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Abstract. Memoryless quasi-Newton methods are studied for solving large-
scale unconstrained optimization problems. Nakayama et al. (2017) proposed a
memoryless quasi-Newton method based on the spectral-scaling Broyden family
and showed that the method satisfies the sufficient descent condition and con-
verges globally. To relax the conditions on parameters in the method, we apply
the modification technique by Kou and Dai (2015) to the method of Nakayama
et al., and we give a hybrid method of the three-term conjugate gradient method
and the memoryless quasi-Newton method based on the spectral-scaling Broy-
den family. We show that our method satisfies the sufficient descent condition,
and we prove that the method converges globally. Furthermore, we give a con-
crete choice of parameters for our method. Finally, some numerical results are
given.
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8§1. Introduction

Quasi-Newton methods are known as effective numerical methods for solving
the following unconstrained optimization problem

min f(z),

where f is a smooth function. We denote its gradient Vf by g. The quasi-
Newton method is an iterative method of the form:

(1.1) Tpy1 = Tp + apdy,
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where z; € R" is the k-th approximation to a solution, the step size aj > 0 is
obtained by some line search, and the search direction dy is given by

(1.2) d, = —Hygy.

Here, we denote V f(zy) by gx, and Hj is an approximation to the inverse

Hessian V2f(x;)~!. In this paper, we fix the initial direction by dy = —go.
The matrix Hy is updated at each iteration such that the secant condition

Hyyr—1 = sp—1
is satisfied, where sp_1 and yi_1 are defined by
Sk-1=Tp — Tp—1 = ap_1dg—1 and  Yg_1 = gr — g1,

respectively. The well-known updating formulas are the BFGS, DFP and
symmetric rank-one (SR1) formulas. This paper focuses on the Broyden family

T T
Hy 1yp—1Yj_1Hrg—1  Sk—15,_;
T T
Y1 Hik—1Yr—1 Sp_1Yk—1

(1.3)  Hp=Hp1— + O w1 w_y,

Skp—1 Hy 1y
(1.4) W1 = \/Yp_1 He—19k—1 — ,
bl r Y Hi-1yk—1

Sp_1Yk—1

where 01 is a parameter. In particular, the formula (1.3) becomes the DFP
formula when 6;_; = 0, and the BFGS formula when 6;_; = 1. Moreover,
the Broyden family (1.3) is a convex combination of the DFP formula and
the BFGS formula if §;_; € [0, 1], and we say this interval convex class. The
BFGS formula (f;—1; = 1) is known as one of the best choices in practice.
On the other hand, Zhang and Tewarson [27] dealt with the preconvex class
to find a better choice than the BFGS formula. The preconvex class means
the interval 0,_; > 1. If s%’_lyk_l > 0, 0,1 > 0 and Hp_1 is symmetric
positive definite, then the matrix Hj updated by the Broyden family (1.3)
is also symmetric positive definite. This guarantees that the search direction
satisfies the descent condition, namely, ggdk = —ngH £9r < 0.

Since quasi-Newton methods need the storage of memories for matrices,
it is difficult to apply quasi-Newton methods directly to large-scale uncon-
strained optimization problems. In order to remedy this difficulty, Shanno [22]
proposed the memoryless quasi-Newton method for solving large-scale un-
constrained optimization problems, and the method avoids the storage of
memories for matrices. Specifically, Shanno substituted (1.3) and (1.4) with
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Hj_1 = I into (1.2) and derived the following search direction:

T T T
Y19k Yre—1Yk—1 Sk—19k
dp = — gk + <0k—1k : - (1 + 01 ’;1 1 > kol ) di_1

15) di_ yr—1 Sk_Yk—1) df_ Yk
) dr T
+ 9k—17kalgk + (1= 0k-1) 7?;]{71% Yk—1-
di_1Yk—1 Yi—1Yk—1

The memoryless quasi-Newton method is closely related to the nonlinear con-
jugate gradient (CG) method. Under the exact line search, namely g,{dk,l =
0, then the search direction (1.5) with 6;_; = 1 becomes

(L6) dy = —g +

which is identical to the nonlinear CG method with the Hestenes-Stiefel (HS)
formula (see [17, 19], for example). Recently, three-term CG methods have
been paid attention to (see [1, 18, 26], for example). By using the memoryless
quasi-Newton method based on the BFGS formula, several three-term CG
methods have been proposed (see [2, 24, 25], for example).

