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Abstract. In this paper, we show the existence of the wave operators for
the Schrédinger equation with time-dependent variable coefficients by using the
method introduced by the author and K. Kato [14] and give characterizations
of their ranges by wave packet transform similar to those in [14].
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8§1. Introduction

In this paper, we prove the existence of the wave operators for the Schrédinger
equation with time-dependent variable coefficients

H(t) = A(t) + V(t)

with unperturbed system Hy = —1/2A in the Hilbert space % = L?(R") and
characterize their ranges. Here A(t) is the differential operator defined by

1 n
Alt) = —3 > Oy i (t, )0,
7,k

and V(¢) is the multiplication operator of a function V (¢, z) and the domain
D(A(t)) = H?(R™) is the Sobolev space of order two.

In the case that a;i(t,z) = d;,, H. Kitada and K. Yajima [11] have char-
acterized the ranges of the wave operators. In the previous paper [14], the
author and K. Kato have proved the existence of the wave operators and have
characterized their ranges by using the wave packet transform.

We assume that a;;(t, ) and V(t,z) satisfy the following conditions:
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Assumption (A). (i) (a;jx) is symmetric, that is, a;r = ax; and in C*°(R; x
R R) for j,k=1,...,n.
(ii) There exists a positive constant p for any multi-index « such that

(1.1) 102 (aji(t, ) — 8j1)| < Call+|a]) ™7,

for any (¢,z) € R x R", where 0, is the Kronecker delta.
(iii) V' (¢, x) is a real-valued Lebesgue measurable function on (¢,z) € R x R™.
(iv) There exists a positive constant p such that

(1.2) V(t, )| < O(L+[a]) 7177
for any (t,z) € R x R™.
We assume the existence of the propagator generated by H (t).

Assumption (B). There exists a family of unitary operators (U(t, 7)) r)ecr?
in S satisfying the following conditions.

(i) For f € o, U(t,7)f is strongly continuous function with respect to ¢
and satisfies

U, YU, 7)=U(t,7), U(t,t) =1 forallt,7',7 €R,

where [ is the identity operator on .77.
(ii) For f € H?(R"), U(t,7)f is strongly continuously differentiable in .7
with respect to t and satisfies
0

&U(t’ﬂf = —iH)U(t,7)f forallt,7 €R.

Remark 1. H = A + V is self-adjoint operator on .7 if A = A(t) and
V = V(t) do not depend on ¢ and det(a;;) # 0. Then Assumption (B) is
satisfied by the Stone theorem.

Theorem 1. Suppose that (A) and (B) be satisfied. Then the wave operators

W(r) = sdim U(t, 7)*e =7 Ho

t—+o0

exist for any 7 € R, where * denotes the adjoint of the operator.

Let .% be the Schwartz space of all rapidly decreasing functions on R™ and
7" be the space of tempered distributions on R"™. For positive constants a

and R, we put I'y p = {(2,€) € R* xR"| |z] > Ror || < a or [£| > R}.



APPLICATION OF WAVE PACKET TRANSFORM TO SCATTERING THEORY 183

Definition 1 (Wave packet transform). Let ¢ € .\ {0} and f € /. We de-
fine the wave packet transform W, f(x,&) of f with the wave packet generated
by a function ¢ as follows:

Wol(e,6) = [ =i "y for (2,6) € R xR,

Its inverse is the operator W I which is defined by

1 ix€
W F0) = Gy o #0590

for x € R™ and a function F'(z,£) on R™ x R™. This transform is introduced
by Cérdoba and C. Fefferman ([2]).

Definition 2. Let 7 € R and ® € .7 = {cp c y( 19 = 1 and &(0) # o}
and we put ®(t) = e *Hod, We define ﬁAii (1) by the set of all functions in
¢ such that

hmoo HXFa,R (x - (t - 7—)57 g)WCP(t—T) [U(ta T)f] (.’E, f) HLQ(R;}XR?) =0

t—=+

for some positive constants a and R, where y 4(z) is the characterization func-
tion of a measurable set A, which is defined by xa(z) =1 on A and xa(x) =0

otherwise. For 7 € R, DA;th;(T) is defined by the closure of D~A;tc£(7') in the
topology of 7.

Theorem 2. Suppose that (A) and (B) be satisfied. Then the ranges of
the wave operators Z(W{(7)) coincide with DAsin;(T) for any ® € . In
particular, D A;tcfz(T) is independent of ®.

