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Abstract. For square contingency tables with ordered categories, Tahata and
Tomizawa (2010) considered the double linear diagonals-parameter symmetry
(DLDPS) model. The present paper proposes the generalized DLDPS model,
which implies the structure of both asymmetry with represent to the main
diagonal and with respect to the reverse diagonal in the table. Also, the double
symmetry (DS) model is separated into the generalized DLDPS model and the
moment equality model. Also it is shown that the test statistic for the DS
model is asymptotically equivalent to the sum of those for separated models.
An example is given.
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§1. Introduction

For an r x r square contingency table with ordered categories, let p;; denote
the probability that an observation will fall in the cell in row ¢ and column
j (@ =1,...,m5 =1,...,7r). For the analysis of square contingency table,
the models, which indicate the structure of symmetry with respect to the
main diagonal of the table, have been proposed by many statisticians. For
example, Bowker (1948), Stuart (1955), Caussinus (1965), Agresti (1983), and
Tomizawa and Tahata (2007). On the other hand, the models, which indicate
the structure of point symmetry with respect to the center point of the table,
have also been proposed by, for example, Wall and Lienert (1976), Tomizawa
(1985a), and Tahata and Tomizawa (2008).

Tomizawa (1985b) considered the double symmetry (DS) model defined by

Pij = Dji = Pirjx = pjeix (i=1,...,m7=1,...,7),
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where i* = r+1—4 and 7* = r + 1 — j. This model indicates that the
probabilities are symmetric with respect to the main diagonal of the table and
also point-symmetric with respect to the center point of the table.

The double linear diagonals-parameter symmetry (DLDPS) model is de-
fined by

pij:aiﬂjwzj (i=1,...,m5=1,...,7),

where ;; = 1j; = j=j+ = = (Tahata and Tomizawa, 2010). This model
may be expressed as
L= (<),
Pji
and
Dj*ix _ nr-l—l—(i-l—j) (Z+] <r+ 1)
Pij
Namely, this implies both of the structure of the linear diagonals-parameter
symmetry (LDPS) model (Agresti, 1983) with respect to the main diagonal
of the table and the structure of the LDPS model with respect to the reverse
diagonal of the table.

Let X and Y denote the row and column variables, respectively. Tahata
and Tomizawa (2010) also pointed out that the DS model holds if and only if
both the DLDPS and the double mean equalities (DME) models hold, where
the DME model is defined by

B(X) = B(v) ="+t

For the analysis of data, when the DLDPS model fits the data poorly, we are
interested in applying the extended models of DLDPS model.

In the present paper, Section 2 proposes new models. Section 3 gives the
decomposition of the DS model with the models. Section 5 shows relationship
between test statistics. Section 6 gives an example.

§2. Scaled double symmetry model

We propose a new model defined by, for a fixed k (k=1,...,7—1),

k
il gt , ,
(2.1) p,yz(H&}ﬁf)d)ij (i=1,...,m5=1,...,71),
=1

where 1;; = j; = P« = Pj;«. We shall refer to this model as the kth
scaled double symmetry (SDSk) model. A special case of this model obtained
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by putting {a; = f§; = 1} is the DS model. When k£ = 1, the SDS; model is
the DLDPS model. When k& = 2, this model may be expressed as
=g (<),
Pji
Djrir _ n;:lf(wr])9%72){r+17(z+])} (i+j<r+1),
Dij
where 03, = Bi/a1, 0o = Pa/as and na, = a1 B1(aB2)" . Namely, this
indicates that (i) there is the structure of the extended LDPS model proposed
by Tomizawa (1991), and (ii) there is the structure of asymmetry with respect

to the reverse diagonal of the table. A special case of SDSs model with 05, = 1
is the DLDPS model. Also, when k = 3, the SDS3 model may be expressed as

Pij  pj—ipng?—i? 53 —i® . .
— =3, 03, O3 (i < J),

Pji
and p;”z _ ng;u,j)ngga,j)@gs(ia)@gs(i,j) (i+j<r+1),
where
Tiiy = r+1-(0+7]),
Tyiyy = (1P = S0+ D2+ 9) + S0+ DG +2) - (P4 ),
Saagy = G—i{r+1-(+5)}
Suep = S+ DG -+ 1- G+

and O3, = B1/ou, O3 = Ba2/az, Osc = B3/a3, M3a = a1P1(azf)" and g, =
asfs. Namely, this indicates that (i) there is the structure of the 3rd linear
asymmetry model proposed by Tahata and Tomizawa (2011), and (ii) there is
the structure of asymmetry with respect to the reverse diagonal of the table.
A special case of SDS3 model with ns, = 03, = 1 is SDSs model.