In this decade, several memoryless quasi-Newton methods have been stud-
ied. Kou and Dai [14] proposed the modified self-scaling memoryless BFGS
method. Furthermore, several researchers have paid attention to the mem-
oryless quasi-Newton methods based on other updating formulas instead of
the BFGS formula. Nakayama et al. [15] proposed the memoryless quasi-
Newton method based on the SR1 formula with the spectral-scaling secant
condition [5]. The above methods always satisfy the sufficient descent condi-
tion which means that there exists a positive constant ¢ such that

(1.7) gldy < —c|lg||* for all k,

where || - || is the £2 norm. Moreover, they showed the global convergence of the
method for general objective functions. Nakayama et al. [16] also proposed the
memoryless quasi-Newton method based on the spectral-scaling Broyden fam-
ily [4] and gave a sufficient condition for the global convergence of the method.
In their numerical experiments, they showed that the proposed method with
the preconvex class performed better than the method with the convex class
did.

This paper focuses on the modification of the method by Kou and Dai
[14]. Considering their modification technique, we modify the memoryless
quasi-Newton method based on the Broyden family [16] and propose a new
method, which always satisfies the sufficient descent condition. We show that
the method converges globally for general objective functions. Furthermore,
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we give parameters for which our method can be regarded as a three-term CG
method.

This paper is organized as follows. We recall some preliminaries and previ-
ous researches in Section 2. In Section 3, we propose a new method and show
its global convergence. Finally, some numerical results are given.

§2. Preliminaries and previous researches
2.1. Preliminaries

In this subsection, we recall some preliminaries. We first make the following
standard assumptions for the objective function.

Assumption 1.

(i) The level set £ = {x | f(x) < f(z0)} at the initial point z¢ is bounded,
namely, there exists a positive constant @ such that

(2.1) |z|| <a forall x € L.

(ii) The objective function f is continuously differentiable on an open convex
neighborhood N of £, and its gradient g is Lipschitz continuous on N/,
namely, there exists a positive constant L such that

(2.2) llg(u) — g(v)|| < Llju—wv|| for all u,v € N.

Note that, under Assumption 1, there exists a positive constant I" such that
(2.3) llg(x)|| <T forall x € L.
Throughout this paper, we assume that
gr #0 for all k >0,

otherwise a stationary point has been found.
In the line search procedure, we require the step size oy in (1.1) to satisfy
the Wolfe conditions:

(2.4) flak + ardy) — f(z) < Sowgy dy,
(2.5) g(ﬂ?k + Oékdk)Tdk > Ug]zdk,

where 0 < § < o < 1. If the search direction satisfies the descent condition,
then condition (2.5) yields

(2.6) diyr = gip1dr — gt dx > —(1 — 0)gi dy, > 0.
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Since this paper deals with the Wolfe condition (2.4)—(2.5), we have
(2.7) diyp >0 (stye >0) forall k>0,

which implies ||sg|| # 0 and ||yx|| # 0.

2.2. Modified self-scaling memoryless BFGS method

In this subsection, we review the memoryless quasi-Newton method by Kou
and Dai [14]. Modifying the memoryless quasi-Newton method based on the
self-scaling BFGS method, Kou and Dai [14] proposed the following search

direction:
T T T
Y19k Yp_1Yk—1 Sp_19k
dk:_9k+<k1 —(Tk_1+ ’;11 >dk1 )dk—l

T T
dk_lyk—l Sp—1Yk—1 k—1Yk—1

(2.8)
dZ—lgk

+ Vg1
dz_lykfl

Yk—1,

where v € [0, 1] is a parameter and 7;_1 is a scaling parameter satisfying

T T
Sp—_1Yk—1  Yp_1Yk—1
Tk—1 € T y T )
Sp—_15k—1  Sp_1Yk-1

which corresponds to the interval proposed by Oren and Luenberger [20, 21].
We note that since sg_lyk,l > 0,

SE_ka_l < y{_lyk_l

(2.9) <
SZ_lskq SZ_lykq

holds by the Cauchy-Schwarz inequality. The search direction (2.8) with
vi_1 = 0 can be regarded as a CG method of the form dp = —gr + Brdr_1,
where S is defined by

Yk Yi_1Yk-1\  St_19k
Br= g —— = |1+ 7 T :
di_1Yk—1 Sp_1Yk—1 ) di_1Yk—1

Furthermore, if g dy_1 = 0, then the search direction (2.8) becomes (1.6).
The following lemma was given by [14, Lemma 3.1].

Lemma 2.1. If vp_1 € [0,1) is a constant and (2.7) holds, then the search
direction (2.8) satisfies the sufficient descent condition (1.7) for some positive
constant c.
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In order to guarantee the global convergence, Kou and Dai modified the
direction (2.8) as follows:

(2.10) dp = —gr + BEPdr_1 + FPyr 1,

KD yg—lgk y]{_lykfl Sz_lgk g]zdk—l
koo maxy S = | Tt o T P 5
d di k-1 [ldi—1]]

E—1Yk—-1 S1_1Yk—1
and ¢ QKD gl i1
S N U
Vi_1 di;;k—l otherwise,

where p € (0,1) is a parameter. Note that, the above modified search direc-
tion always satisfies the sufficient descent condition (1.7). In the line search
procedure, they used the improved Wolfe conditions [6]:

(2.11) flar + ardy) — f(x) < min {e| f(xx)], Sokgp dic + 1 }

and (2.5), where 0 < § < o < 1, € > 0 is a small number and 7, = 1/k?.
The following theorem was given by [14, Theorem 4.2].

