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§1. Introduction

We study the large time asymptotics of small amplitude solutions to the
Cauchy problem for the modified Korteweg-de Vries equation with a fifth
order dispersive term

(1.1) { Opv — %8%1} + g@gv =0,03, t>0, z €R,

v(0,2) =vo (z), z € R,

where a,b > 0 or a,b < 0. The case of a,b > 0 is called the positive dispersion,
whereas the case of a,b < 0 is called the negative dispersion in the study of
the solitary waves (see [14]). In this paper we assume that a,b > 0 since the
case of a,b < 0 is considered in the same way. In the case of a,b > 0 it is
expected that the main term of the large time asymptotics of solutions to (1.1)
is located in the positive half-line. We also assume that the initial data are
real-valued functions. The problem of large time asymptotics of solutions to
(1.1) is open for the complex-valued initial data.
Korteweg-de Vries (KdV) equation

(1.2) O — %agu = 902

7
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was introduced in [17] to describe a model for unidirectional propagation of
nonlinear dispersive long waves. In [13], it was shown that the system of
equations for magneto-acoustic waves of small finite amplitude propagating
in a cold collision-free plasma can be reduced to KdV equation. It was also
found that the coefficient a depends on masses of ion and electron and has a
possibility to be zero. Therefore the higher order dispersive terms should be
taken into account. Indeed in [12] it was shown that, when a = 0, then the
system of equations can be reduced to a simple non linear dispersive equation
of the form

b
o + 5821) = 0,02,

Thus, when a is close to 0, we obtain a generalized KdV equation
b
(1.3) By — %a;f:v + 200 = 0,0,

In [14], the steady travelling wave solutions of (1.3) were investigated numer-
ically to reveal how the solitary wave solutions of (1.2) are modified by the
fifth order dispersive term. In [12], it was also pointed out that the Alfvén
waves are described by the modified KdV equation

(1.4) 0w — %831) = 0,0°.

Thus we arrive to equation (1.1). Concerning the solitary wave solutions of
higher order dispersive equations, there are a lot of works (see, e.g., [11], [15]).
However the large time asymptotic behavior of small solutions was not studied
well. On the other hand, the Cauchy problem (1.3) was considered in papers
[2], [3], [20] and problem (1.1) was studied in [19]. In [2] and [19], the local
existence in H” with r > 1/4 and global existence in H? were obtained for
(1.3) and (1.1), respectively by using the Strichartz estimates. In [3], it was
shown via the bilinear estimates that problem (1.3) has local solutions for H"
data with r > —1. This result combined with the L2- conservation law yields
global existence of solutions to (1.3) in L2 In [20] the order of Sobolev space
r was reduced to r > —7/5 by improving the bilinear estimates. And also
the global existence in H” with r > —1/2 was obtained by using the high-low
frequency method from paper [1] developed for (1.2). As far as we know the
large time asymptotics of solutions to (1.3) is still an open problem.

For the modified KdV equation (1.4) we studied the large time asymptotics
of small solutions and showed that the small amplitude solutions are stable in
the neighborhood of the self-similar solutions (see [9]).

In the case of the fourth order nonlinear Schrodinger equation

(1.5) { iOpu + 30%u — 100 = A lu>u, t >0, z €R,

U(Oviﬂ)zuo(-'f), l’ER,
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we developed the factorization technique used in [7] for the nonlinear Klein-
Gordon equation to obtain the large time asymptotics of small solutions. Since
the symbol of equation (1.5) K () = —5&? — £¢? is inhomogeneous, it seems
difficult to apply the operator

Ty = B (510) o —tK(=i0z) — 4 4 iy (8;5 — a‘;’)
to (1.5) directly, so we defined the new operator

_ M, 5 My
\/K”(f) g\/K//(g)’

In the case of the nonlinear Schrodinger equation i0,u + %8gu =A \u|2 u, the
symbol is —%{2, and we have

_ o HER(©)-K(©)

Ay

My

e_%52856%52 = 0 +it§
= —iF(x+itd,) F ' = —iFJF L.

Az

. . itg2  _itg2
Hence the operator Ay is a generalization of Ay, and Jo = 2% pe= 39

x + itd, was widely used in the study of the large time behavior of solutions
to the nonlinear Schrédinger equations (see [10]). Here we denote by F¢ or ¢
the Fourier transform of the function ¢

5(E) = e " p(z)dx
‘Z’(f)‘m/R o(x)d,

then the inverse Fourier transformation 7! is given by

Flo= o= [ (e

Multiplying both sides of (1.5) by e *%(&) and using the factorization tech-
nique in [8], we obtained for the gauge invariant nonlinearity

u(€) u(§)
VE" (&) VE"(©)
Then we can see that the operator A; works well for the gauge invariant non-

linearity in (1.5). In the case of equations (1.1) or (1.4) we encounter another
difficulty. By the factorization technique the nonlinearity can be decomposed

VE" ()

‘ 2

2~ =

as a combination of the following four terms @2, |u|° a, ug, [u]* @ with some
additional oscillating factors, except the term || @. (Note that for the case
of the complex-valued solution, we do not have the same representation for
the nonlinearity). Due to these oscillation factors the operator J does not
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~3 =3 ~ 2= . . . . .
work on the terms @, @ and |a]*@. To avoid this difficulty in [9] we applied

for (1.4) the dilation operator x0, + 3t0;. However the dilation operators only
work well for dispersive equations with homogeneous symbols such as (1.4).
So we can not overcome this difficulty by introducing the modified dilation
operator due to the inhomogeneous symbol in equation (1.3).

In our previous paper [9] we also used the property that the difference
between the total mass of the solution and the self-similar solution is equal
to zero. However we do not know the existence of the self-similar solution for
(1.1). So we assume in this paper that the total mass of the initial data is
zero, i.e. [wvo(z)dx = 0. Then by the equation we get [v (t,x)dz = 0 for
all t > 0. Under this condition, taking u (t,z) = [*_ v (t,2) dz we can rewrite
(1.1) in the potential form

(1.6) { O — 203u + 20%u = (uy)®, t >0, v € R,

u(0,z) =ug (z), x € R.

This is our equation which we study in this paper.
To state our results precisely we introduce Notation and Function Spaces.
We denote the Lebesgue space by LP = {¢ € S';||¢||,» < 0o}, where the norm

1
[¢llLe = (['6(2)[Pdx)? for 1 < p < 00 and [|¢||, = ess.sup,eg |4 (2)] for
p = 0o. The weighted Sobolev space is

HES = {(p € S's |[¢llgge.s = H S (i0y) qﬁH < oo}

k,s € R, 1 < p < oo, () = V1422, = /1 —02. We also use the
notations H*s = HY . HF = HFO shortly, 1f 1t does not cause any confusion.
Let C(I; B) be the space of continuous functions from an interval I to a Banach
space B. Different positive constants might be denoted by the same letter C.
We define the free evolution group U (t) = e~ *A=0:) = F-1EF, where the
multiplication factor E (t,£) = e~®*M& and A (€) = 23+ §§5 is the dispersion
relation for equation (1.6).

We are now in a position to state our main result. Define the Heaviside
function 6 (x) =1 for x > 0 and 0 (x) = 0 for = < 0.

Theorem 1.1. Assume that the initial data ug € H> N HY! are real-valued
with a sufficiently small norm ||uol|gsqmra < €. Then there exists a unique
global solution e™M=1%)y € C ([0, 00) ; H? N HYY) of the Cauchy problem (1.6)
satisfying the time decay estimates

1050 () |0 + [|020 (8) || 0 < Cet™3.

Moreover there exists a unique modified final state W € L°° such that the
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asymptotics

Ozu(t) = 2Ret ™2

t
aff) (e s

(1.7) +0 (gt—%—5>

V) e () ot )

1s valid for t — oo uniformly with respect to x € R, where § € (0
constant.

, 6) is a small

We introduce the factorization formula for equation (1.6). We have

Flpo = o= [ N0 6 ae

_ (42 it(z&—A(E
= Dy [ e 6

where Dy = (z’t)fé 10) (xt_l) . Consider the stationary point defined by the
equation A’ () = z. Since A/ (¢) = a&? + b€* is monotonous in the do-
main £ € Ry, there exists a stationary point & = n(z), where n(z) =

L \/V4bx + a® — a, such that A’ (n(z)) = x for 2 > 0. This fact means

V2b
that the main term of the large time asymptotics of the solutions lies in the

positive half-line. We extend 7 (z) for all x € R by

Ut)yF o

n () 4b|z| + a? — a.
\ﬁH

Define the operator (B¢) (z) = |A” (n (:c))\_% ¢ (n(x)). Since x = |Z|A’( n), we
get

1, it —it(A(6)—a€)
Flo=mn/- [ 6 (6) de
_ it it (A©)— 4 A ()¢
= Dyfyr [ OTENO) 6 6y ag
[it |\ — Y
— DtB ? ‘ 27T(77)| /1:{e t<A(€) ‘,7|A(77)5>¢(§) df,

Since u is a real-valued function, then if we take u = U (t) F 1% we have
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// 12
U (t ( f_l ~ / it |A / _Zt A(f)_‘ZﬁA (77)5) @(E) df
A// i M As N
mm/u / e MOV 5 (6) ag
/l
(1.8) = 2ReDBMy/ ———2 i |A / e~ IEM G () de = 2ReDBMVG

for n € R, where the multiplication factor M (t,n) = A (m)=Am)0(n) —
i)  H (n) = (nA (n) — A(n)) 6 (n), the phase function

S(&m) =AE) —An)0(n) - %A’ (1) (& =6 (n))

[4 " oo
qb _ it |A (77)’ / efztS(f,T))gb (g) dg
2T 0
Also we need the representation for the inverse evolution group FU (—t) for
all £ >0
— 1 A A
FU(~t)¢p = EFp= ,// MO G (1) da
27 R
= =28~
Vo [ 409D @) aa
i 1A —1y— 1
- \/;[R IO (51D 0) () A )| g
t 4 _ 1 .
(1.9) = \/;/ ¢SGR (B'D; 1) (n) [A” (n)]? dnp = QMB™'D; 9,
R

o (1), (B9) () = A (n)]? ¢ (rZA <n>> ,

and the operator

N[

D; ¢ = (it)

and the operator

t % " i
Q0 =[5 | Do) A7 (] a

for € > 0, is considered as the inverse operator to V.
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Since FU (—t) L = O, FU (—t) with £ = 9 — 203 + 292, applying the
operator FU (—t) to equation (1.6) we get for the new dependent variable
o =FU(—t)u(t)

0P = Oy FU (—t)u = FU (—t) Lu = FU (—t) ud.

Then by (1.8) and (1.9) we find the following factorization property
FU(~t)ud = QMB'D; ud

= QMB'D;! (DBMV (i€) § + DBMV (i€) 3 )

L (i)

(—zt) 2

3

(it)
— (i) QMB™! (BMV(zg) +zm)3

3
— OoMB! (BMV (i6) @ BMV(Z&)@)

= )7 QN M (MY ()8 + IV (i€ 7).
Hence

FU (—t)ud

x

= 07 QA|T A (viep)® + 31 QA Vil viep
QNI VigpP ViEg — QN T (Vigg)

We need to calculate the commutator of Q and M since 9¢ QM yields undesir-
able time growth, when we wish to estimate the derivative 0:p. Note that in
the case of the usual nonlinear Schrodinger equation with cubic nonlinearity
u?, we have

FU (—t)u® = (it) " oM? (vp)?

=1\ / 2E () dp = Flemwl Fo,
Vo =4/ Zt/ FE* 4 () de = Feznlél F1g.

We can see that M = 2" yields an additional time growth since 9: QM? has
a time growing summand like —ité QM?. We encounter a similar difficulty in
our case.

with
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We have for a # —1

it (S (&,n) + oH (n))
= it(A€) = A(n) 0 (n) = 22N (n) (€ =0 (n))

(
00 - on o) (15 - o)) )
)—l—i(l—l—a)tS <n>

1+a

™~ o4

Hence ) € 1
Q(t) Mg = e (MO-+INE3)) Dy L0 (t(1+ ) ¢

This fact implies that our method does not work for the nonlinearity ]u\Q,
namely for the case of equations (1.2) or (1.3) with a quadratic nonlinear-
ity. Thus we obtain from (1.6) the following equation for the new dependent
variable = FU (—t) u (t)

0yp = —i3¢ 12Dy 0 (3t) (Viep)’

1
A7
\Vie@|* Viep

1
|A”|

1

+3t7 1o (t
) (3

130347 1D_1Q (—t) — |Viep|> Viep

)’

(1.10) —i2t LMD 50 (—3¢)

where Q = A (€) — 3A (g) .

It is well known that the operator J = U (t) 2l (—t) is a useful tool for
obtaining the L™ - time decay estimates of solutions and has been used widely
for the studying the asymptotic behavior of solutions to various nonlinear
dispersive equations. We have

J = U)al (—t) = F e Mg MO F
= F 1 (i0 —tN (&) F =z — tA (—id,),
where A’ (—i0,) = —ad?+b0;}. Note that the commutators are true [7, L] = 0,

[T, 8,] = —1, where £ = 9y+iA (—i0,) = 0,—203+293. However, it seems that
J does not work well on the nonlinear terms. Then, instead of the operators
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J and the dilation operator used in [5] we apply the modified dilation operator
defined by

1 2
P = tat + gl'ax - 5(16(1.

This is our idea in this paper. Note that P acts well on the nonlinear terms as
the first order differential operator. Also J and P are related via the identity
P=tL+ %j@m + %‘II, where 7 = -0, + %t@g. In order to get the estimate of
J 0zu, we will show the a-priori estimates of Pu, tLu and Zu. Different point
compared to the previous works is to consider the estimate of Zu since Zu
contains the third order derivatives t93u with the additional time growth (if
a # 0). Note that the commutators [P, £] = —£ and [P, d,] = —10, are true.
Also we have [Z, L] = 0.