We use the following notations throughout the paper. ¢ = /=1, n € N.
For a subset © in R” or in R?", the standard inner product and the stan-

dard norm on L?(Q) are denoted by (f, g)LQ(Q) = fQ fgdx and ||f”L2(Q) =
(f, f)l/2 for f,g € L?(2), respectively. We write Oy, = 0/0x;, 0y = 0/0t,
[ = LR X B), () = (g o | = I a0 @) = 1+ I [l =
Yo szt 12708 fll e and Wou(t, z, &) = Wlu(t)](2,€). || - [|zx) denotes the
operator norm on the Hilbert space X. .# and .# ! are the Fourier transform
and the inverse Fourier transform defined by .7 f(£) = f(£) = [ e f(z)da
and ZF 1 f(€) = (2m) ™" [ €7 f(€)dE, respectively. We often write {£ = 0} as
{(z,€) € R*™|¢ = 0}. For sets A and B, A\ B denotes the set {a € A|a ¢ B}.
F(---) denotes the multiplication operator of a function X zegn|...1 ().

The idea of the proofs of the main theorems is as follows. Splitting the
principal part H(t) into (A(t) — Ho) + (Ho + V (t)), applying the wave packet
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transform to the equation and estimating the terms including A(t) — Hp and
Hy + V(t) by using the wave packet transform, we prove the existence of the
wave operators and characterize their ranges. In order to estimate the term
including A(t) — Hy, we use the duality argument and Lemma 3. That is,
taking f € Wy H[CS°(R?™ \ {¢ = 0})], we have

(1.3)
I(A(t) = Ho)e ™™ fllw < [I(A(t) = Ho)e " Wg xre , | aim) |[Wa fllr

for some positive numbers ¢ and R. Lemma 3 shows that
(1.4) I(A(t) = Ho)e™™oWy Ixre lar) < CH'7,

which is the key of the proofs of the main theorems. The term including
Hy + V(t) can be estimated by the same argument as in [14]. The existence
of the wave operators and the characterizations of their ranges are obtained
by (1.3), (1.4) and the Cook-Kuroda method ([1], [12]).

In the case that the coefficients depend only on z, R. Melrose [13], J.
Wunsch and A. Hassell [5] and K. Ito and S. Nakamura [8], study the microlocal
singularity with the solution of the equation. In [13], they characterize the
scattering operator, which is defined by the wave operator and its adjoint
operator. In [5], they use the same modifier as the modified wave operator in
[3]. In [8], they represent the wave operators by the Fourier integral operator
which is introduced by L. Hérmander [6]. All the above works do not treat
the characterization of the ranges of the wave operators.

The plan of the paper is as follows. In section 2, we recall properties of
the wave packet transform and prove a propagation estimate using the wave
packet transform. In section 3, we give a proof of the existence of the wave
operators (Theorem 1) and characterize the ranges of them (Theorem 2).

§2. Preliminaries

In this section, we recall the representation via the wave packet transform
which is used in the proofs of the main theorems and give a propagation
estimate via the wave packet transform.

Proposition 1. Let ¢,¢ € & \ {0} and f € /. Then the wave packet
transform W, f(x, &) has the following properties:

(i) W (z,€) € C(R? x RY).

(ii) If f,g € A, we have

(2.1) (Wof s Wyg) = (0,0) e (f,9) 0 = (0, 0) e (f, 9) -
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(iii) If (¢, ¢).# # 0, the inversion formula
(W, 0) Wy  Wef) = f
holds for f € ..
Proof. See [4]. O
Let o € &\ {0}, @(t, tg, x) = e "=t Hopg (1) and 1) € H for t,tg € R.

Since
ng,(t’to)[Hou] (t,x,§)
= WHQ@(t,tg)u(t)$’£) — & Vnga(t,to)U(t)%f) + %|§’2W¢(t,to)u(t7$af)
and

W@(t,to)[iatu](ta r,§) = iatW¢(t,t0)U(t7 z,§) + m@tcﬁ(t,to)u(ta z,§)
for u € C(R;.7), i0:U(t,t0)y = H(t)U(t,t0)1 is transformed to

(Zat +i§ - Vg — %’£‘2> Wtﬁ(t,to) [U(ta tO)"M(tv €, g) = é(ta to, , &, U(ta to)lb)

for t7t0 € Ru where é<t7t07x7§7w) = W@(t,to) [HO - (A(t) - V@))M (IL’7€) We
have by the method of characteristic curve that

(2:2) W0 [U(t, t0)0] (2, €) = 2P W (2 — (t — to)€, €)
iy /t e—i%(t*S)mQé(S, to,x — (t —5)&,&,U(s, to)1))ds.
to

In particular, we have

(2.3) Wagole 0] (2 + &, €) = e 31 W, 1 (x, ).

