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Abstract. For a bound quiver algebra satisfying the condition that the every
oriented cycles in the quiver are vanished in the algebra, Fernandez and Platzeck
determined the bound quiver algebra which is isomorphic to the trivial extension
algebra. In this paper, we consider a Hochschild extension algebra which is
a generalization of a trivial extension algebra. The purpose of this paper is
to determine the bound quiver algebras which are isomorphic to Hochschild
extension algebras of some finite dimensional self-injective Nakayama algebras.
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§1. Introduction

This paper is a sequel to [7] and the notation in this paper is almost same as
in [7]. Let K be an algebraically closed field and A a finite dimensional, basic
and connected algebra over K. Then A is isomorphic to KA/I, where A is
a finite connected quiver and [ is an admissible ideal of KA. We denote by
D(A) the standard duality module Homg (A, K). We recall the definitions of
a Hochschild extension and a Hochschild extension algebra from [6] and [13].
By a Hochschild extension over A by D(A), we mean an exact sequence

0—DA) ST -2 4—0

such that 7' is a K-algebra, p is an algebra epimorphism and « is a T-bimodule
monomorphism. The algebra T is called a Hochschild extension algebra. In
the above, D(A) is an A-bimodule, so D(A) is regarded as a T-bimodule by
means of p. It is well known that the ring structure of T' is determined by a
2-cocycle a : A x A — D(A). Moreover, Hochschild [6] proved that the set
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of equivalent classes of Hochschild extensions over A by D(A) is in one-to-one
correspondence with the second Hochschild cohomology group H?(A, D(A)).
We denote by T,(A) the Hochschild extension algebra corresponding to a
2-cocycle . Then, Tp(A) is just the trivial extension algebra A x D(A).
Hochschild extension algebras and trivial extension algebras play an important
role in the representation theory of self-injective algebras (e.g. [8, 9, 12, 13]).

In [5], Ferndndez and Platzeck determined the ordinary quiver for any triv-
ial extension algebras. Moreover, they described the relations for the triv-
ial extension algebra Tp(A) under the assumption that any oriented cycle
in the ordinary quiver of A is zero in A. We are interested in the ordi-
nary quiver Ag, () for a general Hochschild extension algebra Ti,(A) and the
ideal I, (4) of relations for Ti,(A), that is, the quiver and the ideal such that
To(A) = KAg, (4)/I7,(4) holds. In [7], we determined the ordinary quiver for
the Hochschild extension algebras of self-injective Nakayama algebras. In that
paper, we referred to the Skoldberg’s results in [10], that is, for a truncated
quiver algebra A, the Hochschild homology group H H,(A) is N-graded by the
length of cycles in the quiver, and the degree ¢ part HH, 4(A) is explicitly
computed. Consequently, in [7], for a 2-cocycle o : A x A — D(A) obtained
through the isomorphism © : B, D(H H> 4(A)) = H?(A, D(A)), we showed
that the ordinary quiver Ar, (4 is either A or Ag(4) (see Theorem 2.1 and
Corollary 2.2). Moreover, we also described the relations for T, (A) such that
Ar,(4) = A holds (see Corollary 2.3). However, it seems that there is little
more information about the relations for general Hochschild extension alge-
bras.

The aim of the present paper is to determine the relations for Hochschild
extension algebras of a self-injective Nakayama algebra A under the assump-
tion that HHy(A) = HHj 4(A) for some ¢ € N. For the Hochschild extension
algebra T, (A) such that the ordinary quiver coincides with Az (4, our main
theorems in Section 3 are generalizations of the results of [5] for self-injective
Nakayama algebras.

This paper is organized as follows: In Section 2, we recall some facts from
[7] about the ordinary quiver for Hochschild extension algebras of self-injective
Nakayama algebras. Moreover, we mention the aim of this paper. In Section
3, we will give the main theorems. That is, we determine the relations for
Hochschild extension algebras of self-injective Nakayama algebras under the
assumption that HHy(A) = HHs 4(A) for some ¢ € N. Note that this as-
sumption is weaker than the one of Fernandez and Platzeck [5]. In order to
prove the main theorems, we refer to the way used in the proof of [5, Theo-
rem 3.9]. Finally, in Section 4, we exhibit four examples to clarify the main
theorems.