Theorem 2.2. Suppose that Assumption 1 is satisfied. Consider the method
(1.1) and (2.10) with vy_; € [0, 1), where the step size oy, satisfies the improved
Wolfe conditions (2.5) and (2.11). Then the method converges in the sense that

(2.12) liminf ||gx|| = 0
k—o00

holds.

2.3. Memoryless quasi-Newton method based on the Broyden fam-
ily
In this subsection, we recall the memoryless quasi-Newton method based on

the Broyden family by Nakayama et al. [16]. They focused on the following
spectral-scaling Broyden family [4]:

T T
Hy 1yr—1yj,_1 Hr1 1 Sk—15;_;

(2.13) Hj, = Hy_1 —
Vi1 Hy—1yk—1 Vh—1 S} 1 Yk—1

T
+ Op—qwr—1wj,_q,

where wy,_1 appears in (1.4) and ,_; > 0 is a scaling parameter. The formula
(2.13) is the Broyden family based on the spectral-scaling secant condition [5]:

1
Hyyp—1 = Sk—1,
7

k—1
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where Hj, is an approximation to (%_1V2 f (:ck.))_l. Nakayama et al. [16] gave
the search direction of a memoryless quasi-Newton method based on (2.13),
which is

T T T
Y19k " Ye_1Yk—1 Sk—19k
dkz—gk+<9k_1’“—<w_1+ek_1 hot >d ol )dk_l

T T
(2.14) p dj_1Yk—1 i Sp_1Yk—1/) Qp_1Yk—1
_19k Y19k
+ Ok—liTk = (1= k1) 7Tk - Yk—1,
dj_1Yk—1 Ye—1Yk—1

where 451 = 1/7,—1. Note that the search direction (2.14) with 6,1 = 1
corresponds to (2.8) with 141 =1 and 7,1 = Jx_1. They gave the following
proposition.

Proposition 2.3. If conditions (2.7),

(2.15) V-1 = 91@—1%
Sp_1Yk—1
and
(2.16) 0 < Omin <Ok—1 < Onaz <2
hold, then the search direction (2.14) satisfies the sufficient descent condition
(1.7) with ¢ := min Qrgm, 1- 0";” , where Opin and O,,q. are constants

satisfying 0 < Opin < 1 < Opae < 2.

In order to establish the global convergence of the method, Nakayama
et al. [16] modified (2.14) as follows:

(2.17) d, = =g + B0 N dy + GV g,
T T T
— S
(218) BN —maxdy_y A5 (5, 4 g, PPt FheiBk oL
dp—1Yk-1 Sp_1Yk—1) dj_1Yk—1

and

dr gk vl Lok
(2.19) VY =sgn(gY) <9k_1’“+<1—9k_1>T’” :

where sgn(-) is defined by

1 a>0,
=10 a0

They proved the following convergence theorem [16, Theorem 3.6].
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Theorem 2.4. Suppose that Assumption 1 is satisfied. Consider the method
(1.1) and (2.17) with
T

. Yie—1Yk—1

(2.20) At = O
Sp—1Yk—1

and (2.16), where the step size ay, satisfies the Wolfe conditions (2.4)—(2.5).

Then the method converges in the sense that (2.12) holds.

83. A hybrid method of three-term CG method
and memoryless quasi-Newton method

In their numerical experiments, Nakayama et al. [16] showed that the method
(1.1) and (2.17) with
T
(3.1) Ye—1 = 9k—1%-
Skp—15k—1

performed better than the method with (2.20) did. However, (3.1) may not
satisfy the condition (2.15), which dose not guarantee the global convergence
of the method with (3.1). In order to relax the condition (2.15), we apply
the modification technique by Kou and Dai [14] to the method of Nakayama
et al. [16], and we give a new method. We show that the proposed method
satisfies the sufficient descent condition without the condition (2.15), and the
method converges globally. We note that the proposed method can adopt the
parameter (3.1).

3.1. Proposed method

Based on the modification described in Section 2.2, we propose the following
search direction

T T T
Yi.—19k . Yi_1Yk—1\ Si_19k
di, = — gk+ (@;-1“ - (’Yk—l + 01 ; : ) LB )dk—l

diﬂ,lyk—l Sp_1Yk—1 diﬂ,lyk—l

(3.2) . b
—19k Y19k
vt (o1 (1= ) = ) gt
dp_1Yk—1 Y 1Yk—1

where v_1 is a parameter. Note that the search direction (3.2) with v;_1 =1
is identical to (2.14), and that (3.2) with 6;_1 = 1 corresponds to (2.8) with
Tk—1 = Jk—1. In the same way as (2.17), we modify (3.2) as follows:

(3.3) dy, = =g, + BN d + Gy
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and
(3.4) G = v GO,

where BVNY and (VY are defined by (2.18) and (2.19), respectively. Note
that, if BYNVY > 0 is satisfied, then the search direction (3.3) is identical
to (3.2). Otherwise, the search direction (3.3) becomes the steepest descent
direction (dx = —gi).