Our main task is to estimate each term of the right-hand side of equation
(1.10) in L and H! norms. We organize the rest of our paper as follows.
In Section 2, we state the uniform estimates for the decomposition operator
V (Lemma 2.2). The uniform estimates of Q (¢) and Q (—t) are also obtained
in Lemma 2.3. We prove L? - estimates of the derivatives of Q@ (Lemma 3.1)
and V (Lemma 3.5) in Section 3. Lemma 3.2 and Lemma 3.3 are prepared
for proving Lemma 3.5. In Section 4 we divide the nonlinear term into the
main term and the remainder terms (Lemma 4.1). In Section 5 we obtain
the estimates of || FU (—t) u||p~ and || Ju (t)||g:. Section 6 is devoted to the
proof of Theorem 1.1.

§2. Estimates in the uniform norm
2.1. Estimates for two kernels

Define two kernels, which describe the main term of the large time asymptotics
of the operators V and Q, respectively,

A(t,m:@m”(mﬁfo TS (oY) dg
tf /27”/ ztS{n ‘AH ‘ ( l) dn,

for £,1 > 0, where S (¢,7) —A(n) =N (n) (€—n), A(§) = 56 + &,
and the cut off function X( ) E C2 (R) is such that x (2) = 0 for z < 1,
x(z)=1for 2 <2< 3 and x(2) =0 for z > 3.

and

Lemma 2.1. The estimate

A @)l geemy) T A7 (Ollpe@m,y < C



16 N. HAYASHI AND P.I. NAUMKIN

is true for all t > 0. Moreover the asymptotics are valid
-1
A(t,m)=14+0 ((t773) )

for t%n — 00 and

* ~1
A (e =1+0((te)™)
for téé — 0.
Proof. We use the identity

(2.1) e~ HSEM — 7,0, ((5 —n) efitS(ﬁm)>

with Hy = (1 — it (€ — ) Se (€,1)) " in the domain &7 > 0, and integrate by
parts to get

Altn) = ‘\/ZW Ol /0 e 1M (¢ — ) O (Hx (§n7")) de.

Hence in view of the estimate

-1

(2:2) (€ =m0 (Hix (en™))[ < € (1+ () (€ = n)°)

in the domain g < ¢ < 3n, we obtain

Lo 13 d
A (tn)] < Ct= [A (77)‘2/, 1+tn<n>§(€—n)2
13 3 dy 1 _1
< cbnt) [ s Cli i e <

In the same manner we use the identity
(2.3) tS(Em) — Hy0, <(77 —€) eitS(g,n)>

with Hy = (14 it (n — &) S, (&,1))"! in the domain &, 7 > 0, and integrate by

parts
A1) =g [ )] e a
21 Jo

= - 75/ 1SN (¢ — ) oy (H [N ()] x (6n7)) dn.

2w Jg
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Then using the estimate

(24) |6 = oy (Ha |2 (]2 x (6071 | < c (@) (1+16 (&) (- n)?)

in the domain % <n < 3¢, we get as above

-1

. 1.1 ¥ d
A" (t,€)| < Cta¢2 <£>/5 1+t§<§)g(€—n)2

13 3 dy 1 -
< citeie [ e ol i

To compute the asymptotics of the functions A (¢t,n) and A* (¢, &) for large nt%

NI

<C.

and §t% we apply the stationary phase method (see [4], p. 163). We have the
asymptotics

. . 2T -7 " 3
rG(z) _ irG(z0) 1 ZsgnG" (zo) -2
(2.5) /Re f(zx)de=e f (zo0) TG (o) e's +0 (r 2)

for r — 400, where the stationary point zg is defined by G’ (z9) = 0. We
change & = xn, then we get

- 1 .
A(tn) =/ ox N ()] 57 e EMy (€n71) de
= 2L |20 (a2 |2 [ e (Gt bttt e )y ()
, 1 :
=/ 2|2 (a+20m?)|2 [;° erC@ny (2) dx,
where r = tn®. By virtue of formula (2.5) with r = tn3,

fle)=x(x), zo=1

and
b a

a b
G(z,n) =— <3:1:3 + 5x5n2 —3" 5772 —(a+bn?) (z — 1)> ,

we get A(t,n) =140 ((tn3)71) for t%n — +400. Also changing n = x€ we

obtain
t[ 2
= [
2w Jy
= ¢ \/T/OO € (54587~ 5ot 5ate~(aa? +0a1€2) (1)) (1)
21 Jo

X !20,1” + 4bx3£2|% dx

[ wcam . (-1 202\ 3
= 27Ti/o e X(a: )(2x(a+2bx§))2dx,

Njw
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where r = t£€3. Then by virtue of formula (2.5) with r = ¢£3,

fz)=x (:z:*l) (23: (a + 26:1:252))% , 2o =1
and
G(z,&) == —|— §2 ;L 3 §x5£2 — (aa:2 + bx4§2) (1—-2),

we get A* (t,§) =1+ 0 ((t{g)_1> as téé — +00. Lemma 2.1 is proved. [

2.2. Estimates for the operator V

We estimate the operator

27'(' 0
in the uniform norm. Denote the norm
||<l5||z1 = HﬁZ)HLoo(R” + ||<f> ¢6HL2(R+) .
Note that

Vol Ct3 A2

IN

( >—2\

24|

L'(R+)

SR

L>(R4)

IA

Citz |A" (n )

LoRy)
Next lemma says that the main term of (V@) (n) is A (t,n) ¢ (n).

Lemma 2.2. Let j =0,1,2,3. Then the estimates are valid for all t > 1

[l ) (vers — A mwom)|| . < Cmax (755 ) 9],
witha > -1 <T—j—a, and
[l vero| < Omasx (175 10m ()15 ) 61l

with o > —7, g<3 5 —J —a. When j = 2,3, the norm [|(§) <l>5HL2(R+) can be
replaced by HS¢€HL2(R+)‘
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Proof. By the definition of V and A (t,7n), we can write

Ve — Atnnsb()

_ [t ’A” / —ztS (€, 77) ¢( ) ) X (677_1) d¢

+\/zt|T/ e SEM (1 —x (en7h)) b (€) e
\/W/ o—itS(Em) X (€En71) o () & dg

_Jit|A" ()]
== T(Il+[2+[3)

for n > 0. We integrate by parts via the identity (2.1)

3n .
L o= - / eHSEN (¢ )y (En7Y) Hio (€) j&9de

e~ SEM (e — ) x (én7Y) Hi& g (€) dE.

| |
mﬁ mﬁw
3 3

Using the estimates

e—itS(f,n) ((]5 (5) gj — ¢ (77) Uj) (5 _ 7]) (95 (X (&7*1) Hl) dé

(26) [l =[1-itE-mSeEnl " <C(1+mmE-n?)

and (2.2) in the domain 7 < £ < 31, we obtain for j =0,1,2,3

[ € —n|d¢
L] < Cléllgem., i /
Lo®y) 1 14ty (n)*(€—n)’

S o (&) — ¢ (n)| dE
+an/§ 1+t (n)* (€ — n)?
i [P 1€ = nlloe (£)] dE
+Cn/g L+t (n)? (& —n)*

Since

16 |<c/ 2)10:6 (2)] dz

n 1
< c( /5 <z>—2dz> 166 delliam,, < C ) 1€ =l 1],
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in the domain 7 < & < 37, we get
1 (P 1€ —mnld¢
Bl < Cllyemy i |
(R+) 2 1+t (n)? (£ —n)?

. 3n — %d
+C | 9llz, 7’ <77>_1/7 1+ t‘i (77;72’ (& S n)?

3 N2
+C 6z, o () (/ PR Sk i )

P )

N

for j =0,1,2,3. Note that

/3’7 € — | dé
1 1+tn(n)?(€E—n)°

3
3
y—1ldy
&ﬂﬁ 1 A ’ 1)?
L 1+tAMm) (y—1)

2t1/A(n)
< o [ < ont e ) s (4.0

IN

]

Vel de cont [ [y — 112 dy s _
Cnz < Cn2 (tA
/g 1+1tn <77>2(§—77)2 == /;) 1+tA(n) (y — 1)2 < Cnz (tA(n))

and
/3’7 (6 — ) de 22
Eo(1emm €0
(/13 R )<0n3<m<n>>i.

(e @-1?)

Hence we get for j =0,1,2,3

w

N|w

< Cn

£ (A" ()] [nl® () |1

CtE (|65, (0757 ()7 (4 (n) " log (¢ (n))
P2 () (A (7))

(2.7) < (4175 ol

IN
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Wlthj+a+5_4,j+2+a>0 since
TR ()T A () log (A ()
< optite §> 10g<t3n>

,u,,
< ¢ ti1 3>j+ +a >0
t log(> J+t3 +a23

and

|
T

_jtat2 g
<oft T
J
for n < 1, also

Ui

j+%+o¢< >/3+1 (t
< Cpts +a+ﬁ< 5

tA (1))~ log (¢A (1))
> 5log <t%n> < Ct 'log (t)

and
15

R ) (A ()~ < ot (1) T < o

forn>1andj+a—|—ﬁ§£.
Next we consider

2n

ER )
I = /0 O (1 x (En7")) ¢ () g
for n > 0. We integrate by parts via the identity
(2.8) e HSEN = Hyp, <€€—it5(§,n)>

with Hy = (1 — it& (A (€) — A (1)) " to get

L = — /0 Pt En) (¢ €0, (Hs (1 — x (En7 ")) &) de

2n

_ /0 TSN [ (1 x (enY)) €9 g (€) d.

Using the estimates |Hs| < C (1 + €A’ ()" and

€06 (Hs (1= x (€n7") €)] < €& (1 +1€A ()™

21
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in the domain 0 < ¢ < %T’, we obtain

2 2 +
2| < O[]l m )/57 &dg / e :
+) Jo  1+tEN (1) 14N ()
We have
¥ gde < COp'ti S yldy < Cn't (A ()
| v <O i Gy <O Ao
and

/ 3 _ A oy / A T
o (1+teA (n)) o (1+tA(n)y)
Hence we get
£ A )2 [nl° ()° |
< Ct2 [ @llg, n°HFE ()P (A ()
(2.9 < O +17F) 6l

A

Witha+j+% >0,j+a+p8< g, since
4 . -3
W )P A ) < onett (v
53, 3> a4+ 3>0
< C ndzatits
t , O +] + 5 Z 3
for n < 1, and

()>

" A
> <ot

otj+3 2 (n >5+1<
< Cn]-‘r +a+5< %

forn>1landj+a+pB<3.
Finally we estimate

h= [ e (1 (o) o)l
for n > 0. We integrate by parts via the identity (2.8)

o= = e (€ ¢og (ta (1 x (607)) ) de

2

_ /:o e—z’ts(é,n)HS (1 —x (&771)) £j+1¢£ (€) de.

2
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Using the estimates |Hs| < C (1 +tA (€)™ and
60 (13 (1~ x (en7")) &)] < O (1 + 1A ()

in the domain £ > 3777, we obtain

oo &']df /Oof ’
_ _5Y
|I3] < C”d’HL‘X’(RJr) /3; 1+tA(§) e :

Since

> gde 21 [ s 1,4
> > <L J < J
/327, 1+tA(§)_Ct %5 d¢ < Ct 'n

forn>1,t>1, and for 0 < n < 1, we find

~gde > glde R
/3; A ©) = Jy1rte T /g &S

N

Njw

1
) t3 j

S Ctijgl / 1 € dgg
3143 1 +§

2

Lot < Ot M og () + Ot <t

for j =0,1,2 and for j =3

[M[°)

1
3

° gdg > gdg 1 [T s
/sn 1+tA(§)§ﬁm1+t§3+Ct /3 &ds

2 2
3¢ .
_i+r 2P0 gdE _ _
< Ct ”1/ 4ot l< ot
S 3 an,} 1+§3 + =

Wl

2

Similarly

/OO £2+lge < 2 /OO £294e < O 228
o (L+tA(€)? ™ & B

forn>1.For0<n<1

) ] 3 1 o0
/ S / CE L oy / §979d¢
o (L+tA(€)? ~ Ja (1+163)? 3

. 3,3 2j+1 .
< ot / TSR L o2 < O tlog (1) + Ot 2
. 1 2

gy (14 63)

2

for 7 =0,1,2, and for j =3

<

3| de
NG

23

j—2
)

1

t3

2j—4
")

00 2j+1 3 0o
/ STy /3 fde+ o2 / £294¢ < C2.
3n 3
2 2

@ (L+tA(€))?



