L%J"’l,
[*(vivig1) = 6n 4 124, f0r1<z<t J
[ (Ung1—in—i) =6n —1+12i, for 1 <i < L%J
f(
fr(viv

v

~

*(viv)) = f(v)) +2, for 1 <i <n and
. f/)—2, forl<i<nandi# |%|+1
ViV )_ 7
fh+2, i=|%+1
Case (ii) n is even.
We define f: V(G ® S2) — {1,2,3,...,12n — 1} as follows:
flu;)) =6i—3,for 1 <i<mn, f(u) =60 =5, for 1 <i<n,

(
f)=6i—1,for 1 <i<n, fv;) =6n+12 for 1 <i < |%] -1,
e ) 6n + 2 1=1
e 6n—13+12i 2<i<[%]|+1,
f)=6n—4+12 for 1 <i< 2| -1,
o, )= Bn—6H6i 1<i<2
= 6n—17+12i 3 <i<|[%]|+1,
f!)y=6n+4+12i,for 1 <i<|[%|—1and
6n +5 t=1
Jl ) =% 6n—9+12i 2<i<|%]
12n — 4 i= 3 +1

The induced edge labeling is as follows:

[ (uiuip1) = 6i, for 1 <i<n—1, f*(uu}) =6i —4, for 1 <i<mn,
[H(wul]) =6i — 2, for 1 <i <mn, f*(uj41v;) = 6n+ 3, for i = L%J,
[ (vvip1) = 6n + 6 + 124, for1<z<LJ ,
f I
f

(

(v

*(Unp1—iUn—i) = 6n — 7+ 12, for 2 < i <

“(Unvp—1) = 60+ 7, f*(v;v )_{ ;Ezg_? fﬁnﬁ_l
(i) = flw)+2, i# 2]

pap = { f0re 2

Hence, f is a super geometric mean labeling of G ® S5. Thus the graph
the graph G ® S5 is a super geometric mean graph. O

,_
NS
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The super geometric mean labeling of G; ® Sy and G2 ® S are shown in
Figure 10.

2 58
1 » 3 60 56
: 4 62 :
66
5 6 64
9 46 s 70
1 > 3 48 44 - 0 7 .68
; 50 :. 74
5 4 |6 54 52 - 10 |12 78 76
58 82
, 8 49 60 ’i‘ i 13 4 . 84 »ic 80
; . 62 : 86
" 10 |12 66 64 . 16 |18 90 .
14 70 20 93
13 7 15 72 68 19 7 21 95 91
16 78 74 : 22 5 89 94
. 18 76 23 24 92
20 21 42 82 26 81
19 ® 83 ® 80 25 83 4 79
292 24 81 28 30 85
23 77 79 29 " 87
69 69
25 26 o7 71 67 31 32 b33 71 67
: 28 73 : : 34 s 73 :
29 30 65 75 35 36 65 75
57 ) 57
31 ?- 33 59 55 37 ?- 39 594 54
61 :, 61 :.
34 53 40 55 .
35 36 63 41 42 63
38 45 44 49
37 ® 39 47 43 43 ® 45 50 48
: 40 49 : 46 52
41 51 47 53

G105y Figure 10. G2 © Sy

Theorem 2.11. S(K3) is a super geometric mean graph.

Proof. Let vy, v1,v2 and v3 be the vertices of S(K 3) in which vy is the central
vertex and vy, ve and vs are the pendant vertices of K 3.

Let the edges vov1, vov2 and vovz of Kq 3 be subdivided by pi1,p2 and p3
number of vertices respectively.

Let vy, vgl), vgl), vél), . UI(JPH(: v1), Vo, vf),’ug),v?), . >v1(a§)+1(: vy) and
vg,v§3),v§3),v§3), o ,v}(glrl(: v3) be the vertices of S(K3) and vy = véz), for

1 <4< 3. Let egi) = vj(ijlv](-i),l <j<pi+1land 1l < i< 3 be the edges of
S(K13) and it has p; + p2 + p3 + 4 vertices and p; + p2 + p3 + 3 edges with
p1 < p2 < 3.
Case (i) p1 = pa.
We define f: V(S(K13)) — {1,2,3,...,2(p1 +p2 + p3) + 7} as follows:
f(vo) = 2(p1 + p2) + 5, f(vj('l)) “Atp) e Anfori s sl
F(0}?) = 2(p1 + p2) + 6 — 47, for 1 < j < ps +1 and
F(0$¥) = 2(p1 + p2) + 5+ 24, for 1 < j < ps + 1.
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The induced edge labeling is as follows:
7o (o00)) = 20+ p2) +3 4, for 1< j < pr,
? JH) =2(p1 +p2) +4 -4, for 1 < j < po,

e
P0)) = 2001+ p2) + 6+ 2], for 1< j < s,

7 (o
(v}
(vovl ) =2(p1 +p2)+3, f* (vovg )> =2(p1 +p2) +4 and
f (UOUE )> = 2(p1 +p2) + 6.

Case (ii) p1 < p2 < p3.
We define f: V(S(K13)) —> {1,2,3,...,2(p1 + p2 + p3) + 7} as follows:

f(vo) = 2(p1 + p2) +5, f(v; ) —2(p1 +pz)+6—4j, for1<j<pi+1,

f(v(-z)): 2(p1 +p2) +5—4j I1<j<p+1
J 2p9 + 3 — 25 p1+2<j<py+1and

f(vy('?’)) =2(p1+p2) +5+2j, for 1 <j<p3+1.