To establish the sufficient descent property of the proposed method, we
impose the following condition on 6;_1

(3.5) 0< 61 <6,
where 1 < ¢; < 2 is a constant. As a choice of v;_1, we consider the following;:

OSVk_1<l7, 1f0§0k_1§1,
(3.6) A, il<, <&

B VAL

where 0 < v < 1. Then we give the sufficient condition for the search
direction (3.3) to satisfy (1.7) as follows.

Proposition 3.1. Assume that (2.7) holds. Then the search direction (3.3)
with (3.5)—(3.6) satisfies the sufficient descent condition (1.7) for some positive
constant c.

Proof. By (2.18), we first note that 8&'~Y > 0 holds for all £ > 1. For the case
BNNY = 0, the search direction (3.3) becomes the steepest descent direction
which implies that the sufficient descent condition (1.7) with ¢ = 1 holds.
Otherwise, the search direction (3.3) is identical to (3.2). Thus, it is sufficient
to show that (3.2) satisfies (1.7).

Using the relation 2u”v < |lu|? + ||lv||? for any vectors u and v, we have

T
1+ 1 1)(y,§”,1gk)(d£,1gk) _ V2d! gk - <(1+Vk1)gk>
di_ Yk dl yk—1 V2
< 1 ﬁdljg—lgk Yh_1 H (1+ Vk—l)gk
— 2 dillyk‘—l B \/§ ’
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and hence it follows from (2.7), (3.2) and s;_1 = ag_1dk—1 that

(yi_191)(d}_19r)

gk dr = = llgell® + Or—1(1 + vi—1) T
dk_lykfl
T T 2 T 2
. Yn_1Yk—1 \ k—1(dp_19%) (Yi—19x)
— At + Oy 2t s bl 1 (1= Gpy)
Sp—1Yk—1 k—1Yk—1 Yp—1Yk—1
<l B (|t |y O,
N 2 dz_lyk—l V2
T T 2 T 2
. Y 1Yk—1 \ @k-1(d;_19k) (Yj—19%)
— | A1 + O T bl o1 (1= Op)
Sp_1Yk—1 k—1Yk—1 Yp_1Yk—-1
B Op—1(1 + vp_1)? s . oa(digr)?
=—|1- lokll® = Ak-1————
4 dk_l?/k—l
(Wi_19k)?
+ l/k_l(l — 0}@_1)1’?;
Yi_1Yk—1
Or_1(1 4+ vp_q 2 (ny gk:)2
< - <1 - ( 1 ) gil® + V-1 (1 — 1)~
Yr_1Yk-1

We consider the case 0 < 01 < 1. Using v;_1(1—60,—1) > 0 and the Cauchy-
Schwarz inequality,

Op—1(1 4+ vp— 2 e 2 k2
< - (1= 2 g2 g g1 P I
4 1Yk
Or_
== <(1 — i) = = (L= 20 + V§1)> g

(0w (-5 ) )l

holds. Since it follows from 0 < v_7 that

Or— 1 3
() (- ey

we obtain from 1 — ;1 > 0 and (3.6)

31—Vk,1
oy < 2=t g e
3(1 —v
< A=
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We next consider the case 1 < 61 < . Since vg_1(1 — ;1) < 0 holds, we
have from (3.6)

IN

gidy, 1

01 & 2
B O It
(1= %225 ) o

Op_1(1 4+ vp_1)?
- (1 - lgsl?

IN

Therefore, the search direction (3.2
(1.7) Withc:min{w, 1_%}, -

3.2. Global convergence

In this subsection, we prove the global convergence of the proposed method
for general objective functions. We first introduce the following property.

Property 1. Consider the method (1.1) and (3.3). Suppose that there exists
a positive constant € such that

(3.7) e <llgxl|l for all k

holds. Then we say that the method has Property 1 if there exists a positive
constant ¢y such that

Yk—1 < G2l|dp—1|| for all k.

The next proposition guarantees that the proposed method with some con-
crete choices of 45_1 has Property 1.

Proposition 3.2. Suppose that Assumption 1 is satisfied. Consider the method
(1.1) and (3.3), where the step size oy, satisfies the Wolfe conditions (2.4)—
(2.5). Then the following hold:

1. If we set
T
- Yr—1Yk—1
(3.8) A1 =
Sp—1Yk—1

then the method has Property 1.
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2. If we set
T
. Sp_1Yk—1
(39) V-1 = T ’
Sk—15k—1

then the method has Property 1.
Proof. By (2.1) and (2.2), we obtain

lye—1ll < Lllsp—1ll < L(llzkl + [lox—1l]) < 2La.