For general facts on quivers and bound quiver algebras, we refer to [2] and
[11]. Also for Hochschild homology and cohomology for bound quiver algebras,
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we refer to [1], [4], [7] and [10]. Moreover, the notation including Ag, Ay, Ay
and the isomorphism © : B, D(H Ha,(A)) = H?(A, D(A)) are same as in

[7].

§2. Preliminaries and aims

In this section, we will recall some results from [7] and [10]. From now on, we
deal with self-injective Nakayama algebras. We fix an integer s > 1. Let A be
the following cyclic quiver with s vertices and s arrows:

Lol

ST,

Suppose that n > 2 and A = KA/R%, which is called a truncated cycle
algebra in [3], where R is the two-sided ideal of K'A generated by the paths
of length n. We regard the subscripts i of ¢; and z; as modulo s (1 <i < s).
By [10], the 2nd Hochschild homology H Ha(A) = @2, H Hz, ¢(A) is given by

(2.1) HHz 4(A)

K if sjgand n+1<g¢g<2n-1,
=K '@ Ker(-2: K —» K) if slgand ¢ =n,
0 otherwise.

In [7], we had the following isomorphisms:

© : @ D(HH,,4(A)) = D(EP HH,,4(A)) = D(HH(A)) = H*(A, D(A)).
q=>0 q>0

Moreover, we had the following theorem and the corollary about the ordinary
quiver of Hochschild extension algebras.
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Theorem 2.1 ([7, Theorem 4.3]). Suppose that n > 2, A = KA/R} and
n<qg<2n—1. Leta: Ax A — D(A) be a 2-cocycle such that the cohomology
class [a] of o belongs to ©(D(HHaz, 4(A))), and let T,(A) be the Hochschild
extension algebra of A defined by . Then the ordinary quiver Ag, (4 is given

by

A if g =2n — 1.

Corollary 2.2 ([7, Corollary 4.4]). Suppose that n > 2 and A = KA/RX.
Let @« : A x A — D(A) be a 2-cocycle and [a] = Zzz:ll[ﬁq], where [y :

Ax A — D(A) is a 2-cocycle such that the cohomology class [34] of By belongs
to O(D(HHa,4(A))). Then the following equation holds:

_ J Ay i [Ban-1] =0,
(4) =

A ifn<qg<2n-2,
An(A):{ ma Y

Ar,

¢ A Zf [62n—1] 7& 0.

We note that, by [5, Proposition 2.2], the ordinary quiver A4 for the
trivial extension algebra Tp(A) is given by (Aga))o = Ao and (Agqya))1 =
A1U{y1,¥y2,...,Ys}, where y; is an arrow from ¢(p;) to s(p;) corresponding to
Di = Ti—n+1Ti—n+t2 - - Tj—1 for each i (1 <7 < s).

Corollary 2.3 ([7, Corollary 4.5]). Suppose thatn > 2 and A = KA/RX. Let
a:Ax A= D(A) be a 2-cocycle. If Aq, (a) = A, then T, (A) is isomorphic
to KA/R%Y' and T,(A) is symmetric.