Tomizawa (1985b) also considered the quasi-double symmetry (QDS) model
defined by

pZ]:aZ/BJij (izl,...,T;jzl,...,T),
where 1;; = ¥j; = P+« = ¥+~ Consider the logp;; for the QDS model
and those for the SDS,_; model. Then setting log«; by Zg;é 1°log vg for
i =1,...,7 and log 3; by Z:éjslogés for j = 1,...,7. We see that two

S

sets {log ay,log g, ..., loga,} and {logwy,loguy,...,logr,_1} are in one-to-
one correspondence. Similarly, the set {log 81,log 2, ...,log 5.} and the set
{log &o,log &1, ... ,log&.—1} are in one to one correspondence. Therefore we

pointed out that the SDS,_1 model is equivalent to the QDS model.
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83. Decomposition of double symmetry model

For a fixed k (k=1,...,r — 1), consider a model defined by
E(Xl) _ E(Yl> _ E(X*l> _ E(Y*Z) (I=1,....k).

Note that E(X*l> = E((r +1-— X)l>. We shall refer to this model as the kth

double moment equality (DMEy) model. When k£ = 1, the DME; model is
equivalent to the DME model and when k£ = r — 1, the DME, _; is equivalent
to the marginal double symmetry (MDS) model, defined by

Pi. =pi=pis. =pax (i=1,...,7),

where p;. = Y i Pit, Pi = 95— Psi (Tomizawa, 1985b). This model indicates
both of the marginal homogeneity and the marginal point-symmetry. Figure
1 gives the relationships among models.

We obtain the following theorem.

Theorem 3.1. For a fired k (k = 1,...,7 — 1), the DS model holds if and
only if both the SDSy and DME), models hold.

Proof. For a fixed k, if the DS model holds, then both the SDS; and DME
models hold. Assuming that both the SDS; and DME; models hold, then we

shall show that the DS model holds. Let {pfjl)} denote the cell probabilities
which satisfy both the SDS; and DME; models. Since the SDS; model holds,

we see
k

k
logp{)) = ilogay + Y jtlog B + log vy,
=1 I=1
Where wij = wji = 1/11'*]'* = %*z* Let 7Tij = Cilwij With C = Z;‘":l Z§:1 1/11]
We note that 37/, >>%_; m;; = 1 with 0 < m;; < 1. Since the SDSy, and DMEy,
models hold,

1) k k
(3.1) log (i]) =logc+ Y i'logai+ > j'logp
Y 1=1 =1
and
*l *l
(3:2) Hiay = phay = Mgy = By (L=1,....k),
where

,Ul1(1) = Z Z Slpg)a Mlz(1) = Z Ztlpg)y

s=1t=1 s=1t=1
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r

ZZ r+1— pst, ,LLZ(I)—ZZ 7"+1—tpst).

s=1t=1 s=1 t=1

Then we denote Ml1(1)(: /‘l2(1) = u’{l(l) = H;l(l)) by .

Consider the arbitrary cell probabilities {pgjz)} satisfying

(3.3) Hll(Q) = Nl2(2) = lf{l(2) = :U’Sl(2) = Mé (l=1,...,k),

where

Loy =200 sl by =Dt

s=1t=1 s=1 t=1
ror @
2 * 1 (2
D ) NSNS 3 SRS EI
s=1t=1 s=1 t=1

From (3.1), (3.2) and (3.3), we see

e9)
(3.4) Z Z (p” pZJ ) log <1:;j ) =0.

i=1 j=1 v

From (3.4) we obtain
K <p<2)m) K (pm,ﬂ) LK <p<2>, pu))

where for two bivariate discrete probability distribution {a;;} and {b;;}

ZZ%M<>

i=1 j=1

namely, K (-,-) is the Kullback-Leibler information. Note that K (a,b) > 0 and
the equality holds when only a;; = b;;. Since 7 is fixed, we see

i (5.7) = 1 (4.7

and then { pl(»jl-)} uniquely minimize K (p(), 1) (see Darroch and Ratcliff, 1972).