If (3.7) holds, then it follows from (1.7), (2.2), (2.6) and (2.9) that

ST Yk-1 - Vi1 _ 2L%||s|| _ 2L% el
sEosper = st jyeer T agpmic(l—o0)e? (1 —o)e2 T

Therefore, the methods have Property 1. O

We note that the proposed method with (2.20) has Property 1. Also, the
method with (3.1) has Property 1. We emphasize that the proposed method
can choose the parameter (3.1), which is a good choice in the previous research
[16].

The following lemma corresponds to [16, Lemma 3.3]. Since the proof is
almost same as that of [16, Lemma 3.3], we omit it. Note that the lemma
imposes a different condition from that of [16, Lemma 3.3] on ).

Lemma 3.3. Consider the method (1.1) and (3.3) with (3.5), where the step
size ay, satisfies the Wolfe conditions (2.4)~(2.5). Suppose that Assumption 1
is satisfied and there exists a positive constant € such that (3.7) holds. If the

method has Property 1, then there exist constants b > 1 and & > 0 such that
for all k

(3.10) BN <b
and

1
(3.11) Isp—1]l < &€= BANY < —

~2b
The next lemma corresponds to [7, Lemma 3.4] and [9, Lemma 4.1].

Lemma 3.4. If all assumptions of Lemma 3.3 are satisfied, then di # 0 and

oo
>l — up—a|® < o0
k=0

holds, where uy = dy/||d||-
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Proof. Since dj, # 0 follows from (1.7) and (3.7), the vector uy, is well-defined.
By defining

1 ( _ rnew _ NNYHdkflu

’Uk, = —— k k— and k — 3

equation (3.3) is written as

U = Vg + NMpUk—1-

Then we get from the fact [|ug|| = ||uk—1]] =1

(3.12) vkl = llur — mrur—1]) = ||mrur — we—1]-

From the relations SYNY > 0 and (3.12), we obtain
[ — up—a]] < (14 m)lJur — up—1]|
= |Jug — k-1 + Mk — ug—1||

< lug — mpug—1 || + ||rur — ug—1||
(3.13) = 2||vg .

Since the search direction satisfies the descent condition, it follows from
(2.6) that

Gldp—1 > ogi_1dy_1 > T dk 1Yk—1

and

di_1Ye-1 = gt dk—1 — gi_1dr—1 > gl di_1.

o
gmax{ ,1}.
1—0

Using vp_1 < 1,0 <01 <4, (3.4) and (3.14), we get

Hence we obtain

k-1
dillyk— 1

(3.14)

T
95 di—1
ko Yk

Or—1
dg_lyk— 1

G yr—1l| < vr—1 <

||yk IHHQkH

o
(3.15) < 4max {1_(7, 1} lye—1ll + 3l gk ll-
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By (2.1), (2.2), (2.3), (3.13) and (3.15), for any positive integer m, we have
S — w2 <43 ol
k=0 k=0

m 2
o 1
<4y (4||gk|| +4max{1 -~ 1} uyk_ln) e

k=0

o 2 1
< 64 F+2L&max{, 1}) .
( o 1) 2

Since the search direction satisfies the sufficient descent condition, we ob-
tain ZZO:OW < o0 by (3.7) (see [23, Lemma 3.1]). Therefore, we have

>oreo ke — up—1||* < oo o

Let N denote the set of all positive integers. For A > 0 and a positive
integer A, we define

Kin={i€N||sici] >\ k<i<k+A-1}

Let ]IC,?; A| denote the number of elements in ICZ‘, A- The following lemma shows
that if the magnitude of the gradient is bounded away from zero and (3.10)—
(3.11) hold, then a certain fraction of the steps cannot be too small. This
lemma corresponds to [1, Lemma 3] and [9, Lemma 4.2]. Since the proof is
almost same as in that of [1, Lemma 3] and [9, Lemma 4.2], we omit it.

Lemma 3.5. Suppose that all assumptions of Lemma 3.3 hold. Then there
erists A > 0 such that, for any A € N and any index kg, there is an index

k > ko such that
A
A
\ICA Al > X
Using Lemmas 3.4 and 3.5, we obtain the following global convergence
theorem of our method. Since the proof of the theorem is exactly same as [7,

Theorem 3.6, we omit it.