Taking V = 0, t = 0, tg = t and g as e 0y, we obtain the following
representation of eitHo.

i iit|¢|?
(2.4) W, [ 100] (2, €) = €2 W 000 (2 + 1€, €).
Substituting v in (2.2) for e ®Hogy and g as e~ Hopy, we have for ¢, ¢ € R
(2.5)

W [U(t, e " Hoy] (2 + t€, €)
.1 ’ —it!
bt )|€|2W<p(t/)[e t H%p] (x+t'E6)
+ 7'/ B_i%(t_s)|£|2G(Sa T+ 857 fa U(S7 t/)e—itlH0¢)d5,
t

’

t
=e U W (a, €) + i / e3P G5,z + s¢, €, U(s, t')e " Hop)ds,

t
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where p(t,x) = ¢(t,0,z), G(s,z,&,7%) = G(s,0,z,&,1). Integration by parts
and the fact that Ve "o = ¢=Hoy yield that

(2.6)
—2G(t,x,&,0)
= /SZW—-"E)(A —2A(t) — 2V(t))1/1(y)e_ifydy
= Z /so(t,y—a:) {ayk(5jk —a;x(t,y))0y, — 2V(t,y)} b(y)e EVdy
7,k=1
- Z (83190) (t7y_x)a;2(5jk _ajk(t, y))

lor|=2,|a2|<1
a=a)+az+tasz

X p(y)e " (—ig) e Vdy — 2 / olt,y — )V (ty)d(y)e <y,

The following well-known lemma is used in the proof of Lemma 3.

Lemma 2. Let L, Ls be positive constants and f € .. Suppose that
suppf C {£ € R"L; < |§| < Lao}. Then for any non-negative integer I,
there exists a positive constant C; such that

([ (1l < 5| 1t > 2220 ) 0100 < ot lal+1e) s

for any t > 0 and z € R™.

Proof. See [7]. O

The following propagation estimate plays an important role in the proof of
the main theorems.

Lemma 3. Suppose that (A) be satisfied. Let a and R be positive constants.
Then for any multi-index «, 3, a constant L € (0,a/6] and ¢ € .7 \ {0}
with supp@o C {¢€ € R"|L/2 < |§| < L}, there exists a positive constant C
satisfying

(27) €2 Wipto) [0 (a(s) = 5)0] (@ + 56, oggamir, oy < Ol 6l
for any s > 0 and any ¢ € 7.

Proof. Let 0 = a/6 and let [ be an integer satisfying | > p+ 1+ (n+1)/2.
We put (,(t,z) = Xo(%x){ﬁg‘(ajk(t,x) — ;1) } where xo € C*°(R"™) satisfies

ot
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xo(xz) =1 for |z] > 1 and xo(x) = 0 for |z| < 1/2. Thus by (1.1) for any multi-
index «, there exists a positive constant C,, such that |(,(¢,7)| < Cn(t)"17°
for any (t,z) € R x R™.

For (r,€) € R\ Ty g, we put 01 = {y € R"||ly — (z + s&)| < as/3} and
Oy = {y e R"||y — (z+s&)| > as/3}. If (z,€) € R*\ [, g, s > max{3R/a, 3}
and y € 01, we have

(2.8) yl > (as = B) = 5 > os).

Since (5 (s,y) = 95 (a;k(s,y) — &;k) for [y| > o(s), we have by Plancherel’s
theorem and (2.8)

Hgﬁ [ Tty = 05 s, ) — Gy
yeoy

LQ(RQn\Fa,R)

<RIPI

/ e~5Hopg(y — (z + s€))Co (s, )0 (y)e “Vdy
yeD]

L2 (RQn \FH.,R)

<R |00 (y — 2)Go (5,1 (v)
<C(s) 7l

On the other hand, Lemma 2 shows that

L2(RR xRY)

Haﬂ [y = €005 el ) — >w<y>eiﬁydyH
yEO2

<R (P (ly =2l > %) e opaly —2)) 05 (au(s) = 6)0()|

L2(R2Z7,)
—l4(n+1)/2 _ o\ (nt1)/290(, — 5.
<C(s) [polls@) H(y ) Iy (ajk(s,y) = 9; )w(y)‘ L2(R2%,)
<C(s) P19l
since supp ¢o C {€ € R"|0 < |£] < a/6}. =

The following lemma is obtained in [14].