From now on, we will assume that n satisfies the inequalities

(2.2) t—1s<n<ts<2n—1<(t+1)s
for some t > 1. Noting that, by (2.1),
o0
HHy(A) =@ HHo(A)= D HHzo(A)= O HHoms(A)
q=0 n<g<2n—1 n<ms<2n—1
with s|q (m>1)

holds, we see that n satisfies (2.2) if and only if HH3(A) has the only degree
ts part HHjy 15(A). Since (2.2) yields

2t—1)s—1<2n—1<(t+1)s,
s(3—t) > 1 holds. So t =1, 2. Then, we have

HHy(A)= @ HHjm(A)

n<ms<2n—1
(m=>1)

_ JHH3 s(A) ift=1,ie ifn<s<2n—1,
| HHy, 05(A) ift =2, ie. if (n/2<)2n—1)/3<s<n—1/2.
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Our aim is to describe the ideal Iz, (4) of relations for T, (A) defined by
a such that the cohomology class [a] belongs to ©(D(H Hz(A))). We remark
that if s = 2n — 1 or 2s = 2n — 1, we already determined I7, 4) by Theorem
2.1 and Corollary 2.3. So, in the next section, we will investigate the relations
for every n with n <s<2n—2or (2n —1)/3 < s <n —1/2. In these cases,
we note that Aq, 4y = Aqy ) holds by Theorem 2.1.

83. Main theorems

Let A be the cyclic quiver same as in Section 2 and A = KA/R) an algebra
such that any oriented cycle in A is zero in A for n with n < s < 2n — 2
or (2n —1)/3 < s < n—1/2. From now on, Ag, 4)(= A a)) is denoted
by Ar. In this section, we will determine the ideal Ir, 4 of relations for the
Hochschild extension algebra Ti,(A) of A by a 2-cocycle «, that is, the ideal
I7, () such that KAr /I, 4y is isomorphic to T, (A). We will investigate the
relations dividing into the following two cases: Case 1: n+1 < s < 2n — 2
or (2n—1)/3 <s<n—1/2, and Case 2: s =n. In order to prove the main
theorems, we refer to the way used in the proof of [5, Theorem 3.9].

3.1. Casel: n+1<s<2n—2or 2n—1)/3<s<n-1/2
Let
s ifn+1<s<2n-2,
7 2s it (2n—1)/3<s<n-—1/2.
In this case, note that dimyg HHy 4(A) =1 by (2.1). So we have the following
proposition.

Proposition 3.1. We define maps «; : Ax A— D(A) (i1 =1,2,...,8) by

(Tivm — Titq-1)" ifa,b#0in A, n<m<gq
a;(@, b) = and ab = ;- Titm-_1,

0 otherwise,

where a, b are paths in A, and m denotes the length of ab. Then > ;| o is a
2-cocycle, and the cohomology class [Y_;_; c;] is a K-basis of H*(A, D(A)).

Proof. In the proof of [7, Theorem 4.3], it is proved that [Y_ 7 ; o] is a K-basis
of H%(A, D(A)). O

It is easy to see that any Hochschild extension algebra in Case 1 is isomor-
phic to T, (A) with a 2-cocycle & = k> 7 a; for some k € K. We describe
the relations for T, (A) above.
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Theorem 3.2. Let o = kY ;| o for k € K, where a;’s are the maps in
Proposition 3.1. Let I’ be the ideal in K A7 generated by

LiYi+1 = Yili—n+1, Yi¥Yi—n+1,

TiTip1 Tign—1 — KYiTi—nt1Ti—ni2 - *Li—n+(2n—qg—1)
fori=1,2,...,s. Then I' is admissible and I' = I, (x). So To(A) is isomor-
phic to KAp/I'.

Proof. Consider the homomorphism of K-algebras ® : KAp — T,(A) defined
on the trivial paths and the arrows as follows:

D(ei) = (€, 0), @(zi) = (7,0), @(yi) = (0,pi")
fori=1,...,s, where p; := x;_py1%;_pyo---x;—1. Then ® is surjective. We
define homomorphisms

p1:=mP: KAp - A and g:=m®: KAp — D(A),

where 71 and 79 denote the projections induced by the decomposition T, (A) =
A @ D(A). It is easy to see that

I'CKer®d, R{'Cr, RS CI.