Theorem 3.6. Suppose that Assumption 1 is satisfied. Consider the method
(1.1) and (3.3) with (3.5)—(3.6). Assume that the method has Property 1 and
the step size oy, satisfies the Wolfe conditions (2.4)—(2.5). Then the method
converges in the sense that

(3.16) liminf ||gg|| =0
k—ro0

holds.
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Closing this section, we briefly consider a suitable choice of parameters.
Nakayama et al. [16] showed that parameters

Ly L.
P U L. R RN R
lgr—1lllldx—1ll gt di—a
were better choices than 6;_1; = 1 in their numerical experiments. These

results mean that the preconvex class is efficient, and hence we consider the
following parameter:

(3.17) Op_1=1+ tk|ggdk,1],

where t; is a scalar parameter. Then, if we use the exact line search, the
parameter 0;_1 becomes 1, and hence the search direction (3.2) with (3.17)
is identical to the search direction of the CG method with HS formula (1.6).
Therefore, we regard the proposed method with (3.17) as a hybrid method of
the three-term CG method and the memoryless quasi-Newton method.

Now we give concrete choices of 01 and vj_; that satisfy conditions (3.5)—
(3.6). Let &1 = 1.99. If 1 < 6,1 < 1.2, then

c 1.
A s 08166

VOk—1 V12

holds. Using the above inequality and (3.17), we propose the following param-
eters:

dg—lgk

(3.18) 0r_1 =1+ min
gk_ldk—l

, ().2} and v, =0.8.

Note that (3.18) satisfies conditions (3.5)—(3.6).

84. Numerical experiments

In this section, we report numerical experiments of the proposed method of
the form (1.1) and (3.3). We tested 138 problems from the CUTEr library
[3, 10]. The problems were used in [16], and their names and dimensions n
are given in Table 1. All codes were written in C by modifying the software
package CG-DESCENT Version 5.3 [11, 12, 13]. They were run on a PC with
3.5GHz Intel Core i5, 32.0 GB RAM memory and Linux OS Ubuntu 16. We
stopped the algorithm if
gklloe < 107°
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held. The line search procedure was the default procedure of CG-DESCENT,
which implies that we used the parameter values of ¢ = 0.9 and § = 0.1 in the
Wolfe conditions (2.4)—(2.5).

To compare numerical performance among the tested methods, we adopt
the performance profiles based on the CPU time by Dolan and Moré [8]. For ng
solvers and n, problems, the performance profiles P : R — [0, 1] is defined as
follows: Let P and S be the set of problems and the set of solvers, respectively.
For each problem p € P and for each solver s € S, we define ¢, , = CPU
time required to solve problem p by solver s. The performance ratio is given
by rps = tps/ mingt, ;. Then, the performance profile is defined by P(7) =
%Hp € Plrps < 7}, for all 7 > 1. Note that P(7) is the probability for solver
s € S such that a performance ratio 7, s is within a factor 7 > 1 of the best
result. The left side of the figure of performance profiles gives the percentage
of the test problems for which a method is the best result. The top curve is the
method that solves the most problems in a result that is within a factor 7 of
the best result. In order to prevent a measurement error, we set the minimum
of the 0.1 seconds.

Table 2 presents the choices of parameters 6,1, 4x_1 and vi_q1 for the
tested methods. ML1-3, KD and NEW are the method of the form (1.1) and
(3.3). Note that ML1-3 correspond to memoryless quasi-Newton methods by
Nakayama et al. [16], and KD corresponds to the method by Kou and Dai [14].
In our numerical experiments, for ML1-3 and KD, we chose the parameters
recommended in their numerical experiments. NEW is the proposed method
with (3.18). For NEW, we chose the parameters which performed better in
our preliminary numerical experiments ([14, 16]). CGD is the well-known
benchmark method based on the CG method by Hager and Zhang [12, 13],
namely CG_DESCENT 5.3.

Figure 1 shows the performance profiles of the methods in Table 2. As
mentioned at the beginning of Section 3, we see that ML3 performed better
than ML2 did. This implies that the scaling parameter (3.1) is more efficient
than (2.20). Since ML3 and NEW performed better than ML1 and KD did,
respectively, we see that the preconvex class is significant for the Broyden
family. We see that KD and NEW were superior to CGD and performed
slightly better than ML3 did. Note that ML3 does not guarantee the global
convergence. On the other hand, KD and NEW guarantee the global conver-
gence. Thus, the proposed method is theoretically superior to the memoryless
quasi-Newton method by Nakayama et al. [16].
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Table 1: Test problems (names and dimensions) by CUTEr library