24 N. HAYASHI AND P.I. NAUMKIN

Hence we get
Loanm T \B
t2 [A" (n) |2 [n]* ()" | 13|
j— 1 _1 1_j+1 /1 \J—2
(WWEWV&wMﬁ“G2byw+m * (th) )

C (72 10g (t) + 75 ) |6,

IN

IN

for j =0,1,2, and for j =3

1 i « -1 3te -3
t2 [N (n)]7 [n|* ()7 | Is] < Ot 2 (|6, () [n]2F* < Ct72 ¢y,

with j+8+a <3, a>—
Finally we estimate

Sl

S | esense e

2T 0

VElp =
for n < 0. We integrate by parts via the identity
(2.10) e~ SEn = 1,0, (55“5(5,77))

with Hy = (1 — it& (A (€) + A (1)) " to get

Velg = —yf W /0 TSN (€) 60, (Hie?) de
(s A 00 . .
. it | 27r(77)| /0 efztS(f,n)€]+1H4¢£ (5) dg

Using the estimates |Hy| < C (1 + t€ (A (€) + A’ (n)))”" and

€0 (Ha&7)| < CE7 (14t (A (&) + A ()~
we obtain

&ld¢

Veel < Clidllpem, t? A (”)‘2/0 L+ t€ (N (€) + A ()

gt [ e
+Ct7 | (n)\/o 14 t€ (N (&) + N (n)
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As above we get

0o gjdg 00 §2j+1d§ 2
/0 1+t€(A’(€)+A’(n))+</o (1+t£(A’(£)+A’(n)))2>
Inl ¢idg % gide¢
< 1+t§A’(n)+/|n [+ 1A (9)

Il e2i+1ge > o g2j+lge >§
+ —— | + —
</o (1+t§A’(n))2> </|n| (1+tA ()

< O (A @)+ C ) { g () +7F (1), j=012

Then we find

o ; _1 a1
[ ves| . <o (Romn +1%) oy,
ifaZ—%,omLB—i—jg % Lemma 2.2 is proved. O

2.3. Estimates for the operator O

In this subsection we consider the estimate of the operator

Qp=Q(t)¢ = \/QTm/R SN () |A” ()] i

in the uniform norm. Note that

106l < CtF [ 0@ A7 ()] d < €t [ |2 ()| ]

LI(R)

In particular we find
1Q(1 = 0) Bllgogr,y + 1P1Q(=8) (1= 6) Bl
A ()] 2 ¢’
The next lemma says that the main term of the asymptotics of Q¢ in the
positive half-line is A* (¢) ¢.
3 5

Lemma 2.3. Let o > =2, oy > —%, B<5—a B <3—ar. Then the
estimate

(211) < Ct2

LIR-)

1Q0¢ — 0A™ (t) Pl (m ) + 12 (=1) 09l (m

< (Cmax (t_%,t_% log <t>> Hn_al <n>_ﬂl ¢HL00(R+)

42«

sOmax (7,73 | () 9,0

L*(Ry)
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1s valid for all t > 1.

Proof. For the case of £ > 0, we write

Q06— 04" (19
= o [ @ ) - o€ 4 )l x (e a

2 1
ﬂ/;m./(] e"SEM G () A" ()2 (1 —x (en™Y)) dn
ﬂ/;./ ¢itSEm g () [A” ()] (1= x (e77Y)) dn
T %5

= L+ 1L+ Is.

In the first integral I; by using the identity (2.3) we get

3
I /5 ESEN (5 () — 6 () (1 - €)
x O, (Hz A" ()] x (577’1)) dn
3¢ i
Vg e = X )| x (e Hay ()
Then using (2.4) and the estimates

16 (1) — ¢ (&) < CE ()P Iy — €12 ||~ () P 9,0

L2(Ry)

and
1

ol < C (1+(6)° (€~ n)°)

in the domain g <n < 3¢, we find

1 _
L] < Ct3 ||~ ()P 0,0

1+a 1+8
o, £

/35 n—glzdn /3f -\
§ L) (€ —n)’ 8 (1+t5<§>2(§—n)2)2

Changing n = &y we get

€y —¢lzdy s (2 ly—12dy
C¢&2
/ﬁ 1+ t£()* (€ —n)? : §/1+t1\(£)(1—y)2

1
3 3

CE3 (tA (€))7

IN



MODIFIED KDV EQUATION 27

and

% (n—€)*dn oo [ W=D dy
/é (i@ n?) A(1+tA(€)(1—y)2)2

IN
Q
I
@
—
~
-
—
n
S~—
~
I
e

Then using
_9
1RO ()0 (A (€)) T3 < cudgte (ihg) T <O (1 )
for0< ¢ <1,if > —2 and
e () < crigtred (i) < ot
for € >1,if g < §—a we obtain
3

t2e2e (€)1 (1A (€))7

C max (t_i = 4)“77‘“ 59

L < cHn =

N

IN

In the second integral I, using the identity e®5&m = Hs0, (neits (’5’”)) with
Hs = (1+itnS, (&1 )7 we integrate by parts

\/;/3 etSEm b () 8, (H5‘A" ‘% (1—X(§7771))) dn

— ./03 eSEMnHs A" (n) \%(1—x(§77*1))¢n(77)d77

21

Since Sy, (&,n) = —A" () (§ —n) for n > 0, we have the estimates

(2.12) | |8 )] ® (1= x (€07)| < Ot ) (1+ 26— )P <77>2)_1 :

and
(2.13)

‘77877 (H5 A" (n)]? (1 —x (fn_l))>( < Cnz (n) (1 +t(E—n)n’ <n>2)_1 :

Hence in the domain 0 < n < %5 we get

2 1
Bl < Ot [ g /35772““ () dy
- >R Jo 1+t (n)°

1
2

2¢  3+2a 2428

1 — 30 (m) dn
Ctz ||~ (n)~" o /
+ n " ()" Ono L2y

(14 ten )?)’
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We get

2, 1 1
/35 n§+a1 <n>1+51 dn _ /oo n§+a1 <n>1+/31 dn
0 14 t&n? (n)? 0 1+tA(n)

1 l-I—Oq
C’/ 772d77+0t—1/ n 2+a+6dn
0 14‘15773 1

IN

«1

+ald «
Ct/ u +cot! < C( 3% +¢t log <t>> ,
o 14

IN

if g > —%, a1+ P < % Similarly

/§E n3+2a <n>2+26 dn - C/oo ,'73+2a <n>2+2/3 dn
0 — Jo

2 2
(1+ten? ()?) (1+tA ()
3+20¢d,r] 0o
< -2 —5+20+28
< C'/ 15 206 +Ct /1 n dn

tf§ 3+2a
< Ct_f_L 777 dn
o 14

+O0t72 < C( 5% 41 % log (t)) ,
where o > —2, a + 8 < 2. Therefore
’12‘ < (Cmax (t T 3 ]og ) Hn_al —51 (ﬁH

L>(Ry)
+C’max( e St 2log )Hn ngb‘

L2(Ry)

In the third integral I using the identity 5 = H50, (neits(f’”)) with
Hs = (1 +itnS, (&, n))~! we integrate by parts

I3 ——\/TAOO ltS(én)¢( ) oy <H5‘A” ‘ (1_X(§n71))> dn
\/>/ S |A” ()| (1= x (€n7")) 6 (n) g

Since 3¢ < n implies 1n < (n — &), then by (2.12) and (2.13) we get

N

oo itan 1+51
1y _ n2T (n) "t dn
< aq 51
Tl = Ct2 I~ n) d)HLw(Rgﬁg 1+tA (1)
1
00 , 34+2a 2428 2
+Ct2 ||~ () P ancb‘ , / T zdn
L*Ry) \J3e  (1+1A (n))
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In the same way as in the proof of the estimate for I we obtain

= ot

—|—C’max< e t2log )Hn n(b‘

L2(Ry)

Next consider Q (—t) 8¢ for £ < 0. Using the identity

eitSEn — [ed), <n€—itS(£,n)>

with Heg = (1 — itnS, (€, 7]))71 , we integrate by parts

it [ " 1
—t)9¢=—\/2zﬂ/0 e~ SEM g () nay, (H6{A (17)|2)dn
—\/;/0 e~tSEMN G A ()| 6y (n) d.

Since Sy, (&,n) = —A" (n) (§ —n), £ <0, n > 0, then we have the estimates

[nHe |8 ()| 2] < O () (1428 ()7

and
Iny (Hs |87 ()|)] < ¥ () (14 24 (o))~

Hence we get

0o | |5+al 451 4
Q(-t)0¢| < Ct Hn*‘“ <77>51¢>HL00(R)/ I 1+§5A>(> 7

P2 ) dy | ?
L2(R) /o (1+tA ()?

Then in the same way as in the proof of the estimate for I» we obtain

N

+Ct2

-8 anqs‘

|Q(—t)0¢p| < Cmax (t - 3 log (t ) HU_al e quLOO Ry)

+C’max( T 210g )Hn

for all £ < 0. Lemma 2.3 is proved. O
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§3. Estimates in the L? - norm
3.1. Estimate for derivatives of Q

First we note that

1
190/l2m,) = Ct2

/R TN E N () |47 (m)|?

L2(Ry)

— (3

/kimM¢m@»M%mmﬂém
R

L2(Ry)

IN

(3.1) CAWW@memﬂlm_CWMmy

Also we have the relation

i£Q¢ = QAY,
where o
A= o M At
LA ()| (A ()]
with Ay = L9 L In the next lemma we obtain the estimates

A ()2 A7 ()] 2
through the operator Ajg.

Lemma 3.1. The estimates

[ ttaw

4
< sz(:) “tAonl¢“L2(R+) +Ct Nl g s -

L2(Ry)
and
| toemo| . < 148l + IntAodliem,
4
! /
+l; HtAon ¢HL2(R+) +Ct NG| om
are true.

Proof. By a direct calculation we find

t0; Q¢ = (itA (&) Qp — itQAOQ)
+ (itQnA'0¢ — itE QN'0¢) + it£Q (1 — 0) A'¢.

Applying the commutator

i£Q¢ — Qinfp = Q (A —inf) ¢ = QAP
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we obtain

itOnA' 06 — it QN 06 = — Ot AoN 0¢.

By the relation A = Ay + inf (n) we get

n—1
(i&)" Qb — Q(in)" 0 = > _ (€)' QAq (in)" "' 6.

=0

Therefore

2
itA (€) Q6 — itQAGS = it Y (i€)' QA (in)* ' 09

=0

4
—H’tg D (6 QA (in)* ' 09,
=0

Then by inequality (3.1) we obtain the first estimate of the lemma. The second
estimate is proved in the same way. Lemma 3.1 is proved. O

3.2. Auxiliary estimates in L?

In the next two lemmas we estimate some integrals to prove the estimate of
the derivative of V¢. First, we consider the integral

1 R
Tip = A" (n)]? 2 /0 e e (&) (€,m) de.
Lemma 3.2. Let B> a>0,0=0or 8 >a=0,6§ > 0. Suppose that

[~ ) (©)° (o) v (&,m)| < €
forallk=0,1,2, n € R, £ > 0. Then the estimate

1 for a>0
IZéham < Clolaey | 1og 0y or o

18 true for all t > 1.
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Proof. We have
0l = Ct [ anla" )] [ G i mde
x / ¢S (¢) 4 (¢, m) de
0

— Ot / ltA dé / —itA(C

></ dn |A" (n)| ¥ (& n)v (¢ n)e —it A (m)(€=0)
R
0

0

where

K (6.0 =t [ BN | ) TEm (¢
We integrate two times by parts via the identity
TN _ pog, (ne TN ME)
with Hg = (1 —itn [A” (n)] (€ — €)™ to get
K (60 =t / e TN E D, (Hendy (Hs [N ()| § € m (Cn)) ) d.

Then using the estimate

Clnl > ()* P (&) ()"
(L+t|N (n)]]€ —¢])

[ndy (Hondy (Ho | A" ()| & Emw (¢m) )| <

i

we get

K (.01 <t [ [o0, (Hond, (1|3 ] 0 Emw (C.0) )|

1 1+2a 00 3+20-28 4

< Ctle— _5< n n n n >

< CHE-0 /0(1+t772|§C\)2+/1 (1+ [ — |)?
(te—ch? 1420y

< ore- 7 le- g [

yAH20-26 g

C By
FetiE=o /(t|£ ot (1+yh)
CtE—O)°(E-On~"

+ot(lE- Q=" 1) (-0

IN
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if > a > 0. Then by the Young inequality for convolutions we obtain

1Tl < Cllélaam,) \ [Tk eols©

IN

CllollL2my)

|- te- o0
/oo 1257 e _ S (\(5 oY it 1) 9 (¢)
0

e (e ™= 1) e~

+ Clolzm,

L2
)

< Cllteny) ([[tte 07|,

< OlolZam, {

1for >0
log (t) fora =0 "~

since in the case of a > 0, § = 0 we have

! d —1l-«

and in the case of « =0, § > 0 we find

1-6
C/ 1+£+C/ §7%E < Clog (t) .

Lemma 3.2 is proved. O

[tten @~

[tten @]

In the next lemma we prove another estimate of the integral
1 o0 .
o=t [ 60 (€ ) de
0
in L2
Lemma 3.3. Let k=0,1,2, k—1<a<k+1— /. Suppose that

[ (& )|+ 1(6 =06 () e (&, m)| < 1€ + Il = | ()"
for € >0, n € R. Suppose that ¢ (0) = 0. Then the estimate

I Zo0 sy < Cmax (1,6757°5) 1) dellyaqm,
1s true for all t > 1.