T

Since ® is surjective and I’ C Ker ®, we have the canonical epimorphism

KAr/I' - KAp/Ker ®(= T, (A)).
Hence, it suffices to show that

dimK AT/I/ = dlmK TQ<A)(: 2d1mK A)

We denote KA/ RqAJrl by A’. The image of an element a € KA under the
canonical epimorphism KA — A’ is denoted by a. The inclusion of A’ in
KArp/Ker ® factors through KAp/I' by RqAJrl C I'. Thus the map ¢ : A" —
KA7/I' induced by the embedding of KA in KAp is a monomorphism. We
have that e, KAre; = e;KAej + ¢;Ye;, for each i and j in (A7), where YV
denotes the ideal generated by the elements y; (1 < i < s) in KAp. Let
7 : KAp — KAp/I' be the canonical epimorphism. We define the subspaces
Pij = m(e;KAej) and Fi; := w(e;Yej) in KAp/I' for i, j (1 <i,j < s).
Then P;; = 1(é;A'é;) = é;A’¢;, so we have

> dimg Pij = Y dimg &A%,
i,7=1 i, j=1
= dimy A’
= dimyg KA/RE!
=dimg KA/RX +s(g—n+1)
=dimg A+ s(g—n+1).
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Since we have

K(eiyiein+1 +1') ifj=1—n+1,
Fij = K(eiyiwi—ny1--xj1+1") ifj=i—n+2,...,1,
0 otherwise,

it follows that

S

Zsj dimg Fij = Z Z dimg Fij = » n=sn=dimg A,

i,5=1 i=1 j=i—n+1 i=1

Moreover, we have

Pij N }-ij
_ JE(eyiions1 - Ting(j—itn—1)Ci—nt(j—itn) T Iy ifi+tn—q<j<i,
0 otherwise.

Hence, it holds that

Z dimg Py N Fij = Z Z dimg Py N Fij

i,7=1 i=1 j=i+n—q
S
=Y (g—n+1)=sg—n+1).
i=1

Since KAr/I' maps onto T,(A), we have

dimK Ta(A) < dimK KAT/I/
= Z (dimK Pij + dimg fij — dimpg Pij N .7:”)
i =1
=dimg A+s(g—n+1)+dimg A—s(¢g—n+1)
= 2dimKA
= dimK Ta(A).

This completes the proof. O

Remark 1. Tt is easy to see that if ¢ = s and o = 0 (that is, k£ = 0), then the
ideal I’ of relations for Tp(A) coincides with the ideal given by [5, Theorem
3.9].



142 H. KOIE, T. ITAGAKI AND K. SANADA

3.2. Case 2: s=n

In this case, we note that dimg HHs s(A) = s — 1 by (2.1). We have the
following proposition.

Proposition 3.3. We define maps o : Ax A — D(A) (i=1,2,...,s—1) by

) {ei* ifa,b#0 in A, and ab= ;- Tips_1,

0 otherwise.

Then «a;’s are 2-cocycles, and the set of their cohomology classes is a K -basis

of H2(A, D(A)).

Proof. In the proof of [7, Theorem 4.3], it is proved that {[a;] |1 =1,2,...,5—
1} is a K-basis of H?(A, D(A)). O

It is easy to see that any Hochschild extension algebra in Case 2 is iso-
morphic to T, (A), where o« = Zf:_ll kioy; for some k; € K. We describe the
relations for T, (A) above.

Theorem 3.4. Let o = Zf;ll kia; for k; € K, where «;’s are the 2-cocycles
as in Proposition 3.3. Let I' be the ideal in KAr, (a) generated by

TiYj+1 — YjTj+1,  YjYj+1, TsTl- - Ts—1,

TITp41 - Tigs—1 — KIYITi41 - Tigs—1

forj=1,2,...;s andl =1,2,...,s—1. ThenI' is admissible and I' = Ir, a).
So T (A) is isomorphic to KArp/I'.