The induced edge labeling is as follows:
fr (U(l)vj(21> =2(p1 +p2) +4 -4y, for 1 < j <pi,

J

w (@0 > 2(p1 +p2) +3—4j 1<;j<m

J 2p +2—2j p1+1<j<pos,
(3)

(v] ﬁl) =2(p1 +p2) +6+2j, for 1 < j < ps,
(Uovl ) 2(p1 + p2) +4,

f* (vovi )) = 2(p1 +p2) + 3 and f* (vov§3)> = 2(p1 + p2) + 6.
Hence, f is a super geometric mean labeling of S(Kj 3). Thus the graph
the graph S(K3) is a super geometric mean graph. O

A Super geometric mean labeling of S(K 3) is shown in Figure 11.

Figure 11.
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~

Theorem 2.12. G(p1,k1,p2, k2, ..., kn—1,DPn) 1S a super geometric mean graph
with p; # 4 for 2 <i <mn and for any k;.

Proof. Let {v](.i); 1 <i<mnand1l<j<p;} be the vertices of the n number of
cycles in G with p; # 4 for 2 <i <n.

Let {uéi); 1<i<n—landl <j <k} bethe vertices of the (n—1) number
of paths in G.For1<i<n- 1, the i*" cycle and i** path are identified by

((Z;Z;S ) and ugi) while p; is odd and v((z)%f) and u(li) while p; is even

and the *" path and the (i+1)*" cycle are identified by a vertex u,(;) and v

in G.

a vertex v

(i+1)
1

o n—1
We define f: V <G> —{1,2,3,..., > (2p;+2k;) +2p,, —3n+3} as follows:
i=1
When p; is odd,
1 j=1
4j —4 2<5 < (5]
f(v](-l)>: 4i—5 j=|B]+1
45 —6 i=[8]+2
dp1 +5—4j |BL] +3<j<p and
1 1 . .
f(ug )) =f U(L%J+2> +2j -2, for2<j<k
The induced edge labeling is as follows:
4j -2 1<j< |
e (1)>: 45 -3 i=1B]+1
/ (v] i1 45 -8 j=[8]+2
dpr+3—4j  |B|+3<j<p—1,

I (vﬁl)v}ﬁ)) =3 and
f* (u§1)u§-21) :f<U(L1p)21J >—|—2j—1, for1 <j<k —1
When p; is even,
1 j=1
£() = 4- 2<j< |y +1
dpp+5-45 |
£ () = 1 U(L%J'H 122, for2<j<kh.

The induced edge labeling is as follows:

(0, W) _ ] 472 1<j<|%
7 (o) { ip+3-4j  (B]+1<i<p—1,
I (vg)vz(,})) =3 and

f* (Ugl)uﬁ—)l) = f (U(L1P1J+1> + 2] — 1, for 1 < j < k?l — 1.
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For2<i<n-1,

For 2 <i <mn,

+45-6

+45—12

The induced edge labeling is as follows:
For2<i<n-—-1,

f(v(ipi ) +2j—1
f*( ® ﬁl) _ L,’2J+2
f (U(Ll’)’;JH) +2j—1
For 2 <i<n,
7 (uf)) +1
¥ (u,g’;j)) f4j—4
7 ()
f (ugj)) +1
(e ) =4 | () a5 -4
f (u,(;ij)) v45-3
F(uf)) +45 -6
f (u,gi_j)) +4dp; + 3

f<'U(pr >+2]_2 2 <j <k;and p; is odd
(

JH>—|—2j—2 2 < j <k; and p; is even.

2< [ J+1andpllsodd
L%J +2 < j <p; and p; is odd
2 L&J and p; is even

J<
= |2 ] + 1 and p; is even
L

and p; is even.

1<j5<k;—1and p; is odd
1<j<k;—1and p; is even.

J =1 and p; is odd

2<]<L J—i—l
and p; is odd

+4p; +3—4j 5] +2<j<pi—1

and p; is odd
j =1 and p; is even

2<j< (g1

and p; is even

i=1%]
and p; is even
= (5] +1

and p; is even

4 [Bl+2<j<pi-1

and p; is even and
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r* (vg )vz(h)) f( (1 1)) + 3.

Hence, f is a super geometric mean labeling of @(pl, ki,p2, koy o kn_1,Dn)-
Thus the graph G(p1, k1, po, k2, ..., kn—1,Dn) is a super geometric mean graph
with p; # 4 for 2 <4 <n and for any k;. O

A Super geometric mean labeling of 9 5,12,3,6) is shown in Flgure 12.

R W
(WSS W N

41
9

\\a/

Figure 12.

Corollary 2.13. G*(p1,p2,--.,Pn) 1S a super geometric mean graph with p; #
4, for all 2 <i<n.

Corollary 2.14. FEvery triangular snake is a super geometric mean graph.

Proof. By Corollary 2.13, if py = po = p3 = -+ = p, = 3, then the triangular
snake T,, 2 G*(3,3,...,3) is a super geometric mean graph. O

Corollary 2.15. Tadpoles T'(n, k) is a super geometric mean graph, forn >3
and k > 2.
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