Proof. Consider n > 0. Using identity (2.1) we integrate by parts
Lo = —th [ e SE0G () (6 —n) o (1 (6.m) e
b [ e (€ s () e (6) .
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-1
By the estimates |Hy| < C (1 +EE=n)?m+& (1+n*+ 52)) » and

C e+ |l * Inl™ (n)”
L+t(E—n)>(n+8&) 1 +n2+&2)

(6 —n) O (Hiy (€,m))] <

we obtain

00 _ —k a B8
T2 gcté/ 16(6) = @ ()| €+ [n]| ™" |n| 2<?7> 2d£
0 1+t(E—n) M+ L+n2+&2)
Lot / € —n !£+!77H_ Inl* (n)” [0l d€
L+t (E—n)°(n+8) (1+n2+&2)

Since |6 (€) — & (0)] < C€2 ()75 16) dellyaqr.) we get

&+ Il € 4)~% [nl* {m)” d
L+ t(E—n)* (n+&) (L+n°+€2)
(1=l €+ [nll " [0l () |0eo) dE
3.2 Ctz2 .
62 e e P e 0 7 - )
We estimate the first summand in (3.2) as

/°° 1€+ [l €2 (&)~ | (n)® de
0o L+tE—n)2n+&L+n2+¢2)

1Tod| < Ct2 ||(€) ¢€HL2(R+)/O

1 ol ) de a s [Z O dg
(3.3) < 0/0 1+t77<n>2(£—77)2+0|n| <>/77 EONGE

Then we find
/2’7 T ) dg /2 nl* 2 (m)° dy
o 1+tpm(E—n)? "  Jo 1+tA(n) (y—1)°
< O™ ()P (tA ()2

and

1 1 1 -3 2
iy O () () o
1
S 2 —
(3.4)+C (/ 172a+26_2k_2d7)> < C'max (1,t_é_Tk>
1

ifa>k—2, a+ 8 —k < 1. Also the second term of the right-hand side of
(3.3) is estimated as

(NI

RS () (A ()

IN

00 %—k —%d %)
‘ma <77>B/n § : +<f:/>X (5) f < Ct—lna+5/77 é“_k—f)dé- < Ct_l <n>a+ﬂ—k—4
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forn>1,t>1, and

0o ¢35k (673 g 1 ca—k+iy 0
|77|“<77>B/ £ & <C/ H—i—Ct_l/l £~h=5 g
m n

1+tA(€) 14 t€3
B t’i a—k+1
< Ct‘—/ ) & de 23d§ +Ct !
nt§ 1 +§
<

1 _a—k 1 \o—k—3 1
Ct™ 273 max|1, <t§77> + Ct " logt

for 0 < n < 1. Hence

o 2 g3 (¢) 73 de
| <>/n I

L*(R4)

1 a—k 1 1 200—2k—3 % 1
< Ct 2773 (/ max <1, <t§n> ) dn) + Ct " logt
0

1

o0 2 o
(35)  +Ct ( / <n>2a+2f“’“8dn> < C'max (t*llogt,f%*T’“)
1

for o + B — k < %. Thus by (3.3)-(3.5)
(3.6)

1
t2

/OO €+ Inll* €2 ()2 [nl” (m) de
o 1+tE—n)’m+ 1+ +8)|,
ifa>k—2, a+p8—-k<1.
Consider the second summand in (3.2) for 0 <n <1
/°° 1€ = nl 1€+ nll =" [nl™ (m)” 19| d€
o 1+tE=n)’(n+8 1 +n*+¢)
20 [& — " 9] dé
C
= /0 L+tln—¢&f°

00 20422k :
(3.7) + CE) eellpa,) </27, (£1+t/\(§))§2)

if a +1— &k > 0. By the Young inequality
/2" € — "' F |0eg| de
0

L+tp—¢P ||
1\ -3
< Ol |+ R (e
3 LQ(R-O-) < > Ll(R)
_a-— k+2
(3.8) < Cmax <t Yogt,t ) “¢£”L2(R+)'

35



36 N. HAYASHI AND P.I. NAUMKIN

Let us consider the second term of the right hand side of (3.7). We have

o] 20+2—2k 2 2422k [e'e)
/ 5 d£2 S / 5 dzf +Ct2/ §2a72k78d€
2p (1+tA()) 2y (1 +1€3)
< o 2a—§k+3 /2t3 §2a+2 2kd§
N 2

+ Ct™
s (1 +§3)2
71720‘,2]6 1 200—2k—3 _9
Ct 3 max 1,<t377> +Ct

IN

ifa—k<%andthen

£2a+2 deg
H o (1+tA(€))? )

L2(0,1)

L\ 20—2k—3 3
< o5 </ max <1, <t§n> ) dn> Lot
0

2_ _a—k

(3.9) < C'max (t*%,t*rT> .

By (3.7)-(3.9)
i /°° 1€ = nl 1€+ nll " Inl™ (n)” [9ee| d€
0o LHt(E=n)" (+& A+ +E)|| L
(3.10) < C|gellaqm, max (1,t—%—“T““) .

For n > 1 we have

/O" € = nl 1€+ Inll " Inl* (n)” |0eg| de
0 1+t(E—n)>(+&L+n2+€2)

e s _ 0 ke
C a+p—k C 1 Oc-‘rﬁ k—4 ) d
o [T gl

IN

2

(& —m)*d¢
2
L+t (€= n)°)

IN

2n
C ol ™| | (

1
oo 2
+Ct_1 H¢§HL2 (Ry) ﬁa% (/ 5_2k_8df>
n

k-2
Clloellpam,yt™ dyetiheg

IN
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and then

/°° € = nl 1€+ Inll =" Inl* () |0eg| de
0 1+t(E—n)2M+&Q+n2+¢2)

_3
(3.11) < Ct 4 ||loellyeg,)

L2(1,00)
o+p—k—2

_3
n <Ct 1 H¢EHL2(R+)

L2(1,00)

if a + 8 — k < I. Therefore by (3.10) and (3.11)

1
t2

/°° € = nl 1€+ Inl| " [n|* (n)” 9 p] d
0 1HtE—n) (+& 1 +n2+e2)

(312) < Cmax (L7875 1€ dellpaqm, ) -

L2(Ry)

By (3.6) and (3.12)

_1_a—k
IZ20 o) < Cmax (16755 ) 16) belpo, ) -

To estimate Zo¢ for n < 0, we integrate by parts via the identity (2.10)

1

Lo~ it [ T eSE (6(6) — b (0)) €0 (Hath (€,m))

0

b [ e S (6. e (€) .
Using the estimates

il <0 (16 (2407 +n 2)) " wEml < Cle+ ll ™l (n)?

and

-1

606 (Hat ()| < Cle -+ Inll ™ Inl® () (14186 (€247 + 07 )7))



38 N. HAYASHI AND P.I. NAUMKIN

we obtain

€5 (6)72 € + [nl| ~* n|* () de
1+1t¢ (62 ()" +n? <77>2)
Lotk /°° €+ 1l 7" nl* (m)” g () €d¢
0 14 (248 + 2 ())

: il gl ta T )P dg e th R )b dg
< Ct2 [[{€) dellye (/0 Ty + § AT

Tog| < Ct3 1(€) el /

+C12 [|(€) el o

o P ) e 5 ( °°52a-2’“+2<5>2ﬁd5>§
o (/0 <1+tn2<n>2§>2> ’ /ln (1+1tA(8))

For n| <1

/'"' [[ot3F ﬁd& /W‘“ (m)” dy
0

1+t§n 1+tA(n)y
ors [ dy atd—k 3\ "1
< Ottt [ <l ()
o 1L+tn"y

and for |n| > 1

1k
/Ml ™ )" de < CplotPrak /1 by Ot |p|* ki
o 1+tn2(n)® o 1+tin’y ~

Therefore

/'"' [t ()P de
o 1ten?(n)?

1
< C(/ 2% (15 ] ) 2d!?7!)
0

o0 2
(3.14)+Ct7% </ \7]\20&257%7% d|17]> < C'max (t ilogt, i k+2>
1

L2(R_)
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ifa+p-k< % In the same manner

(NI

/ Il |2 2F ()P €2de
0 (1 + tn? <n>2£)2

1
/ ‘ |20¢ 2k+3 n>2,3 2dy 2
(1+tA (n)y)?
L2

2
o ([ P2 (o) i
+Ct 1 </ n2a+2,6’ 2k— 7d‘77|>
1

C’max( Nogt, =3 HQ).

L2(R_)

IN

R_)

N= o~

IN

(3.15)

IN

We have

/°° rtsh(6)P 2 g
In| 1+tA(§)

1
ek 1 t3 ga—}—%—kdé- L 00
t—,i—* t_ a+ﬁ—k—5d
o L S et [T

_a—k_1 . 1 \o—k—3 1
Ct™ 3 “2min 1,<t3n> +Ct™
for [n] < lifa—k>—2, a4+ 8-k <4. And

°°§O‘+7_k<§>ﬁ_%d§ 21 [ catp—k—5 1 jatB—k—4
C d C
| e et g< ity

IN

IN

for |n| > 1. Therefore

oo §a+ffk >»3*% d¢
1+tA(§)

L2 (R4)

1
a—k_ 1 2a—2k—3 2
Ct 3 "2 </ mln( tsn ) )
 min (1, (t4n)
1 :
+Ct_1 (/ dn) + Ot 1 </ 2a+25—2k—8 dn)
0

(316) < Cmin (t‘l,t_a 5”)

IN

39
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ifa+p-k< % Similarly,

oo 6204 2k+2 <€>2/3 d{)é

(14 tA (€))? .

1
200—2k—3 2
< C’tii*f (/ min (1, <t%n> ) dn)
0
o 1 I~ i
+Ct! < / dn> +Ct! < / n2a+252’“9dn)
1 1

(3.17) < Cmin (t—l,t—ia’é““) .
Thus we get by (3.13)-(3.17)

_1_a-k
1229l 2r_y < € min <17t 6 3 ) [1€€) ¢£HL2(R+)~

Lemma 3.3 is proved. O

Next we estimate

Ty = th [ ey ¢ de
0
in L.
Lemma 3.4. Let k=0,1,2, k— 1< a<k+4, a+ 5 <1+ k. Suppose that

[ (&) + (€ =18 (n)) D> (€, m)| < [€+ nl[ 7" nl* (m)”
for £ >0, n e R. Then the estimate

| T3l 2 (g < € max (1,t—%’“)
is true for all t > 1.
Proof. Consider n > 0. Using identity (2.1) we integrate by parts
Ty =t [ e (€ ) o (Huw (6m) e
+0 (3 (0.m) (tA ()"
Using the estimate

C e+ nll " Inl* ()"
L+t(E—n)*(n+8&) (1 +n2+¢2)

(€ =n) O (H19p (&, )] <
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we obtain
T3] < Otz |n|* T =F ()P (e ()7
L[ &+ [l ™* In|* (n)” de
3.18 Ct2 .
(3.18) " /o L+t(€—n)"(n+8&) (1 +n2+&2)

We estimate the first summand as

5 I ) (e ()|

L3(Ry)
-3
< Ct3 peti=k <t%77>
L2(0,1)
(3.19) Ot na+5_k_4‘ < C'max <t_aT_k,t_%>
L2(1,00)

ifa>k—1,a+p-k< % For the second summand we get

/°° €+ [nl| " 9] ()" de
0 14+tE—n)> M+ +n2+€2)
2 o ()P de L1 g [EeTR g
C C 3 >
: /o T mre—n? M <”>/n 1+ A (€)

Then we find

/277 ‘ma—k <17>5 df - 0/2 na+17k <n>/3 dy
o 1+t E—n?"  Jo 1+tA(n) (y—1)°
< O ) (A ()2

and

_3
2

_1 _ 1
[ty aa 2|, < Clne ()
L*(R+) L2(0,1)
+Ctz 77""”3“_]“_g < C'max (t_aJr;_k_é,t_%)
L2(1,00)

fora>k—1, a+ 5 —k < 1. Also the second term is estimated as

1 2o ga—kts ge -1 % ca—k—5 1 —k—4
nl—s <77>B/ = < Ct 775/ grhRag < ot ingth
| n 1+ tA (€) 0
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forp>1,t>1, a—k <4 and

*é 8 oogoc—k-i—%dé-
O e

1 1 £a7k+%d£ 1 o) L
C n -3 / + Ct*l n -3 / gafk75+§d§
| | . 1 + t§3 ’ ‘ 1

1
t3 ca—k+1
< Ct 573 W—% 1%
nt3 1+§

IN

1
+Ct |

atl—k 1

1 1 a—k—2+% 1 1
< Ct~ 3 "9 |n| 3min 1,<t§n> +Cn| 3t " logt

for0<n<1,k—1<a<k+4. Hence for the second summand

th / © Inlle+ Il ) (€ dg
0 1+t(§—77)2(77+§)(1+772+§2) L2(Ry)
(3200 < Cmax (1,475 ).

We apply (3.19) and (3.20) to (3.18) to get

a—k

1Zs]lp2r,y < € max (1, t‘T)

forallt>1,ifk—1<a<k+4, a+-k<l1.

To estimate Z3 for n < 0, we integrate by parts via the identity (2.10)

7= —th [ e gy (6, m) e
0
Using the estimate

Cle+ Inll " Inl* ()"

180 (Hat)p (&;m))] <

T (@@ + o))
we obtain
00 _k o P
IIslgc*té/ €+ Il IZ! (n) de
0 146 (2007 402 (n)?)
o [ | (n)? de T A Rl
3.21 Otz [nl™ " )" d€ 1 : gk () de
B2 s /0 1+ t€n? () + Ct2 n| /n TG
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We have

/77 ‘77|a_k <77>5 df < C|n|a+1—k /1 dy
o 14ten?(n)? o 1+tnfy

o1 -2
< Ct~ 5= min (1, <t%n> ) + Ct logt
for ] <1if a >k —1, and

/'"' T 7 dE sk /1 dy
o L+ten?(n)® T 0o L4ty

< Ctllogt

for |n| > 1 if o + 8 — k < 4. Therefore

[l || 2=k 1)\ B 1
(3.22) ‘/ M < C(t‘ -4 +t—1logt>.
0 1+t£77 <77> L2(R_)
Next we find
R R I L=t [ ookl
] 3/ = <Oty 3/ gAHI=h=5%3 4y
m LA i
< thl ’n‘a+ﬁfk74
for |p] > 1ifa+ 8 —k <4 and
| ’_% /oo fa—k—i-% <§>/3 d¢
LI S NG
1 a_k+‘ld 0o ca—k+i Bd
< ot [ S Sy [TE L
il 1+ t[¢] 1+tA(§)
ad1— a—k—2+1
< C\nr% (t 55 min <1,<t§77> 3> —i—tllogt)

for |n| < 1. Therefore

[0 ga—ktg e\B
(3.23) /| ¢t (g)" dg

U S NN

L2(R_)

By (3.21)-(3.23)
1Tl ) < Cmax (1,67°57)

ifa>k—1,a+ 5 —k < 3. Lemma 3.4 is proved. O
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3.3. Estimate for derivative of V
In the next lemma we estimate the derivative 9,V through the operator Ay.