name n name n name n name n
AKIVA 2 DIXMAANC 3000 | HEARTSLS 8 PENALTY1 1000
ALLINITU 4 DIXMAAND 3000 | HELIX 3 PENALTY2 200
ARGLINA 200 DIXMAANE 3000 | HIELOW 3 PENALTY3 200
ARGLINB 200 DIXMAANF 3000 | HILBERTA 2 POWELLSG 5000
ARWHEAD 5000 | DIXMAANG 3000 | HILBERTB 10 POWER 10000
BARD 3 DIXMAANH 3000 | HIMMELBB 2 QUARTC 5000
BDQRTIC 5000 | DIXMAANI 3000 | HIMMELBF 4 ROSENBR 2
BEALE 2 DIXMAANJ 3000 | HIMMELBG 2 5308 2
BIGGS6 6 DIXMAANK 3000 | HIMMELBH 2 SCHMVETT 5000
BOX3 3 DIXMAANL 3000 | HUMPS 2 SENSORS 100
BOX 10000 | DIXON3DQ 10000 | JENSMP 2 SINEVAL 2
BRKMCC 2 DJTL 2 KOWOSB 4 SINQUAD 5000
BROWNAL 200 DQDRTIC 5000 | LIARWHD 5000 | SISSER 2
BROWNBS 2 DQRTIC 5000 | LOGHAIRY 2 SNAIL 2
BROWNDEN 4 EDENSCH 2000 | MANCINO 100 | SPARSINE 5000
BROYDN7D 5000 | EG2 1000 | MARATOSB 2 SPARSQUR 10000
BRYBND 5000 | ENGVALI1 5000 | MEXHAT 2 SPMSRTLS 4999
CHAINWOO 4000 | ENGVAL2 3 MOREBV 5000 | SROSENBR 5000
CHNROSNB 50 ERRINROS 50 MSQRTALS 1024 | STRATEC 10
CLIFF 2 EXPFIT 2 MSQRTBLS 1024 | TESTQUAD 5000
COSINE 10000 | EXTROSNB 1000 | NONCVXU2 5000 | TOINTGOR 50
CRAGGLVY 5000 | FLETCBV2 5000 | NONDIA 5000 | TOINTGSS 5000
CUBE 2 FLETCHCR 1000 | NONDQUAR 5000 | TOINTPSP 50
CURLY10 10000 | FMINSRF2 5625 | OSBORNEA 5 TOINTQOR 50
CURLY20 10000 | FMINSURF 5625 | OSBORNEB 11 TQUARTIC 5000
CURLY30 10000 | FREUROTH 5000 | OSCIPATH 10 TRIDIA 5000
DECONVU 63 GENHUMPS 5000 | PALMERIC 8 VARDIM 200
DENSCHNA 2 GENROSE 500 PALMERID 7 VAREIGVL 50
DENSCHNB 2 GROWTHLS 3 PALMER2C 8 VIBRBEAM 8
DENSCHNC 2 GULF 3 PALMER3C 8 WATSON 12
DENSCHND 3 HAIRY 2 PALMER4C 8 WOODS 4000
DENSCHNE 3 HATFLDD 3 PALMER5C 6 YFITU 3
DENSCHNF 2 HATFLDE 3 PALMER6C 8 ZANGWIL2 2
DIXMAANA 3000 | HATFLDFL 3 PALMER7C 8

DIXMAANB 3000 | HEART6LS 6 PALMERSC 8

Table 2: Tested methods

Method name ‘ 0r_1 g1 Vi_1
ML1(BFGS) 1 (3.1) 1
: |g{ dj—1|
ML2 1+ming —fA"——-09¢ (220) 1
19k ||| dr—|

ML3 1+min{|g’w’“ 09} (3.1) 1
s/l k11"

KD 1 0.8
gTdk—l

NEW 1+ min{ [—E——|, 0.2 (3.9) 0.8
gk_ldk—l

CGD CG_DESCENT Ver5.3
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ML1(BFGS)

ML2
ML3

KD

Figure 1: performance profiles based on CPU time

85. Conclusions

In this paper, we have modified the memoryless quasi-Newton method based
on the spectral-scaling secant condition [16] and proposed a new method. Fur-
thermore, we have shown that the method always satisfies the sufficient descent
condition and converges globally. In numerical experiments, we have shown
that the proposed method performs better than existing memoryless quasi-
Newton methods do, and we have found suitable parameters for the proposed
method. A further study is to find more suitable choices for parameters 6;_1,
k-1 and vg_1.

Acknowledgment

I would like to thank Professor Hiroshi Yabe and Professor Yasushi Narushima
for useful discussions and proofreading the manuscript. The author is grateful
to the anonymous referee whose comments helped to improve the paper.

References

[1] M. Al-Baali, Y. Narushima and H. Yabe, A family of three-term conjugate gra-
dient methods with sufficient descent property for unconstrained optimization,
Computational Optimization and Applications, 60 (2015), 89-110.



2]

A HYBRID METHOD OF 3TCG AND MEMORYLESS Q-NEWTON 97

N. Andrei, Accelerated adaptive Perry conjugate gradient algorithms based on
the self-scaling memoryless BFGS update, Journal of Computational and Applied
Mathematics, 325 (2017), 149-164.

I. Bongart, A.R. Conn, N.I.M Gould and P.L. Toint, CUTE: constrained and un-
constrained testing environment, ACM Transactions on Mathematical Software,
21 (1995), 123-160.