Lemma 4. Suppose that (A) be satisfied. Let a and R be positive constants.
Then for any L € (0,a/6] and ¢ € S\ {0} with supppo C {{ € R"|L/2 <
|€] < L}, there exists a positive constant C' satisfying

(2.9) (W V()¥] (@ + €O pogomr, ) < Cl8) Pl
for any s > 0 and any ¢ € H.
Proof. See [14]. O
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83. Proofs of main theorems

In this section, we prove Theorem 1 and 2 by using Lemma 3 and the rep-
resentation via the wave packet transform which are proved in the previous
section. We give a proof only for the case that V' = 0 since the last term of
(2.6) can be estimated by Lemma 4.

Proof of Theorem 1. Substituting A(t) for A(t—7), it suffices to show the case
7 = 0. We prove the existence in the case t — +o00 only.

Let ® € . and ug € 7. In order to apply the Cook-Kuroda method, we
shall prove

(3.1) I(A(t) — Ho)e™ " oug|lp < C(t) 7177

for t > 0 and up € Wy [C§(R?™ \ {€ = 0})].
Let a and R be positive constants satisfying

(3.2) supp Waug C R*™\ Ty g
and ¢ € .\ {0} satisfying

(3.3)

L -
supp ¢o C {{ cR" 3 < €] < L} with 0 < L < %, Co,p0 = (P, 00) ¢ # 0.

By (2.1) and (2.4), we have for t > 0

(34) ((A(t) = Ho)e "Moug, ) 5 = (uo, "™ (A(t) = Ho)v) ,,

= Cp L, (Waug, Wi, [0 (A(t) — Ho)))

= Cglyy (Wouo, P26 12 + 1, 6,1))
Lemma 3, (2.6) and (3.3) show that for ¢’ >¢ >0

(Wauo, e 2G ¢, 2 + 16,6, 4))]
< [[Wouoll||G(t, x + 1€, &, ¥) | L2men\r, )
< Clluolle )~ ¢ lle
< C(t) " P lluolle ]|
The above inequality and (3.4) imply (3.1).

Hence we obtain the existence of W (0)ug since Wy *(C5°(R?" \ {¢ = 0}))
is dense in 7. O
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Proof of Theorem 2. From the same reason in the proof of Theorem 1, it suf-
fices to show the case 7 = 0 and ¢ — +oo only. Let & € .. We abbreviate
W, = W(0), DY, = Dat:2(0) and DE, = 15,4:0211(0) until the end of the
proof.

The part that Z(W,) C D}, can be proved by the same argument in
Proposition 6 of [14]. That is, for g € Wy H(C3°(R?™\ {€ = 0})), we can prove
Wig e Dy

Thus for completing the proof of Theorem 2, we shall prove the other part
that

(3.5) Z(Wy) > DY

scat*

Since D;E:at is the closure of wat and U is a bounded operator on .57,

it suffices to prove the existence of the inverse wave operator W;luo =

limyg 4 oo €H0U (¢, 0)ug for ug € f):cat.

Let ug € DY, and let a and R be positive constants satisfying
(3.6) i [[xr, o (& — 16, E)Wagy U (2, 0)uo]]| = 0.

We abbreviate I' = I'; g and I'® = R2m \ I until the end of the proof. Taking
o € 7\ {0} satisfying (3.3), we have for ' > ¢ >0

(3.7)
(eitHO U(t, ())u0 _ eit/Ho U(t/, O)u(), w) .

= Ci (X0 (@ = 16,6 Wago) [U (1. 0)ual, Wiy o100 — Ut )™ o))

+ Cq:jﬂo (Wq)(t) [U(t, O)UO], XTIe (1‘ — tg’ g) (Wgo(t) [e—itHow _ U(t, t/)e_it/HO¢]>) '

Using (3.6), we obtain

(3.8)
sup |(the first term of the right hand side in (3.7))]
11l e =1
< deup . HXF(:U — t§7 §)W¢>(t) [U(t7 O)UO} HHWSO(t) [e—ZtHow o U(t, t/)e_lt,HOw]H
o=
< 2|Jpoll e llxr (@ — t&, &) Waw [U(t, 0)ug]|| — 0 as t — oc.
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By Lemma 3, (2.3), (2.5), (2.6) and (3.3), we have for ¢ > ¢ > 0
(3.9)

|(the second term of the right hand side in (3.7))|

:‘ (W(b(t) [U(t, O)UO](I' + té-, 6))

t/
xre / e (s, 2+ 56,6, U s, t’)e‘“/HOw)dS) |

t

t/
SCHUOH%/)& HG(3,$+3§’§7 U(S,tl)eilt How)’

L2(T)
t/
<Clluallr [ ()7 Pdsl[0]r
t
(3.5) follows from (3.8) and (3.9). O
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