Lemma 3.5. Let a+8+j <3, anda>0ifj=1,2,3, a>11ifj=0. Then
the estimate

n|* (n)? tAVE ¢
| |

L*(R)
1 for a>0,j=1,2,30ra>1,7=0
<
- CW@¢5PQM{1%@>ﬁrazaj:1230ra:Lj:0
+C max (1,t%*%j) 16 (0)]
18 true for all t > 1.
When j = 2,3, ||(€) ¢£]\L2(R+) can be replaced by Hf(ﬁgHLQ(R”.

Proof. We have

tA0V§j¢ _ ‘A” (7])‘_% 0, /% / e—its(@")fjgb (&) de.
0
By the identity

_- Sy (&m) o i
oo tSEm  —  P2n\S: ) g —itS(&n)
K Se(€.m) "

AT )€ =m0 (n) 5 —asiem
N(© = EA ()

we integrate by parts

n|™ (n)° tAVE §
= ol 5 [ e, (A, QR Tun @)) *

In]
_ \/Z A" ()] /O eTSEM Yy (€,m) e (€) de

+\/§ /O e E My (€,m) ¢ (€) de,

(6~ 08 (m) &
N(E) -~ EA ()

Il (m)P el
_ {(m@w%%wwf“”>0

where

vr(&m) = In* ()’

- | (m)Pert?
%fbrn<o
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and

(€ =8 () &
N @&~ ZA ()

23

G () = [nl® () |A" (n)]? O

1
G e for >0
i .

1
= [n|* ()7 A" (n)}g{
8&m fOI' n <0

By a direct calculation

| ()7 &
(Il +&) (€ + n)’)

c{ |* ()72 j=1,2,3

Mo v (&m)| < C©

IN

[t )T =
for all k = 0,1,2, n € R, £ > 0. Then we apply Lemma 3.2 with § replaced

by —8—j+3 for j =1,2,3, and with « replaced by a — 1, and S replaced by
—B—3d+2for 5 =0, and > 0 small, to find

HQQMWWA e SED (€ m) (€) 0 (€) e

L*(R)

lfor a>0,7=1,230ra>1,5=0
<
= C”<§>¢£HL2(R+){ log (t) fora=0,7=1,2,30ora=1,7=0

if —-f—j+3>a>0forj=1,2,3,and —f+2>a—12>0for j =0. Also
we have

[V (§,m)| + (& —nb () Otz (€, 1))
< O3 (e & + Il 72 ()P ((€) + () 2.

Then we apply Lemma 3.3 with «, 8 replaced by o + %, B — 1, respectively,
and k=2—4,7=0,1,2and k =0, j = 3, then

it [ _asen
H\/2ﬂ_]£ e ED Y, (€,m) (9(€) = 6 (0) de

In the same manner by Lemma 3.4 we get

HJ;wmAe“me@m&

Lemma 3.5 is proved. O

<C ||<£> ¢§HL2(R+) .
L?(R)

a+tj

< C'max (l,t%’T> 16 (0)].
L2(R)




46 N. HAYASHI AND P.I. NAUMKIN

In the next lemma we estimate the derivative 9;V¢.

Lemma 3.6. Let a > 0, o+ 8 < —1. Then the estimate

[l ) vo| < ClIE ocllaqa, +C 1o O)

is true for all t > 1.
Proof. We have

0.V = | |A” ()| Vo

it |AY 00 )
it t'%(”)‘ /O emitSEN 9,8 (¢,17) 6 (€) de

Vo =2[n* [A” ()] Ve

and

N " ) .
gy AT O] / e HSED 9,5 (€,7) b (€) de.
27'[' 0
Using the identity
e S(Em) _ _#age—its(&n)’

itSe (€,1m)

we integrate by parts

9V = n]| |A" ()| "% Vg

\/ZHT / —itS(En) 835(25’ ?;)QS (&) d¢
\/ZHT/ —itS(En) ( 855((;, ?) ¢ (£) dE.

1" ()" 000 =\ A" ) [ e S (€. (6 0 )
+E /O e My (€,m) ¢ (€) de,

—1 6aS (67 77)
Se (§,m)

i
C L -t ] Tgeme form >0
= 77 77 52 £2+ 772 f
A FA T orn <0

Thus we get

where

PLEn) = —nl*m’E
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and

al&m) = Il () = ol () A" ()] 2 <a (@ 77)>

&)
(2n+&)(E=n)
= atl B_l a  \B AN 1 8§Wforn>0
A
= )~ 5 ol ) A (o) e
8€W forn <0

We have
00" 1 (&m)| < Cll* (n)”

forallk =0,1,2,n € R, £ > 0. Then applying Lemma 3.2 we get for a+3 < 0,

a>0
\/g A ()] /O e S CMy (€,m) (6) o (6) d

< C() telliem,y)

L2(R)

Also we have

[ (&, m)| + 1(€ = 00 () el (&,m)] < | +2 ()"

for £ > 0,7 € R. We apply Lemma 3.3 and Lemma 3.4 with o and S replaced
by a + % and 1 — 3, respectively, to obtain

\/Z /0 e~ My (€,m) ¢ (€) d

< O dellpm,, + CloO)].

L2(R)

Similarly, using the identity

. 1 .
e USEm — __ Dee 5 &M
itSe ()

we integrate by parts

Ve = 2|n* |A” ()| Vo

\/ZHT / —zts@n)a;j((é ’7))% (€) de
\/ZHT / —zts<sn>< 6;5((;, ’7))>¢(5)d5.
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Thus we get

[nl* ()" 0V = %\A”(m\% / e "Dy (€,m) (€) 0 (€) de
0

g | e © 06 ds
where
il B ey DS (&)
An3+€3+2n2+3n2¢) (¢—n)
= L <s>1{ iy forn >0
5 5(5774"'54) f
NE@Faw o <0

and

_ a+3 Ié] -1 _ |« B8 -1 A % ) 855(5,77) >

aleon) =2l ) €07 = " () (97 |4 (] (2B e

= 2" e

1, o 1 L
*5\7” <77)6‘A" (n)\2 (n+£)é +bn2+bE?)

£2(5nt+¢4)

3. ¢3 2 2 -~
| o (4’ +&54+2me> +30%€) (€—m)E n>0
3] :
8£W fOI' n <0

We have
|n00)* s (€,m)| < € Il )+

for all K =0,1,2, 7 € R, & > 0. Then applying Lemma 3.2 we get for 8 <
—a—1,a>0

< CNE) dellrzm,) -
L2(R)

H % A" ()] /0 TSy (6,1m) (€) 0 (€)

Also we have

[ (&m)] + |(€ — 10 () Betpa (€, )| < [T 2 (1) T+

for £ >0, n€eR, a+ 5 < —1. We apply Lemma 3.3 and Lemma 3.4 to get

\/E /0 e My (€,m) 6 (€) d

< O tellpzm,y + Clo(0)].

L2(R)
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Using the above estimates and the following relation

t0VG = adV + b3V — [n| |A” ()| (1 + 20?) Vo

we find
L2(R) <C H<€> ¢£HL2(R+) +C ‘(;5(0)’ .

|inl* )t

Lemma 3.6 is proved.
In the next lemma we estimate the commutator [n, V] ¢, for j = 2, 3.

Lemma 3.7. Let « € [0,1), 8 > «, j = 2,3. Then the estimate

[l e mviee] , < CETS 1 Gleqr

1 for a>0
+OIE belian){ tog 0y for o0

is true for all t > 1.

Proof. We have

. A S .
V16 =G [T esten - g o 6 e

Using the identity
1 356—“5(5,71)7

6_“5(&777) = —-
itSe (§,m)

we integrate by parts

. it [N 00 ] ]
Vg =/ /0 e e (n — )& () de
RN )] [ s (18 E
- \/7/0 O e te O
_ [it[A ()] [ _w@,)( (n—w’)
\/7/0 e AN O iscten ) @ Ed
Thus we get

| () P V)€ = \/Z\A”(n)\é/() e~ S EMaps (€,m) (€) ¢ (€) dE

+@ /O e E My (€,m) ¢ (€) de,
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where

- o =B -1 (M=
Us (€)= —nl* ()P g) W

)

= — ‘77|a <77>75 <§>71 { (77_,_5)(%_]%?2_’_135?
EFaG orn <0

forn >0

and

Pt A o) (5,1 =8¢
Yo (&m) = —n* ()7 [A” ()] (agisg(w
@) o\— 1| 0 + forn >0
= —n[* ()7 |A" (n)|? { 5(71+5)(€;r+b;72+b§2) '
e ey for 1 <0

We have
[00,)" 55 (& m)| < Clnl® ()7 (€)™

forallk =0,1,2,n € R, £ > 0. Then applying Lemma 3.2 we get for 5 > a > 0

H Ve Wl [ e e e (0 0 €)

L2(R)

1for >0
< C6) ¢£||L2(R+){ log (t) fora =0 -

Also we have

[ (€, m)| + (€ = 16 (1)) Bevos (&,m)] < [0l ()73 (¢)
for £ > 0, n € R. We apply Lemma 3.3 with a € [0,1), aa — <0

W g (fﬂl)w
e 6 (&m) ¢ (§) dE
27 /0 L(R)

1_a
< Cto75 |9llpee ) + O I1E) Pellizm, ) -

Lemma 3.7 is proved. ]

84. Estimate for the nonlinearity

In the next lemma we study the large time behavior of the nonlinearity
FU (—t) (uz)® . Note that

181z = | |

is bounded in time for small v > 0.

L (R, ) +t7 H<§> ‘PEHL2(R+)
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Lemma 4.1. Assume that ||@||, < e. Then the asymptotics
i 31 4 -1 ,..7 ~
FU (1) 0] (ua)’ = —i2t~ 1" D5 A" ()] (1€)" &7 (¢)
o 1~ N~ _9
+3it 71 A ()T B () e B (&) + 0 (*7F)
is true for allt >1,€ >0, j=0,1,2, where ¢ (t) = FU (—t)u(t).
Proof. We have 0, (uz)?’ =3 (ugg)2 Uye and

8% (uﬂf)s =3 <u$)2 Ugpze + OUg (umx)z .

2
So we need to consider the term FU (—t) (&qu) Oku with j =1,2, k=1,2,3
for 3 <25+ k < 5. In view of (1.10) we find for the new dependent variable
P =FU(-t)u(l)

FU (—t) ((%u)2 *u

= —ist D50 (3t)

w7100 i (2 (Ve 2) (Ve @) (v e )

—|—3i%t_1D71Q(_t) |A1”| ((W)Z (V (Zg)k ‘2)
r2(vaey ) (viers) (viere))

—i2t 12D _y0 (—3¢)

where Q = A (€) — 3A (g) .
]

By Lemma 2.3 with T

:%,a:—%,ﬁ1<2,,8:gwehave

Q@) i (V(ie'2) " (Vi) )

= 04" (3t) || (v (i¢)? @)2 (V (i€)* 93)

rort b (veere) (vaote)|
rorE ok o o (viere) (vaete)|
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By Lemma 2.2 with o = —1, j = 1,2,3

9 1.
(4.1) V) @] < Cmb 121+ Clnl (=547 1B, -
Hence for 3 <25+ k<5

H aal’\n ((if)jcﬁ)Z(V(ig)k@)
¢ (H<5>2@HLOO(R+) i uan%l) < C,

Using the relation

L>(R4)

A//l

1 1
Oy [N = |A"| tAg [A”] +W

and the Leibnitz rule
Ao (|0 o10205) = |27 2054001
+ A7 drgsAog + [N Groadods

we get
wt o, I (Ve ) (vt ) .
< cfzm i (vaee) (vie's) .
+C‘n8< >_%< (i€) )2(t'40v(2€) ) L2(Ry)

+C ‘ ns ()~ (V (i€)’ 95) (V (if)k@) (tAOV (i)’ @) L2(Ry)
By (4.1) we have
nE=2 ()52 (v (i€)? @)2 (v (i¢)" sB) )
o €re], ., 100, ) <=
and
a ) F (Viiey ) (tAov (i)' 7) )
+C |l ()73 (V (i€)’ ¢> <V (i€)" ‘ﬁ) (tAOV (ieY $> L>(R+)

+lnz ()L AV (i€)° @

. .
2t AV (i)’ @ ‘
n2tAY (i€)’ ¢ LaR,)

L2<R+)> '

< CI8I% (
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By Lemma 3.5 with a = %

% . o % -1 LS A~
[n3eaov ey g, (R+)+‘77 () A0V () B,
< (160 dellgaga., + 16 O)))
which implies
1, -1 DAY ok~
‘ng (n)~= 0, || (V(zf)] (p) (V(lf) 90) LRy
< €+ 161 (I8 dellagm,) + 16 O)]) < O
By (2.11)
. 2
QB -0 A (viey @) (vietke
oo s ).,
1 . 2
< oz |[|A]72 (Vg @) (Vo) e
< o ||A7 (vaey 8) (ve)te) e

Applying estimate of Lemma 2.2 for n < 0 with a = 0, we have
VEI3] < Cmax (173 log (1,475 ) ()2 1,

which implies

\2

loena-a W™ (vae'e) (viore)

L>(R4)
1 _1 VBRY: IR
< ol (vag'e) (vaote)|
LI(R_
1 _1 _ 1 _1
< Ct72|Bll, ||In172 7 Ll(R,)SCt 5 |BlI5, < Ot s,
Thus we find

Q) gy (Vier @) (v(ie)* @)
= 0ar N (Ve 8) (Vo)) + 0 (175,

Next by Lemma 2.1 A (£,€) = 1+0 ((t¢%) ") and 4% (t,€) = 1+0 ((6%) ")
for téﬁ — 00. And by Lemma 2.2 with o =0

V(EY 6= A(1,€) () 6 (&) + O (71 (€T gl5, ).
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Hence
1 N2
NG A~ vk~
Q) 1 (Vo7 ) (viie) o)
A7 (©)] 7 (€ B (&) + 0 (1757,
In the same manner we find for the second summand

Q1) 171 (2(Vi€77) (vier 8) (viier ) + (viiey o) (v 7) )

ik£2j+k

= g QYY) IBEOFE©+O (7).