Proof. Consider the homomorphisms ® : KAy — T, (A), ¢1 : KAp — A and
w2 : KAr — D(A) defined in the same way as the proof of Theorem 3.2.
Then @ is surjective. It is easy to see that

I'CKer®, RY'CTI, RY'CT.
Since ® is surjective and I’ C Ker ®, we have the canonical epimorphism
KA7p/T' — KAr/Ker ®(= T, (A)).
Hence, in order to prove the statement, it suffices to show that
dimg Ap/I' = dimg T, (A)(= 2dimg A).
Let J be the ideal

(RAFY wowy o1, @iy - tipsr [ 1S U< s — 1 and ky = 0)
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of KA. We denote KA/J by A’. The image of an element a € KA under the
canonical epimorphism KA — A’ is denoted by a. Since J C I’, the inclusion
of A’ to KArp/Ker @ factors through KAr/I'. Thus themap ¢: A" = KAp/I'
induced by the embedding of KA in KAp is a monomorphism. We have
KA = KA +Y, where Y denotes the ideal generated by the elements y; in
KAr. Therefore, e;KAre; = e;KAej + ¢;Ye; for each i and j of (Ar)o. Let
7m: KAp — KAp/I' be the canonical epimorphism.

We define the subspaces P;; := mw(e; K Ae;) and Fij := m(e;Ye;) in KAp/I'
for i, j (1 <4, j <s). Then P;; = 1(é;A’€;) = ¢;A'é;, so we have

S S
D dimg Py = > dimg A€
i,j=1 i,j=1
= dimK A/
=dimg A+s—u—1,
where u = [{l |1 <1 <s—1and k; = 0}|. Since F;; = K(yizit1---zj—1+1)
is a 1-dimensional K-vector space for each i, j (1 <1, j < s), we have

S
Z dimK -Fij = 82 = dimK A.
i,j=1
Moreover, it is easy to see that P;; N Fy; = 0if i = j (1 < 4,5 < s). For
1<i¢<s—1, we have

K(wiwip1- - Tips—1 + 1) if ki #0,
PijﬁfijZ{ (Ti%ip1 - Tigs—1 +1') i ki #

if k; =0,
and P;; N F;; = 0 holds. Hence, it holds that

S
Z dimg Pi; N Fij = s —u — L.
i j=1

Since KAr/I' maps onto T,(A), we have

dimg Ty (A) < dimg KA7/I’
= Z (dimg Pij + dimg Fij — dimg Pij ﬁ]:z'j)
i, =1
=(dimgA+s—u—1)+dimg A—(s—u—1)
= 2dimg A
:dimKTa(A).

This completes the proof. O
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Remark 2. It is easy to see that if o = 0, that is, k; = 0 for every 4, then the
ideal I’ above coincides with the ideal given by [5, Theorem 3.9].

§4. Examples

In this section, we consider the case s = 4 as examples of the main theorems.
That is, let A be the following quiver:

z1
_ 92

Iq T2

T3

and denote A the bound quiver algebra KA/R) for n > 2.

Example 1. First, we consider the case n = 3, that is, an example of Case 1
(n+1<s<2n—2). Then Z?‘Zl v is a 2-cocycle, where a; : A x A — D(A)
is given by

Tir3* ifa,b#0in A and ab = z;x; 1712,

a;(@, b) = ega* ifa,b#0in A and ab = ;7,117 12T 43,

0 otherwise,

fori =1, 2, 3, 4. For a 2-cocycle « := k:z;l:l a; (k € K), by Theorem 2.1, we
have Ar, (ay = Aqy(a)- By [5, Proposition 2.2], Ag () is the following quiver:

x1

1 — 2
Y3
Ya
T4 T2
Y2
1

4 3

z3

In this case, by Theorem 3.2, we find that T,,(A) is given by the quiver A, ()
and the ideal Iz, 4) of relations generated by
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T1Y2 — Y1x3, T2Y3 — Y2X4, T3Y4 — Y3T1, T4Y1 — Y472,
Y1ys, Ysyi, Y2Y4, Yay2,
r1x273 — ky1w3,  Tow3wy — kyoxs, w3x4T1 — KY3w1, T4T172 — kYsxo.