Let pg;)) = pﬁ) for 1 <4, j <r. Then, noting that {m;; = 7} }, we obtain

min K (o) = K¢ (o)

®3)

and then {pij o) _ p®

} uniquely minimize K (p(Q),W). Therefore, we see pij =Dpij -

Thus, pl(-;) = pﬁ) for 1 <i,5 <.
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Let pg-l) = ngg* for 1 < 4,5 < r. Then, noting that {m;; = m;+} and

¢! 11 .
uf) =3 > s pg*i* =3 >t pg*i*, we obtain

K (57.7) = K (5.5).

Then {pl(;l) uniquely minimize K (p(Q),ﬂ'). Therefore, we see pgjl-) = pz(;l).

Thus, pg) = pf*lg for 1 < 14,7 < r. Namely the DS model holds. The proof is
completed. ]

Note that (i) Theorem 3.1 with £ = 1 is given by Tahata and Tomizawa
(2010) and (ii) Theorem 3.1 with & = r — 1 is given by Tomizawa (1985b).
Also, note that Tahata and Tomizawa (2006) discussed another decomposition
of double symmetry.

84. (Goodness-of-fit test

Assume that a multinomial distribution applies to the r x r table. The maxi-
mum likelihood estimates of expected frequencies under each model could be
obtained by using the Newton-Raphson method to the log-likelihood equations
or using the general iterative procedure for log-linear models.

Let n;; and m;; denote the observed frequency and the expected frequency
in the (4, j)th cell, respectively. Also let 72;; denote the maximum likelihood
estimates of m;; under the model. Each model can be tested for goodness-of-fit
by, e.g., the likelihood ratio chi-squared statistic of model with the correspond-
ing degrees of freedom (df). The likelihood ratio chi-squared statistic for model

M is .
G2(M) =2 log (4
(M) ZZ”] 0g<mij>

i=1 j=1

Table 1 gives the numbers of df for models.

§5. Partition of test statistics
We get the following lemma.

Lemma 5.1. Fora fized k (k =1,...,r—1), the SDSy model, which is defined
by equation (2.1) in Section 2, can be expressed as (i) when k is odd,

k41
2 k Lo
7;*23—1_1'2571 ] —7 . L
Dij = H525_1 H,Bl wij (t=1,...,m7j=1,...,7),
s=1

=1
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where wjj = wj; = wixj = wj=+, and (it) when k is even,

k

*2s—1_ 25— Sl sl
jl—i _ i
Dij = ”5231 - || ; wij (i=1,...,rmj=1,...

=1
where le = w]’L = w’i*j* g WJ*Z* .

Proof. Consider the case of (i). In equation (2.1), let

k+1
2

-1 Y2m—1(2s—1)
Qoam—1 = /32m_1 H 525—1 ’

95

formzl,...,%, and
k41
: Y2 (2 1)
/32m H 5 m S—
s=m+1
for m = 1,... %, where v,y are given such that for | = 2m — 1 (m =
1,2,. i%
l l
i ! (r+1—1) it = Z’ys(l)zs
s=0
Also let,

k+1
A Yo(2m—1) B
Vi = H 52m 1 Wiy -
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Therefore the SDS; model may be expressed as

k
pij = (Hailﬁljl) Vi

=1
k+1 k—1
2 - 2 ) k .
_ kil =" J .
- H A9 —1 H Qon Hﬁl ¢z]
m=1 n=1 =1
2m—1
ktl ktl v
2 2
_ B_l 572777,71(2571)
- 2m—1 2s—1
m=1 s=m
:2n
k=1 k+1 3 k+1
2 2 k . 2
—1 V2n(2s—1) J Yo(2m—1) B
x H Bon H 0951 Hﬁl H O9m—1 Wij
n=1 s=n+1 =1 m=1

N
+
=

I
=1

k
7;*25—1_12571 jl_il
2s—1 H B Wij -
=1

Similarly, the case of (ii) is proved although the detail is omitted. The proof

V)
—_

is completed. O

We get the following theorem.

Theorem 5.2. For a fived k (k = 1,...,r — 1), the test statistic G*>(DS) is
asymptotically equivalent to the sum of G*(SDSk) and G*(DME},).