In the case of the nonlinearity (u;)® we have j = k = 1, for the nonlinearity
Oy (ugc)‘3 =3 (ugc)2 uzz we have j = 1, k = 2, finally, in the case of the non-
linearity 02 (ux)?’ =3 (uz,;)2 Uppr + OUL (um)2 we have j =1, k=3 or j = 2,
k=1.

Next applying the second estimate of Lemma 2.3 as above we get for the
third and fourth terms

D10(-t) i (V67 3) (e ¢)
+2(v(iey ) (v(e) 8) (Vi&)F 3)) =0 (¢ 5¢)

D50 (~31) |A1‘ (vier3) (Viee) =o (r3e).

Lemma 4.1 is proved. O

and

8§5. A priori estimates

Local existence and uniqueness of solutions to the Cauchy problem (1.6) was
shown in paper [19]. However we do not have any local result involving the
operator J =U (t) aU (—t).

Theorem 5.1. Assume that the initial data vy € H?> N HY are real-valued
with a sufficiently small norm |ug||gsqga < 0o. Then there exists a time
T such that the Cauchy problem (1.6) has a unique local solution U (—t)u €
C ([0,T];H> nHY).

Proof. Let us consider the linearized equation of (1.6) such that

(5.1) Oyu — %ai’u + g@gu = (q)x):% ’
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b
(5.2) Oty — %8§uz + 5631@ =3 (vm)2 Oplg,
where v € C ([0, 7]; H* N H"!) and

sup v ()]l gsnms < 20, [[vollgsnmis < p-

)

By applying the usual energy method to (5.1) and (5.2), we have

IN

t t
[0 (8) |z ||UOHH3+C/O [EXOI d8+0/0 1o (5) 32 [l () gy ds

[uollggs + p°CT + p*CT sup [Ju (t)|gs -
t€[0,T

IN

Therefore we have H? solution. Note that ||zu ()| g < C H (i0,) " 2 (1) HL2 +
C||zug (t)||g2 + C ||l (t)||y2 - Multiplying both sides of (5.1) by (id,) "z, we
get

b
By (i0,) L zu — %ag (i00) ™ wu+ £} (i0,) "
= —a (i)  02u+ b (id,) " Ou + (i8y) ! ((%)2 a:vx>
from which with the energy method it follows that

(i85) " zu (t)’

L2
t

< oo, + € [ ()l + 10 Gl lovs ()1 ) ds

< o) wu|| , + CT smp [l () + PCT.
€0,

In order to avoid the derivative loss we consider the identity P = tL£+ %J Oy +
%al', where the modified dilation operator P = t9; + %x@x — %aﬁa, and 7 =
—0, + 3t03. Similarly to (5.2) we consider

(5.3) OrPu — g@iPu + g@iPu = 3 (v)? 0, Pu
and
(5.4) OTu— %af;zu + gagzu = 3 (v,)? 0T + 132 (v2)? O — t (vg)? Du.

By applying the usual energy method to (5.3) and (5.4) we have

[Pu (8)lle

IN

t
leduuollps + C /0 o ()12 [P (3)]|gz dis

[uollgaa + P*CT sup |[Pu(t)|g2
te[0,T]

A
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and

[ Zw () |2

IN

t
c /0 o (55 |1 () o ds

p*CT sup | Zu(t)||p2 + p*CT sup ||u (t)]|gs -
te[0,7] t€[0,T7

IN

Hence by equation (5.1) we find || T 0,u (t)|2 < 5| Pu(t)||2+2a||Zu ()| g2+
5t Lu ()12 < lluollggi: + p2CT. Therefore we have HY! solution. O

We can take 7 > 1 if the data are small in H> N HY! and we may assume
that

(5.5) sup (17U (~t)u (t)llgoz + 17w ()l ) < e
t€(0,1]

To get the desired results, we prove the a priori estimates of solutions uniformly
in time. Define the following norm

lullx, = sup (IFU (=6 (0) gz + ¢ [ Tu @l ) -
te(1,7)

Lemma 5.2. Assume that

sup ||FU (—t)U(t)HHgf = Ssup H<§>2 QH oo =€
te[L,T] te[1,7) L

holds. Then there exists an € such that the estimate

sup t~ 7 ||Ju (t)|gn < 100e
te[1,T]

1s true for all T > 1.

Proof. Arguing by the contradiction, we can assume that there exists a time
T > 0 such that sup;ey 1t | Tu (¢)||gn = 100e. We have the identity

17w )l + 100w (D)2 = (0Bl + 1€z -
Since
108152 = 110cBle<ry + 106 ey
— o~ 2 ~
c|ertoea| , + Icacpls .

IN

we obtain

(5:6) 170t = 1062y + 1€06Plgs < C (€)™ e, +2 €06y
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To estimate the norm H (&)~ a@HLQ we use equation (1.10). We have

(€)1 0cp = (6) 1 OcFU ()
= 1) e o |V T (MY 6) 6+ VTV (i€ 5

1A ()€, A (€) = a€? + b4, we find

Since 0¢S (§,m) = A (§) — Tl

0:Q0 = ith (€) Qqﬁ—itQ%A’(n)fﬁ
= ita (€2Q — Qnnl) 6 +ith (¢'Q — Q1 |n]) 6.

Since i€ Q¢ = QAp, and A = Ay + inf (n), we get [i£, Q] = Q(A—in) =
QA —i9n(1—0). Hence we find

(22— 9nnl) ¢ = —Q(AcA+inbAo) ¢ + Q (N’ —nn|) ¢
= —Q(Ag A+ inhAy) ¢+ On* (1 —0) ¢

and

Q- nl) o =€ (2Q— nl) ¢+ (£2Q— Q*) ninl ¢
=—(1+&) Q(ApA +infAg) ¢+ E2Qn* (1 — 0) o+ Q (1 — 0) .

Hence we get
OeFU (—t)ul = 0:QMB'D; 1l
- (it)*lagg\A’/\‘lﬂ(MV(ig)@JriMW)g
= —(a+b+bE%) Q(ApA +inbAg) |N"|H M <MV (i€) § + ZMW)?’ + Ry
with
Ro = (a+b€%) QP (1 —0) [\ 31 (MY (i€) g + MV (i€) 3)
£0Q (L~ 0) || BT (M (i€) 6 + IV () )
By inequality (3.1)

3
<
L%(R4)

H<5>_4 Ry

C|n? my? |n7| ' 31 (nga + ing@)

L2(R-)

— ~ —9 0, ~13 _9
< ||l " vear < i gl < et

L2(R_)



58 N. HAYASHI AND P.I. NAUMKIN

since by the second estimate of Lemma 2.2 with j = 1, « = g we have
VER| < CE 8 75 () [|@l5, for all n < 0. Note that

m—1+r T
ANV (MY (i) @ + TV (i€) 7

_ 3
M .
= ) V()i 1V(z’€)$)
t|A” ()2 ”<|A"<n>|2 A7 ()2
— B[NV DE (M + i) (Mipy + i)

where we denote v =V (i€) p, 1 =V (if)2 o

(Ao A+ infAo) || 31 (MV (i€) & + DIV (i€) B) ’
(AoA + i Ao) |A"| ' BT (M + iDT9)°
3AGM || (Mo + iM§)? (M + iMpy)
+indAM |N|7H (My + iM)°
We have the commutator [Ag, M"] = innf M™, and the Leibnitz rule
Ao (|0 o10205) = |27 62054001
+ ‘A”‘_l P103.A02 + \A'/\_l 102 A003

then we get
(Ao A + inbAg) |A"|~H D (M V(i) o+ iMWf
= 3 (M2 |A"| 7 P + A7 (20 + 070 )
=3Ag (37 N[ (0 + 2000 ) + 0D |A7| 710
i Ay (M2 [N 0 + 3ig) — SN A7) pg” - T A7)
= 6indM2 |\ 2y — 202002 A"
+6indM- |A”|7! @2% + ZwM) — 60200 A"y
— 120000 || TGy — ain?addt AT + Ry,
where
Ry = 3M2Ag | A" %1 + 3Ag || (2 + i)y
30 Ao [N (P + 20007 ) — 30" Ao [N 57
+indM2Ag | A" P — 30 Ag || %0
30 Ay |N"| i + BT Ao [A] 71
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By inequality (3.1)

[~ (a+v¢?) QRy|

<
. CllRillp2my

~

< O™

+C ||InI™t ()7 veal v

+C H<n>-2

By Lemma 2.2 with @ = —%, j = 1,2 we have ‘V (i€)’ ‘ < Chnl’ |l +

C |17]% <77>j7% 6 121z, - Usmg Lemma 3.5 with @ = 0 and o = 1 we obtain
for j =1,2
—2 i~ 1 1
tAVE| < Cto < Cetd
|2 eavere| , <0118l < Co

and

19y~ tagve

1) <C ||<£> ¢\§HL2(R+) +C |(,/5(0)| < Cet.
Therefore

|@ @) QRa| , <t Bl

il )2 1AVEB]|

—342y j~ < O3p7-1
O 30, | tonwHLQ(R”_cm .

Using the relation ¢y = V (i€)* @ = AV (i€) § = infV (i€) $ + AoV (i) § =
indy + Aoy we get

— _ \3
(Ao A+ i Ao) [N N (MY (i€) & + MV (i€) 3 )
= —8p20M2|N| NP + 8?00 NP + Ry,

where
Ry = 6indM? || 2 Agtp
+6ingB1° N7 (9 (Ao) + 200 (o))
+12in0M " N7 P Aot + Ry,

As above

|67 (a + b€?) QR|

~12
Clellz,

L2(Ry)

IN

-2 i% <ot
n| ()™ Ao VE sOHLQ(R+) < Ce
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In the same manner we use 13 = —in30 (V@)® + Rs, with
Ry = —1?0(V3)* (AoV@) +inf (ViER) (VE) (ApVP)
+(ViEp)* (AoVP),
which can be estimates as
2 MQ A// - < —2

7" o) erorr W R, <Ol Rl
< —9 vy .
< O 2 ver Ave)

2 1N =2 (Y (VI o~
O o ) vigp) V@) (AR

O 0 )72 (ViEd)* (AR, |

< CtHIBllz [Pt AVE | g, < O

since by Lemma 3.5 with a = 2, 7 = 0 we have
[Pt AVl e,y < CIHE) Bellpa.) + C1B(0)] < Cer.
Therefore
—1 == ~ Sy L < 3
(Ao A + inbAg) |N"| BT (Mv (i€) G + iMV (i€) ¢)
_ 4 /—\3
= siPoM [N (Vg)® — siPodl [A7| 7 (V)
—8i29M2 |N"| "' Ry + 8in*6M " |A"| ' Ry + Ry
Next consider

QO (ApA + infl Ag) |A]”

V3 (MY (i€) ¢ + DIV (i€) §)

= sioM%P0 N7 (ve) —saartPe |\ (VB + R
where the remainder
Ry = —8QnPOM?|N"| ™" Ry +8iQn*6M " [A"| ™' Ry + QR
—4
(&)~ (a+b2) Ryl v

Q(t) M2¢ = i2e™D3Q (3t) ¢ and Q (1) M'¢p = i2e*¥D_30Q (~3t) ¢, where
Q=A() —3A (g) . Then we get

has the estimate ) < Ce3t7~1. We use the identities

Q (Ao A +ind Av) N[ 37 (MY (i€) & + DIV (i€) )3
— 8i2¢"D3Q (31) 0 |\ (Vp)?

~8i2e2D 30 (~3t)n°0 |A"| (175)3 +Ry.
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Define x; € C* (R) such that x; (z) =1 for < 1 and x; (z) = 0 for z > 2,
X2 (x) =1 — x1 (x) and write

iy — _\3
Q (Ap A+ indAg) |A"| 7V I (MY (i€) 3+ MV (i€) 3 )
= 8i2¢™DyE3Q (31) x2 (1) 0 | A" | (V§)®
1 . _ — 3
~8i3eD_4€3Q (=30) o () 0 |A"| T (VE) + B,

where
Rs = 8i2¢"¥D3Q (3t) x1 (t/n) 0 |A"| ' (V)
—8i2e"¥D_3Q (=3t) x1 (tn) 0 || (V@)
+8i2¢"Dy [6,Q (30)] xa (#'m) 0 |A"| " (V3)?
8"y [¢3,Q(=30)] xa ('m0 [N (VB) + Ru.
Note that

H *(a+0€%) Q(3t) x1 (t"n) 0 |A"| (V@?)’ L2(R;)
t—v i1,

< O3s nidn < Ce3ta— 2V < O3]

[e=]

if we choose v = % Also we write

[€2,Q(30)] x2 (t“n) 20 ||~ (V§)?
= —€Q(3t) Bx2 (t'n) 0 [N (VD)
—£Q (3t) nBAox2 (') 120 |A"| T (V§)?
—i€Q (3t) Aoxa (") PO |A"| T (V§)?
(5.7) ~iQ (3t) Aoxa (#'m) 0 || 71 (V).

Using the identity A = Ag + inf and the commutator [Ag, ] = m&;ﬂ
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by a direct calculation we get

Ao (') 10 |A”| V)
0—2_ Il (v 772 ~\3 v—2_1 v 7]20 ' 7 —2 ~\3
72 (t'n) ——— (VO)” + 17 2xh (tVn) g A" 77 (VD)

a7
_ b (200N =2 s
s R ) () 1] v

2n0
+tl/—2 / t
Xz (tn) ]A”|

6 (#m) 20 | A" (VE)? (AVD)

+6t X2 (t7) 200 | A" 72 (V)? (A0VP)

+3x2 () 20 |A"| T (V) (ViED) (AVD)

—Gixa (tn) 0 [N ( V«ﬁ )? (AgVP)

=it xa () 20 [N 72 (VB)P — 3xz (tn) 20 |A| T (VE)? (AgVi€) .