Example 2. Second, we consider the case n = 4, that is, an example of Case
2. Let o; : A x A — D(A) be the 2-cocycle given by

5 e ifa,b#0in A and ab = TiTit1Ti+2Tit3,
0  otherwise,

for i = 1,2, 3. By Theorem 2.1, for a 2-cocycle o := 23:1 ki (k; € K),
we have Ar, (4) = Agy(4), and by [5, Proposition 2.2], Ag(4) is the following
quiver:

z1

B ————

1 2

B ———

Y1

T4 Yq Y2 Z2

4 3
x3

In this case, by Theorem 3.4, we find that T,,(A) is given by Ag 4y and the
ideal I7, (4 of relations generated by

T1Y2 — Y1T2, T2Y3 — Y2T3, T3Ys — Y3T4, T4yl — Y4T1,
Y1y2, Y2Y3, Y3Y4, Y4Y1, T4T1T2X3,
T1T2X3%4 — K1Y1T203%4, T2X3T4T1 — KoyoX324T1, 3247172 — K3ysxax122.

Example 3. Third, we consider the case n = 5, that is, an example of Case 1
(2n—1)/3 <s<n—1/2). Then Z?Zl a; is a 2-cocycle, where a; : A x A —
D(A) is given by

ai(av b)
Tit5Tit6Titr if a,b#0in A and ab = ;% 112i42%i+3Ti+4,
Tit6ZitT ifa,b#0in A and ab = LiTit1%i42%543Li4+4Li45,
= .CL‘Z'+7* if a, b 7é 0in A and ab = LiTi41T342T+43Li44Li4+5L46,
Cits" if @,b # 0in A and ab = 2T {175 1271 3Ti 4 4Ti 4 5T5 4 6Ti1 7,

0 otherwise,
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fori =1, 2, 3, 4. For a 2-cocycle « := kZ?:l a; (k € K), by Theorem 2.1, we
have Ar, 4y = Aqya)- By [5, Proposition 2.2], Ag(4) is the following quiver:

Y1 Y2

Ya Y3

In this case, by Theorem 3.2, we find that T,,(A) is given by the quiver A, (4)
and the ideal Ir, 4 of relations generated by

T1Y2 — Y1711, T2Y3 — Y22, T3Y4 — Y33, T4Y1 — Y424,
2 2 2 2

y]_7 y27 y37 y47

T1T2x3T4T1 — kY121,  Tox3T4x172 — kY222,

T3T4T1T203 — KY3T3,  TaT12223T4 — kYsa.

Example 4. Finally, we consider the case n = 6, that is, an example of
Case 1 ((2n —1)/3 < s < n —1/2). Then Y., a; is a 2-cocycle, where
a;: Ax A— D(A) is given by

ai(a7 b)
TiteTit7 i @,b# 0 ab= 22174275 43Ti44Tit5,
)T if @,b# 0 ab = 2T 410120434 4Ti+5Ti+6,
its” if @,b# 0 ab= T;%i110i120i13Ti+4Ti+5Tit6Ti47
0 otherwise,

fori =1, 2, 3, 4. For a 2-cocycle « := k‘Zf:l a; (k € K), by Theorem 2.1, we



PRESENTATIONS OF HOCHSCHILD EXTENSION 147

have Ar, 4y = Aqya)- By [5, Proposition 2.2], Aq () is the following quiver:

x
—_ >
-

Y2

1 2

T4 (Y1 Y3 Z2

Yq

4 3

x3

In this case, by Theorem 3.2, we find that 7,,(A) is given by the quiver Ap, ()
and the ideal Iz, 4) of relations generated by

T1Y2 — Y14, T2Y3 — Y2T1, T3Y4 —Y3T2, T4Y1 — Y43,
Y1Y4,  Y2Y1, Y3y2, Yays,
T1T2T3TL4T1T2 — KY1T42T1T2, T2X3T4T1T223 — Kyax12223,

T3T4T1T2T3T4 — KY3wox3Ts, T4T1T223T4T1 — KYsw3w4T1.
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