Proof. First, for a fixed k (k=1,...,7 — 1), consider the case of r being even
and k being odd. From Lemma 5.1, the SDS; model may be expressed as

k+1
k

N
(5.1) logpi; = » (' —ie + > (71 =% N Ga1 + ¢4,
s=1

=1
where (ﬁij = (ﬁji = (ﬁi*j* = ¢j*z’*- Let
P = (plb <o s Py P21y P20y - -5 DLy - - 7p7"7’)t7

t
"17:(61762)'"76k7€17C37"‘7€k7’y)7

where “t” denotes the transpose, and

Y= (¢115 o 7¢1T‘7 ¢227 ey ¢2,T—la ¢337 ey ¢3,7‘—3’ ey QSE , gbz,%—f—l)

22 2

is the 1 x r(r + 2)/4 vector. Then the SDS; model is expressed as

logp = Az = (a’laa27' . 'aa'kab17b3> . .,bk,C)w,
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where A is the 2 x K matrix with K = r(r +2)/4 + (3k +1)/2 and

a = 1, 9J —J ®1,; the r? x 1 vector (I =1,...,k),
bos_1 = (J*271_J25"1 @ 1,; the 12 x 1 vector (s=1,...,(k+1)/2),
and C is the 72 x r(r 4+ 2)/4 matrix of 1 or 0 elements determined from (5.1),
where 1,. is the rx 1 vector of 1 elements, J% = (1/,...,rh)t, J*L = (v}, ... 11,

and ® denotes the Kronecker product. Note that the matrix A is full column
rank which is K. Also note that C1l,(,42y/4 = 1,2. In a similar manner
to Haber (1985), we denote the linear space spanned by the columns of the
matrix A by S(A) with the dimension K. Let U be an 7? x d; full column rank
matrix such that the linear space spanned by the column of U, i.e., S(U), is the
orthogonal complement of the space S(A), where d; = r(3r—2)/4—(3k+1)/2.
Thus, U'A = Og, k where Og, i is the di x K zero matrix. Therefore the
SDSj, model is expressed as hq(p) = 04, where 0g4, is the d; x 1 zero vector
and h1(p) = U'logp. The DME; model may be expressed as ha(p) = 0g,
where dp = (3k 4+ 1)/2 and ha(p) = Wp with

alt
t

a2

¢
ag . 3k+1 2 .
bt | the 5 X r° matrix.
bs’

by
Thus W' belongs to the space S(A), i.e., S(W!) C S(A). Hence WU =
Od,.d,- From Theorem 3.1, the DS model may be expressed as h3(p) = Oqs,
where d3 = dy + dy = r(3r — 2)/4 with hg = (h}, h}).

Let Hy, s = 1,2,3, denote the dy x 72 matrix of partial derivatives of
hs(p) with respect to p, i.e., Hs = Ohg(p)/0p'. Let ¥ = diag(p) — pp’,
where diag(p) denote a diagonal matrix with the ith component of p as the
1th diagonal component. Let p denote p with p;; replaced by p;;, where
Pij = nij/n with n =35 n;;. Then /n(p — p) has asymptotically a normal
distribution with mean 0,2 and covariance matrix ¥. Using the delta method,
vn(hs(p) — hs(p)) has asymptotically a normal distribution with mean 0g4,4
and covariance matrix
H,XH! H.XH]}

H,>XH! H,XH}

Since H1p = U'l,2 = 04,, Hidiag(p) = U' and Hy = W, we see
H1SHS =U'W' = 04, 4,

H3>H =
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Thus As(p) = A1(p) + Az(p) holds under h3(p) = 0, where

n ~ ~,1—1
Ay(p) = nhs(p) [ALSHL]  ha(p).

Note that H, and 3 are given by Hg and X with p;; replaced by p;;, re-
spectively. Under each hgs(p) = 04, (s = 1,2,3), the statistic As(p) has
asymptotically a chi-squared distribution with ds; degrees of freedom. Since
above equation holds and the asymptotic equivalence of the Wald statistic and
the likelihood ratio statistic (Rao, 1973, Sec.6e.3; Darroch and Silvey, 1963,;
and Aitchison, 1962), we obtain the theorem. In a similar way, the other cases
are proved although the detail is omitted. The proof is completed. ]

Note that (i) Theorem 5.2 with £ = 1 is given by Tahata and Tomizawa
(2010) and (ii) Theorem 5.2 with k = r — 1 is given by Yamamoto, Takahashi
and Tomizawa (2012).