Then we estimate

IA

@7 (a+0€?) €Q 30 Afxa (E'm) w20 || (V)|

L*(R4)
2 2 /
T vy M0 vy (170 1
Ct 2 |t Xg(t n) ME] + XIQ(t 77)<‘A”’> 2
|A”] L*(R4) L2(R,)
X V@lieor,)
_ ) 0 _ AN
Ct'=2 | |Ixs (tn) 77,,3 +i7 X2(t77)(1(],,) poe
Al gy A AP 2wy
X V@i r,
v—1 "n\— ~(12
i NG 7729\/\ e, Vs 2402
-1 v —= =2
o e 0|7 VB 2 AoV,
vy || < [773ve] 7
C ||x2 (t"n) no |A"| Ly VPl || TVED (i) 2 AV§ L®y)
n|—1 ~12 2 ~
—11(,.2 "|—2 ~113
O o 17, VB
n—1 ~12 ~ 3,7—1
C [no|A"] Loo(R,) V@l Lo my) MAVEP L2, ) < C™T
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In the same manner we estimate

e (a +56%) £Q (3t) m0 Ao (¢n) 0 || (V)

L2(R4)
{67 (a + 02 i@ 3 v (my 0 |47 (V)
L2(R4)
v 4 =1 y,~\3
+‘ (a+0€%)iQ (3t) Aoxa (E'm) n*0 [N (V) AR,
v— -2 =13
< o g emare |37 Vel
—1 vy 2 -2 313
v pa@rmat |V L VeI
v 3 n—1 ~112
+CH><2 (t'n)n26 |A"| HLW(RH VOl L)
< CcL
Thus we get H a + b§2 R5H < Ce3t7~1. Therefore we obtain the

equation 0y (§)~ ngo £33 4 O ( 3t“/_1) , where

o = (&) (a+b?) 8i%3_3D3Q(3t)X2(t”n)n29|A”|_1(V¢)3
+(6) " (a+b€?) 8i237°D_3Q (=3t) X2 (tn) 0 [A"| " (%)3 :

In the first summand of the right-hand side of the above equation we represent

53 th(I) 6 <§3 ZtQ(I)) § tha(I)

Q i)
Hence
0 ( (&) 0: — £ g _ﬁ’ematq) +O (7).
SSTe} i€
By Lemma 2.2
5 it 2 "=t pvz)3 3
5.8 e <C t'n)n*0 | A v Ce”.
( ) ZQ LQ(R+) - sz( 77)7] ‘ ‘ ( SD) L2(R+) o ©
Also we find
-2 < —4 v 2 A// -1 ~\3
|@ o], <cll@t@esnxwnron ™ 0ol
v—1 |l 1 /v 39 1M1 (v3)3
+Ct t“n)n 9‘ ‘ Vo) L2(Ry)

+C |z (Emno |41 (v8)? (@9)

L2(Ry)
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By the second estimate of Lemma 3.1, as above in (5.7), we have
—4
2 Q(31) o <c|
| tacend,, <

+ Hneflom (t'n)n?0 |A”| 7 (V$)3’

A () 20 | A" (v9)°|

L%(R4)

L*(Ry)

< et
L2(R4)

4
+ 3 Ao oxe ey nto |47 (v5)°)
=1
Then by Lemma 3.6 and Lemma 2.2 we find

[ @mmo |47 27 (0v3)|

L2(R4)
< 2|2 39,V < Ce31,
< ClValtn [ntn v, < C
Hence we get 0y ((§>_4 0:p — %eim@) = O (¢%771) . Integrating in time we
find
(5.9) [ aeg|| , <e+cee.

We next consider the estimate of ||0.Ju (t)||y2 = [|£0:®]|12 - In order to avoid
the derivative loss we consider the modified dilation operator P = t0;+ %x@x —
%a@a. Then P = tL + %j@x + %‘ZI, where 7 = -0, + %t@;’. Note that the
commutators [P, £] = —L and [P, 8,] = —+0, are true. Also we have [Z, L] =
0. Note that

1
Tu = TUH)F log=—-F! <aa + 3it£3> Ep
= ~FlBE8,p=F 'EIp=U(t)F I3,

where Z = —,. Hence | Zully2 = Hf@HLQ .To estimate ||Pul/y2 we apply P to
equation (1.6) to obtain

LPu=(P+1)Lu=(P+1)ud = 3u2Pdu+ ul.

Hence
d
yn [Pulfz = 3(Pu,u?Pdsu) + (Pu,ud)
< Ctatiaallgoo [Pullfz + 1Pullps uallgs -
We have
lug| + |uge] = |2ReD,BMViEG| + ‘QReDtBMV (i€)? @‘
_1 _1 — e~ . -~
< orinE )t ((viggl + V6 9|
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Therefore by the second estimate of Lemma 2.2

11 _1.1 -
‘u:r| + |umc’ <Ct 2756 H()OHZI <Ct 275 (6+ H<£> (pf|’L2(R+))
for x < 0 and by
. R 1 1 1
(VEG| < Clnl |0 ~3| + Clnlz ()1 t75 [|@llg,
which follows from the first estimate of Lemma 2.2

1

_1 ~1_ 1 )
te] + [ta] < Ct™2 +Ct7378 (2 + 116 Pell o, )

for x > 0. We can use the estimates ||uztzz||p < Ct™1 (52 tts 14€) {0\5”%2)
and

luzllts < llualge llusllp: < Ot (52 +t77|(¢) @glliz) [Jug|lg2 -
Then we have
d -1(_.2 -1 ~ 12
SlPulye < Ot (244710 Bl ) IPullgs
(5.10) +O17 (2 + 475 146 BelF ) lluallge
from which it follows that
(5.11) |Pul|pe < e+ Ce¥t.

We have

~ 2a
18062l = [10:Tullpe <5 Pullgs +tlLullp: + — [ Zullg.

< 5(Pullge + Ctlluzliys + C||Zulle
(5.12) < e+ CE¥ + O || Zullys -
To estimate the operator Z = —9, + %t@g we use the commutator [Z, L] = 0,

then we get

1
LTu = TLu=Tud = —0ud+ gtﬁgui

= —3u§6aum + tai (uium)
= 3ulZOpu+1t (92 (uluge) — uZdsu) .
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Consider the estimate of the term N = ¢ (92 (u2ugs) — u20pu) . Using the
factorization formula as above we find with

FU (—t) N = —t&2FU (—t) (uPugy) — tFU (—t) (u203u)
= —&oMB'D; ! (uZuy,) — QMB D (u203u)

L N2
= )7 QN M (MY (i) 3 + DIV (i€ 7)
X (MV i&) ¢+iﬂm)
— (it QA AT (M (z'g)@HMW)g

x (MV (i€)* @ + DIV (ig)‘*@)
_ R
= (i) [¢2 Q) [N BT (MY (i€) § + MV (i€) B
X (MV(zg)QaJrzMV(zg) >+R6
= —Q(ApA+inbAy) \A”rl M (Mvy + im)Q (M1 + iMpy) + Re,

where ¥ =V (i€) §, 1 =V (i€)* ¢, 12 =V (i€)° @
Ry = —(it)™" Qu? || DT (MY (i€) & + MV (i€) @)2
x (MV (i€ & + MV (i€)° §)
—(it) QN[ (MY (i€ + MV (i€ 3)

x (MV (i€)* 3 + DIV (i€) ¢

= — (i) toAT'M (MV(if)gZ iMYV (i) )2
(€

x (M [ V] i6)° 6+ D[, V] (i€)° @

\_/

We have by (3.1), (4.1) and Lemma 3.7

1R |2

IN

ot |87~ veal ([n2, V] €29)

et~ |lnl )~ In V1€ (€)@

L2(R)

IN

L2(R)

4 — ~ —
rord | mviee| , < o0




MODIFIED KDV EQUATION

As above we write

(Ao A + inBAg) || DI (M + id)* (Mpy + i Moy )
= 2A0|A"| " DI (M + iDIG) (M + id)

A [NV (M + i) (Maby + iDMp)

+inf Ay ||V M (M + i) (Mapy + M) -

Then by the commutator [Ag, M™] = intndM™, and the Leibnitz rule

Ao (|A"}_1 ¢1¢2¢3)
= ’A"’_l Pa¢3.Aod1 + |A"}_1 P13 A002 + ‘A”‘_l P192A003

we get

(Ao A + infAo) [N BT (Mp + D) (Mipy + i Mgy )
= 2A0|A"| " DL (M + iDIG) (M + id4n)

+ A [NV (M + i) (Maby + iDMp)

+in.Ao |A"| TN DT (M + iDM)* (Mpy + i)

240 |N"| 7' BT (M4 + i) (M + M)

= itnd | A" M2 + ity |A”| T T (wﬁ + 2@1%)
—dtnd || Iy
F2M2Ag | A7 ud + Ag [T (i0F + 2ipn )
—ON A A7 (MZ + 2%%) — i A [N P

Ao |N"| 7V B (M + D) (M + iM )

= 2itnd |N"| " M2y + 2itnd || DL @sz + 2¢%)
—4tnd || DG,
FM2 Ag [N P + Ao || (2000 + it)¥ds)
N Ao [N (042 + 2000 ) — D Ao AT 0,

67
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inf Ao ||V DT (M + M) (M + iDpy)
= 2?0 |N"| 7 M2y — 220 [N DL @szl + zwm)
—ditn?0 |\ |7 MG
+indM2 Ao || 2y + inf Ao || 7T (2idin + i)
—ind " Ao [A"| " (970 + 20001 ) + n0MT Ao |A"] 7 57,
Hence
(Ao A + inf.Ao) | A" |7 DI (M + iDIP)? (M, + i)
— 2t M? |N"| " (2003 + 2y + i) + 2itnf M
X A7 (2090 + 4P r + 97 + 200 + G + 2y )
—AtnodT |A”|’1 (MQ + 0 + in@2%> + Ry,
where
Ry = 2M2Ag || b + Ag || (03 + i 1)
—N Ao N (I/W + zwla) — i A | N
FM2 A [N 7P+ Ao | AT (20002 + i)
S A [N (B0 + 20802 ) — DT Ao | AN 57
FindM2Ag || TP 4 inb Ao [N |7 (260 + i)
—inf M Ag [N| 7 (B70n + 20 ) + n60T Ao | A" 57,
As above

IRelliem,) < C [[Inl™ )72 Ve (€) B Aove? (6)

+C || Ve (©) 8 Aove () @

L3(Ry)

L?(R4)

—92 2 )
In| (n)" " tAVE (&) @ L2(Ry)
+HCE gl ||~ rAovet ) @

< gt

— ~|12
< Ot Pllg,

L2(R4)

Using the relations 1 = infy + Ao, ¥? = —n?0? + inhp Agy + 1. Agtp and

Yo =V (i€)° ¢ = —n0p + ind Agp + Aot
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we get
(Ao A + inBAg) || DI (M + id)* (Mpy + iMooy )
— i OM> [N y? 4 4PODT NP + R,

where

Rs = 2in0M? |A"| ™" (24 (inf Aot + 11 Agt))
+% (inf Aoty + Agthr) + imp? (Aoy))
2¢ (—inbp Aotp + 1 Ag) + 4 (inbyp Aotp + 1. Agt))
+2in0M° (A1 4+ (in8 Aoy + Agthr) + 200 (—inf Aot + Agthn)
Fin Agth + 2imyp (Aoth)
—anf7 N7 (O (—infd Aot + D1 Agy)
+0° (—ind Aot + Agthr) + in” (Ao¥))

+Ry.
We have
I1Bsllaqe,) < €|l ) VeRP Aoveg)| ,
+O |2 vealve'el aves|, .
0|72 veal aves| , < o

Then applying ¢® = —in30 (V3)® + Rs, with
Ry = —n*0 (V)? (ApVP) + inf (ViEd) (VE) (AVE) + (ViER)* (AV))
we obtain
(Ao A + infAo) [N DI (M + D) (Mipy + i My )
— —8pSoM A" (V@) + sintend” A7 (17@)3 + Ry,
with Ry = —8in30M?2 || Ry + 47730M4 |A”| "' R3 + Rg. Then as above
Q (Ao A + inf.Ag) | N"| M DI (M + iDIP)* (Mapy + iM ¢y
= —8QM50 [N (V@)? + 8iQN 0 [A”| (T@)g + ORy
— 82" D30 (3t) %9 [N (Vp)?
+8i26D 30 (~3t)n°0 |A"| (vTa)S + ORy,
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where Q = A (§) — 3A (%) and by Lemma 3.5

|QRs g qr,y < C 0 ()~

C |l ) (3 (A40v)

IN

|| )7 (v8) (ved) (Ave)

2 2 ved? (Ao,

L?(R4)

L2(R4)

L%(R4)
< e

+)

Since 1§r§2 + 1+€2 = 1 we write

Q (Ao A + inf.Ag) [N DI (Mp + M) (Mipy + i Moy
= —8tQM%%0 |A"| N (V3)® + it QM P9 |A"|” (ﬁ@3+gRg

8i31e2
1+¢2
8i31e2
14 &2
8i3t
14 &2
8i3t
14 &2

D30 (3t) n°0 |A| 7! (V)?
D30 (~31) 0 "] (V3)”
e"'D3Q (3t) 10 [N (VE)?

¢ D_3Q (~3t) 00 [A| (VT?)?’ + QRy.