Z. Chen and W. Cheng, Spectral-scaling quasi-Newton methods with updates
from the one parameter of the Broyden family, Journal of Computational and
Applied Mathematics, 248 (2013), 88-98.

W.Y. Cheng and D.H. Li, Spectral scaling BFGS method, Journal of Optimiza-
tion Theory and Applications, 146 (2010), 305-319.

Y.H. Dai and C.X. Kou, A nonlinear conjugate gradient algorithm with an opti-
mal property and an improved Wolfe line search, SIAM Journal on Optimization,
23 (2013), 296-320.

Y.H. Dai and L.Z. Liao New conjugacy conditions and related nonlinear con-
jugate gradient methods, Applied Mathematics and Optimization, 43 (2001),
87-101.

E.D. Dolan and J.J Moré, Benchmarking optimization software with perfor-
mance profiles, Mathematical Programming, 91 (2002), 201-213.

J.C. Gilbert and J. Nocedal, Global convergence properties of conjugate gradient
methods for optimization, STAM Journal on Optimization, 2 (1992), 21-42.

N.I.M Gould, D. Orban and P.L. Toint, CUTEr and SifDec: A constrained and
unconstrained testing environment, revisited, ACM Transactions on Mathemat-
ical Software, 29 (2003), 373-394.

W.W. Hager, Hager’s web page : http://people.clas.ufl.edu/hager/.

W.W. Hager and H. Zhang, A new conjugate gradient method with guaranteed
descent and an efficient line search, SIAM Journal on Optimization, 16 (2005),
170-192.

W.W. Hager and H. Zhang, Algorithm 851: CG_DESCENT, a conjugate gra-
dient method with guaranteed descent, ACM Transactions on Mathematical
Software, 32 (2006), 113-137.

C.X. Kou and Y.H. Dai, A modified self-scaling memoryless Broyden-Fletcher-
Goldfarb-Shanno method for unconstrained optimization, Journal of Optimiza-
tion Theory and Applications, 165 (2015), 209-224.

S. Nakayama, Y. Narushima and H. Yabe, A memoryless symmetric rank-one
method with sufficient descent property for unconstrained optimization, Journal
of the Operations Research Society of Japan, 61 (2018), 53-70.



98

[16]

[17]

[18]

[19]

[20]

22]

23]

S. NAKAYAMA

S. Nakayama, Y. Narushima and H. Yabe, Memoryless quasi-Newton meth-
ods based on spectral-scaling Broyden family for unconstrained optimization,
Journal of Industrial and Management Optimization, to appear.

Y. Narushima and H. Yabe, A survey of sufficient descent conjugate gradi-
ent methods for unconstrained optimization, SUT Journal of Mathematics, 50
(2014), 167-203.

Y. Narushima, H. Yabe and J.A. Ford, A three-term conjugate gradient method
with sufficient descent property for unconstrained optimization, SIAM Journal
on Optimization, 21 (2011), 212-230.

J. Nocedal and S.J. Wright, “Numerical optimization”, 2"¢ edition, Springer,
2006.

S.S. Oren, Self-scaling variable metric (SSVM) algorithms, Part II: Implemen-
tation and experiments, Management Science, 20 (1974), 863-874.

S.S. Oren and D.G. Luenberger, Self-scaling variable metric (SSVM) algorithms,
Part I: Criteria and sufficient conditions for scaling a class of algorithms, Man-
agement Science, 20 (1974), 845-862.

D.F. Shanno, Conjugate gradient methods with inexact searches, Mathematics
of Operations Research, 3 (1978), 244-256.

K. Sugiki, Y. Narushima and H. Yabe, Globally convergent three-term con-
jugate gradient methods that use secant condition and generate descent search
directions for unconstrained optimization, Journal of Optimization Theory and
Applications, 153 (2012), 733-757.

S. Yao and L. Ning, An adaptive three-term conjugate gradient method based
on self-scaling memoryless BFGS matrix, Journal of Computational and Applied
Mathematics, 332 (2018), 72-85.

L. Zhang, W. Zhou and D.H. Li, A descent modified Polak-Ribiere-Polyak con-
jugate gradient method and its global convergence, IMA Journal of Numerical
Analysis, 26 (2006), 629-640.

L. Zhang, W. Zhou and D.H. Li, Some descent three-term conjugate gradient
methods and their global convergence, Optimization Methods and Software, 26
(2007), 697-711.

Y. Zhang and R.P. Tewarson, Quasi-Newton Algorithms with updates from
the preconvex part of Broyden’s family, IMA Journal of Numerical Analysis, 8
(1988), 487-509.

Shummin Nakayama

Department of Applied Mathematics, Tokyo University of Science
1-3, Kagurazaka, Shinjuku, Tokyo 162-8601, Japan

E-mail: 1416702Qed.tus.ac. jp