86. An example

Table 2, taken directly from Goodman (1981), is the cross-classification of fa-
ther’s and his son’s occupational status categories in Denmark. These data
are analyzed by many statisticians about association and marginal homogene-
ity. For example, Bishop, Fienberg and Holland (1975, p.100), Bartolucci and
Forcina (2002), and Tahata and Yoshimoto (2015).

The main diagonal cells indicate that the pairs of father and his son have
same occupational status, and the reverse diagonal cells mean the average of
sum of occupational status of father and his son. Therefore, we are interested
in applying the model that indicates the structure of symmetry (or asymmetry)
with respect to the main diagonal and the reverse main diagonal. Table 3 gives
the values of the likelihood ratio chi-square statistics G2 for models applied
to these data. We denote the move to son’s level j from his father’s level ¢ by
“i — 37. Namely p;; is the probability of ¢« — j. The DS model fits these data
very poorly since the value of G2 is 893.23 with 16 df.

The SDS; (i.e., DLDPS) model fits these data poorly (Table 3). On the
other hand, SDSy, SDS3 and SDS, (QDS) models fit well. We shall consider
the hypothesis that the SDSs model holds assuming that the SDS3; model
holds. Then we can use the test based on the difference between the likelihood
ratio chi-square statistics. This hypothesis is rejected at the 0.05 significance
level since the difference between two likelihood ratio chi-square values is 10.77
with 2 df. We also consider another hypothesis that the SDSs model holds
assuming that the SDS; (QDS) model holds. This hypothesis is accepted at
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the 0.05 significance level since the difference between two likelihood ratio chi-
square values is 0.64 with 1 df. Therefore the SDS3 model would be preferable
to each of the SDSy and SDS4 (QDS) models for these data.

Under the SDS3 model, the MLEs of parameters, 0s,, 033, 03c, 13, and
nap are O3, = 0.14, O3 = 1.95, 3, = 0.94, Az, = 0.91 and Az = 1.03, re-
spectively. We can infer that the probability of i — j (i < j) is estimated
to be 9§;i9§2_i29§z_i3 times higher than the probability of j — ¢, and we
can infer that the probability of j* — i* (i + j < 6) is estimated to be
ngé(i’j )n?%(i’j W?g (43 >6§ N @7 times higher than the probability of i — j. Namely,
(i) the move to son’s level j (j = 2,3,4,5) from his father’s level 1 (highest)
tends to be less than the move to son’s level 1 from his father’s level j, (ii) the
move to son’s level j from his father’s level i (1 < i < j) tends to be greater
than the move to son’s level i from his father’s level j, and (iii) the move to
son’s level j from his father’s level i (i +j < 6) tends to be less than the move
to son’s level ¢* from his father’s level j*. Namely, the sum of occupational
status of father and his son tends to be greater than the average of it (note;
the average of the sum of occupational status of father and his son is 6).

From Theorem 3.1 with £ = 2,3 and 4, we see that the reason for the poor
fit of the DS model is caused by the influence of lack of the DME; model
rather than the SDS; model.

87. Concluding remarks

In this paper, we have proposed the SDS; model. For the analysis of data,
when the DLDPS model fits the data poorly, we can apply not only the QDS
model, but also the SDSy (k= 2,3,...,7 —2) model, and so we could analyze
the data more details. Moreover the models in the SDS; models are referred
to as hierarchical models (Figure 1). Thus it is easy to compare two mod-
els because the difference in G? values can be used to compare two nested
models. Then the conditional test is more powerful than the unconditional
test. For example, the hypothesis, that the SDS, model holds assuming that
the SDS3 model holds, is equivalent to the hypothesis n3, = 03 = 1. The
G?(SDS3|SDS3) statistic has higher power than the G2(SDS,) statistic for
departures that are described by the SDS3 model. Therefore, we recommend
that (i) all SDS; models are applied the dataset when the DS model fits the
data poorly and (ii) we select the most appropriate model using the hierarchi-
cal structure.

In Section 3, we have given the separation of the DS model. When the DS
model fits the data poorly, the separation of the DS model (i.e., Theorem 3.1)
would be useful for seeing the reason for its poor fit. As seen in the analysis
of Table 2, the poor fit of the DS model is caused by the poor fit of the DMEy
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model rather than the SDS; model (k = 2,3,4).