Next we use Q (in)" 0 = (i€)" Q — S20= (i€)" "~ QA (in)" 0, then

Q (AgA + infAg) [A"| 7" BT (M + i) (Mpy + iMapy)
= 3 + Ry,

where

i2D3Q (3) %0 || (V§)?
-\ 3
it (3) Paeanatela (75)

3
<; i7D3Q (3t) %0 |0 (Vp)?

[a—
+ | oo

s

[N}
7N
W =.
~_
w
NJ\C/J

~.

>3 _SQ(—Bt 30‘/\/" (%>3
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and
2
R = (€)' 812" D3Q (3¢) Ao (im) 70 [A”| " (V3)?
1=0
2 - | /—\3
_ % Z(ig)Q*l8z’§e”QD_3Q(—3t)Ao (in)ln39|A”|_ (V@) + QRy.
=0
We have
2 (1))2 ~
HR10‘|L2(R+) SCHU (Vo)™ (AoVP) L2(R,)
1 —2 /y)\3 < O3p—1
+Ct Hn<77> (Vo) ‘LQ(M) = Cett

In the same way as above we represent

53 ZtQ(D a ZtQ£ > @ o eit9§6 P
N i Qo

And using Lemma 3.1 and Lemma 3.6 we find
3
N=U(t)F o, <5Q " ) +O () =Lv+0 (071,

where we denote U = U (t) F~! ( Zm@l) . Thus we get

LTu = 3ulToyu+U(t) F ' (te3e™®) + U (t) F R

C¢3
= 3ulZOu+U(t) F 1o, (6”959(1)1)

3
U@ f*leztﬂfﬁat@ U F Ry
= 3ulZdu+ 0 () — LV,

Hence
L(Tu+ ) = 3u20, (Zu+ ¥) + O (53t_1) — 3u20,V.

We have || ¥||p2 + |0, ¥|p2 < Ce3t771, then we get ||Zul|y2 < Ce3t7~L. There-
fore by (5.12)

(5.13) 1€0:@ |y < 5e + CEe®t.

We apply (5.9) and (5.13) to (5.6) to get t™7 || Tu ()| g < 2 (66 + Ce?) < 20e.
This is the desired contradiction. Lemma 5.2 is proved. O



72 N. HAYASHI AND P.I. NAUMKIN

Finally we estimate the norm || FU (—t) u (t)||¢o.2 -

Lemma 5.3. Assume that supey 1t~ [[Tu (t)|lgn < € holds for smally > 0.
Then there exists an € such that the estimate

sup 7 (~t)u (1) gz = sup [|(€)2 @ < 100e
te[1,T) te[1,T) L

is true for all T > 1.

Proof. Assume that there exists a time 7' > 0 such that sup,cp 7 H<§)2 g’ﬁH

Loe

= 100e. By equation (1.10) for = FU (—t) u (t), using Lemma 4.1 we get

0 (i€) 6 (t,€) = FU (1) 0] (uz)”
= —i3t D A ()] )P B (4,6)

+3it71E (O 1B (LOP (1) B (1) + 0 (7F).
Choosing W1 (£,€) = exp (3 [A" (€)1 € [} 12 (1,€)* 4 ), we get
o () 3 (1,6 W1 (1,6))
= 71 (1) Dy [N (6)] N 0B (1) W (1,€) + O (SFFH).
Integrating in time, we obtain
i) & (¢.) w1 (t,€)|
dr

< |y e+ ‘ /1 e (i€)! Dy [N (€))7 €°8° (r,€) W (n,6)
+ 0(63).

Integrating by parts we get ’( ) B (¢, 5)‘ <e+0 (e%) < 2efor £ > 0. Since the
Pt

solution w is real, we have @ (¢,&) = —¢) . Therefore || FU (—t) u (t)]| o2 <
10e. This is the desired contradiction. Lemma 5.3 is proved. O

8§6. Proof of Theorem 1.1

By Lemma 5.2 and Lemma 5.3, we see that a priori estimate

(6.1) sup +77 || Tu ()llg + sup | FU (—t)u (t)[|goz < Cc
te[1,T) te[1,T) e
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is true for all T' > 0. We also get supyep 7yt~ |[u(t)|lgs < Ce by the energy
method and (6.1). Therefore the global existence of solutions of the Cauchy
problem (1.6) follows by a standard continuation argument by the local exis-
tence Theorem 5.1. Thus we have global in time of solutions to the Cauchy
problem (1.6). Time decay of solutions in L follows from Lemma 2.2.

Now we turn to the proof of the asymptotic formula (1.7) for the solutions
u of the Cauchy problem (1.6). We need to compute the asymptotics of the
function ¢ (¢,£). As in the proof of Lemma 5.2 we get

9 (@ (£,6) ¥ (£,€))
= 71D A ()] EF (1) W () + O (75).

Integrating by parts implies for y (¢,£) = @ (¢,£) ¥ (¢, &)
Yy (ta 5) ) (87 5)
t Q) —1 dT ¢ 7
— / eTIDy | ()T P (1, U (7, —+ O <s3/ T—6+Vd7> .
Hence we obtain

t
ly (1) =y (5)]|pe < 053/ st dr < Ce3s—s+7

S

for any t > s > 0. Therefore there exists a unique final state y; € L* such
that

1
(6.2) Iy (t) — g4 [l < CPt7817

for all ¢ > 0. We write
Lo dr t dr
63 [ EorT = [ o T <ot + @ 1),

We study the asymptotics in time of the remainder term ®9 (¢). We have

020) = 025) = [ (WP =y OP) o+ (07 ~ 04 tog

By (6.2) we obtain ||®2 (t) — @2 (s)||pc < Ce3s7° for any ¢t > s > 0. Hence
there exists a unique real-valued function ®; € L* such that

(6.4) 2 (8) — @yl < O30
for all t > 0. Representation (6.3) and estimate (6.4) yield
W (t,€) — exp (314" (€))7 € Iy [Pog t + 31 |27 ()] ' €8 )|

< Ctet

Loo
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for all ¢ > 0. Thus we get the large time asymptotics
> _1
18 (€)= y+¥ (£, E)Ipe = Iy (1) — gl < Ot
and

v+ (2,€) =y exp (30 |7 (€)' €8y P 1ogt + 3[4 (©)] " %0 ) |

< Ot

Loe

Therefore we obtain the estimate
|68 =W exp (3187 ()] "€ Wi logt) | < i
with W = y+e3i|A”(€)|_1§3¢’+. Similarly, we get
Hf@(taf) —{Wexp (3i |A” (f)\_l 'S |W+|2logt> HLOO e mand

Using the factorization of U (t) we have

C

Oru (t) — 2ReD BM Vi€ (W+ exp (3i ‘A” (5)‘—1 €3 |W+|2 log t)) HLOO

D,BM (ig@ (t) — €W, exp (31’ A7 (&) €3 |W, P log t))

< Ot et

IN

Jo-

By Lemma 2.2 we have

’2ReDtBMVi§ (W+ exp (3@ A7 (€)' €3 | W, 2 log t))(

CrE |2 (n) ™" |vie (W exp (31 [A7 (€)' €8 W 1ogt) )|
O3 (W e + [[€06Ws exp (307 (©)] " € (WP logt) | )

1_1
Cet™ 27617

IN A

IN

for x < 0 and
‘QReDtBMVif (W+ exp (3z' A7 (€)' €3 |W, Plog t))
—9ReD,BMin <W+ exp (3¢ A" ()] P W4 log t)) ‘
< Cet 3Tt

for x > 0. This completes the proof of asymptotics (1.7). Theorem 1.1 is
proved.
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87. Appendix

We collect definitions of operators used in this paper.

L= 8t—783+583,

(Di9) (@) = (it) 2 ¢ (T) . D 'o = (it)2 6 (at),
U(t)=F 'EF, E=E(,£¢) = e MO,

—L —ixg -1 _i 1€
fcb—m/Re 6 (z)de, F ¢‘m/Re o),

a b
A = g3 4 Zgd
&) R
M = M (t,n) = 0N =Am)o0)
9($):1f01‘l’2070($):0f0rx<0’

V¢ _ it |A”( )’ /OO —itS({,n)¢<£) df,

Qp — \/>/ itS( 57] (77) ‘A” (77)‘% d777
At = 1 F e e ae
A (he) = = [ cnstem A7 ()]Z x (En~Y) d,
271 0

x(2) € C2(R) : x(2) =0 for z

oo\»—u

(
x(z)=1for - <z ;,

S(&m =AM —-Am)—AN®m(E-mn),
(B) () = [A" (1 (2))] 2

(81) 00 = A" 0 w(H <>),
\/\/4b\x|+a2—a,

X (z) =0 for z > 3,

>w\w

n(x) = N

M M
A= Oy T =Ao+inf (n),
EIA ()2 [A" (n)|?

75
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1 1
= 1 6)77 1
tIA ()2 |A” (n)]2

J =z —tN (-id,),

Ao

)

1 2 1 2a
P = tc’)t + gl’@x — 5Uzaa =tL+ 5;78:(: + EI’

1
I — —8a + gt@i,

= swp (16 (0w @z 7 170 Ol

)

Acknowledgments. We would like to thank an unknown referee for many
useful suggestions and comments. The work of N. Hayashi is partially sup-
ported by JSPS KAKENHI Grant Numbers JP25220702, JP15H03630. The
work of P. I. Naumkin is partially supported by CONACYT and PAPIIT
project IN100616.

References

[1] J. Colliander, M. Keel, G. Stafillani, H. Takaoka and T. Tao, Sharp global well-
posedness for KdV and modified KdV on R and T, J. Amer. Math. Soc., 16,
(2003), pp. 705-749.

[2] S. Cui and S. Tao, Strichartz estimates for dispersive equations and solvability
of the Kawahara equation, J. Math. Anal. Appl. 304 (2005), no. 2, pp. 683-702.

[3] S. Cui, D. Deng and S. Tao, Global existence of solutions for the Cauchy problem
of the Kawahara equation with L? initial data, Acta Math. Sin. (Engl. Ser.) 22
(2006), no. 5, pp. 1457-1466.

[4] M.V. Fedoryuk, Asymptotics: integrals and series, Mathematical Reference Li-
brary, “Nauka”, Moscow, 1987.

[6] N. Hayashi, Global existence of small solutions to quadratic nonlinear
Schrédinger equations, Commun. P.D.E., 18 (1993), pp. 1109-1124.

[6] N. Hayashi and P. I. Naumkin, Large time behavior of solutions for the modi-
fied Korteweg-de Vries equation, International Mathematics Research Notices, 8
(1999), pp. 395-418.

[7] N. Hayashi and P. I. Naumkin, The initial value problem for the cubic nonlin-
ear Klein-Gordon equation, Zeitschrift fiir Angewandte Mathematik und Physik,
59(2008), no. 6, pp. 1002-1028.



MODIFIED KDV EQUATION 7

[8] N. Hayashi and P. I. Naumkin, On the inhomogeneous fourth-order nonlinear
Schrédinger equation, 56(2015), no. 9, 093502, 25 pp.

[9] N.Hayashi and P. I. Naumkin, Factorization technique for the modified Korteweg-
de Vries equation, SUT Journal Mathematics, 52(2016), pp. 49-95.

[10] N. Hayashi and T. Ozawa, Scattering theory in the weighted L2(R™) spaces for
some Schrodinger equations, Ann. LH.P. (Phys. Théor.), 48 (1988), pp. 17-37.

[11] Iichev, A. T., Semenov and A. Yu, Stability of solitary waves in dispersive media
described by a fifth order evolution equation, Theor. Comput. Fluid Dynamics, 3
(1992), pp. 307-326.

[12] T. Kakutani and H. Ono, Weak non-linear hydromagnetic waves in a cold
collision-free plasma, J. Phys. Soc. Japan, 26 (1969), no. 5, pp. 1305-1318.

[13] T. Kakutani, H. Ono, T. Taniuti and C.C. Wei, J. Phys. Soc. Japan, 24 (1968),
pp- 1159.

[14] T. Kawahara, Oscillatory solitary waves in dispersive media, J. Phys. Soc. Japan,
33 (1972), no. 1, pp. 260—264.

[15] S. Kichenassamy and P. J. Olver, Existence and nonezistence of solitary wave
solutions to higher-order model evolution equations, SIAM J. Math. Anal., 23
(1992), pp. 1141-1166.

[16] S. Klainerman and G. Ponce, Global small amplitude solutions to nonlinear evo-
lution equations, Comm. Pure Appl. Math., 36 (1983), pp. 133-141.

[17] D. J. Korteweg and G. de Vries, On the change of form of long waves advancing
in a rectangular canal, and on a new type of long stationary waves, Philos. Mag,.,
39 (1895), pp. 422-443.

[18] J. Shatah, Global existence of small solutions to nonlinear evolution equations,
J. Diff. Egs., 46 (1982), pp. 409-425.

[19] S. Tao and S. Cui, Local and global existence of solutions to initial value prob-
lems of modified nonlinear Kawahara equations, Acta Math. Sin. (Engl. Ser.) 21
(2005), no. 5, pp. 1035-1044.

[20] H. Wang, S. Cui and D. Deng, Global existence of solutions for the Kawahara
equation in Sobolev spaces of negative indices, Acta Math. Sin. (Engl. Ser.) 23
(2007), no. 8, pp. 1435-1446.

Nakao Hayashi

Department of Mathematics

Graduate School of Science, Osaka University, Toyonaka, Osaka, Japan.
E-mail: nhayashi@math.sci.osaka-u.ac.jp

Pavel I. Naumkin
Centro de Ciencias Matematicas



78 N. HAYASHI AND P.I. NAUMKIN

UNAM Campus Morelia, AP 61-3 (Xangari)
Morelia CP 58089, Michoacan, Mexico.
E-mail: pavelni@matmor.unam.mx