In Section 5, we have stated that for a fixed & (k = 1,...,r — 1), the
test statistic G?(DS) is asymptotically equivalent to the sum of G?(SDS)
and G?(DME},) (i.e., Theorem 5.2). Therefore, for the separation of the DS
model into the SDS; and DME; models, an incompatible situation, that both
the SDS; and DMEj models are accepted with high probability but the DS
model is rejected with high probability, would not arise (see Aitchison, 1962;
Darroch and Silvey, 1963). From Theorem 3.1, when the SDS; model holds,
the DME, model is equivalent to the DS model. Thus, conditional on the
SDS; model, testing the DME; model is equivalent to testing the DS model.
Namely,

G*(DS|SDSy) = G*(DS) — G*(SDSy) = G*(DME}y|SDSy,).

G?*(DS) — G%*(SDSy,) is asymptotically equivalent to G?(DM E},) from Theo-
rem 5.2. We can obtain that the conditional test statistic G*(DM Ey|SDSy)
is asymptotically equivalent to the unconditional test statistic G*(DM E},).
Therefore even if the SDS; model fits the data poorly, the test statistic might
work well when the sample size is large.
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Table 1: The numbers of degrees of freedom (df) for models.

(a) r; even
Model df
r(3r —2)
D LA
5 4
.
-2
71(3744) - % (k; even)
3PSk (B3r—2) 3k+1
r(3r —
— -5 (kodd)
% (k;even)
DME k&1
1 (k0dd)
(b) r; odd
Model df
DS (r—1)(3r+1)
4
(r — 1)513r +1) % (ks even)
3PS D@Br+1)  3k+1
(r=D@r+1)  83k+1 o ga)
4 2
.
% (k; even)
DME ko1
; (k: 0dd)
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Table 2: Occupational status for Danish father-son pairs; from Goodman
(1981). (The upper, middle and lower parenthesized values are the estimated
expected frequencies under the SDSs, SDS3 and SDS4 models, respectively.)

Father’s Son’s status
status (1) (2) (3) (4) (5) Total
1) 18 17 16 4 2 57

(16.00) (24.39)  (20.29)  (7.11)  (4.50)  (72.29)
(13.73)  (19.08)  (15.90)  (5.91)  (3.80)  (58.42)
(13.65) (18.16) (15.75)  (5.71)  (3.73)  (57.00)
(2) 24 105 109 59 21 318
(25.39)  (91.74)  (99.33)  (57.38)  (15.66)  (289.50)
(30.13)  (97.55) (104.74) (63.14)  (16.74)  (312.30)
(31.27) (97.24) (108.51) (63.88)  (17.10)  (318.00)
(3) 23 84 289 217 95 708
(20.54)  (96.55)  (289.00) (204.00) (91.69)  (701.78)
(22.88)  (95.49) (289.00) (216.27) (92.91)  (716.55)
(23.01)  (92.09) (289.00) (211.90) (92.00)  (708.00)
(4) 8 49 175 348 198 778
(6.53)  (50.62) (185.12) (361.26) (211.26) (814.79)
(6.63) (44.86) (168.50) (355.45) (196.86) (772.30)
(6.80)  (44.12) (172.50) (355.76) (198.82) (778.00)
(5) 6 8 69 201 246 530
(3.50)  (11.70)  (70.48) (178.96) (248.00) (512.64)
(420) (11.72)  (71.31) (193.93) (250.27) (531.43)
(427)  (11.39)  (72.24) (191.75) (250.35)  (530.00)
Total 79 263 658 829 562 2391
(71.96) (275.00) (664.22) (808.71) (571.11) (2391.00)
(77.57) (268.70) (649.45) (834.70) (560.58) (2391.00)
(79.00) (263.00) (658.00) (829.00) (562.00) (2391.00)
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Table 3: The values of likelihood ratio chi-squared statistic for the models
applied to Table 2.

Models df G?
DS 16 893.23*
SDS;(DLDPS) 14  24.08*
SDS, 13 22.24
SDS3 11 11.47

SDS,(QDS) 10 10.83

DME;(DME) 2  832.10°
DME, 3 840.51*
DMEs; 5 861.17*
DME,(MDS) 6  861.35*
Note: * Significant at 5% level.

sPS; —— SDSy —— .- —— SDS,;
(DLDPS) (QDS)

DS
DME, ;, —— DME,, —— .- —— DME,
(MDS) (DME)

Figure 1: Relationships among models (A — B indicates that model A implies
model B).
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