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nonlinear Schrodinger equations in one space
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Abstract. We consider the initial value problem for a two-component system
of cubic nonlinear Schréodinger equations in one space dimension. We provide
a detailed lower bound estimate for the lifespan of the solution to the system,
which can be computed explicitly from the initial data, the masses and the
nonlinear term.
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8§1. Introduction

We consider the following initial value problem:

(1.1) { Lou; = Fy(w), >0, 2 €R,

u;(0,2) =epj(x), xR

for j = 1,...,N, where L, = i0; + 502, i = /=1, m; € R\{0} and u =
(uj(t,r))1<j<n is a CN-valued unknown function. The nonlinear term F =
(Fj)i<j<n is assumed to be a cubic homogeneous polynomial in (u,%). Also
we assume that the system (1.1) satisfies the so-called gauge invariance:

Fi(e™02, . emN0zn) = e™iOFy (2, ..., 2y)

for j=1,...,Nand any 0 € R, z = (2j)1<j<n € CN. € > 0 is a small param-
eter which is responsible for the size of the initial data, and ¢ = (¢;(z))i<j<n
is a CN-valued known function which belongs to (H' N H%*(R))". Here and
later on as well, H® denotes the standard L?-based Sobolev space of order s,
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and the weighted Sobolev space H*° is defined by {¢ € L?|(-)°¢ € H®},
equipped with the norm ||¢||gs.c = ||(-)?@| gs, where (z) = V1 + 22. We are
interested in large-time behavior of the small amplitude solution for (1.1).

Let us recall the backgrounds briefly. It is well-known that cubic nonlinear-
ity is critical when we consider large-time behavior of solutions to nonlinear
Schrodinger equation in one space dimension. Because the best possible de-
cay in L2 of general cubic nonlinear terms is O(t~!), standard perturbative
approach is valid only for ¢ < exp(o(¢72)) in general, and our problem is
to make clear how the nonlinearity affects the behavior of the solutions for
t 2 exp(O(e72)). We begin with the single case (N = 1):

1
(1.2) i0pu + §6§u = Nul*u, t>0, z€R

with A € R. According to Hayashi-Naumkin [5], the solution to (1.2) with
small initial data exists globally in time and the global solution behaves like

; 1 . 2 Aalz /D)2 log t 12
ultve) = dle/tyexp (i, — NG/ logt ) + oft )

as t — +oo uniformly in = € R, where &(§) is a suitable C-valued function
of ¢ € R satisfying |&(§)| < e. An important consequence of this asymptotic
expression is that the solution decays like O(t~'/2) in L*®(R,), while it does
not behave like the free solution unless A = 0. In other words, the additional
logarithmic factor in the phase reflects the long-range character of the cubic
nonlinear Schrédinger equations in one space dimension. If A € C in (1.2),
another kind of long-range effect can be observed. Shimomura [20] showed
that the small data solution to (1.2) exists globally in time and decays like
O(t=Y?(logt)~'/?) in L>®°(R,) as t — oo if Im A < 0. This gain of additional
logarithmic time decay should be interpreted as another kind of long-range
effect. If Im A > 0, Sunagawa [21] and Sagawa-Sunagawa [17] have derived
the following more precise estimate for the lifespan 7T of the solution to (1.2)
with initial data u(0,z) = e¢(z):

1

1.3 liminf(e?log T.) > _ ,

. BT e sup )P
EeR

where 1/0 is understood as +oo, and qg denotes the Fourier transform of ¢,
ie.,

tey L[ e
¢(€)_M/IR€ Yoly)dy, €eR.

This estimate tells us the dependence of T, on Im A. Roughly speaking, the
estimate (1.3) is derived from the ordinary differential equation

{ 0 f(8,€) = 3IfLOPF(EE), t>1, E€R,
F(L,€6) = €9(8), 3:3
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This equation can be solved explicitly as follows:
2 _ 52|<f;(f)|2
1 —2Im A|p(&)|%e2 logt

as long as the denominator is strictly positive. Hence the solution f(t,&) blows
up at

£ (&,

1

2Tm Asup |$(¢)[*
¢er

This observation implies that small data solution u(¢, ) of (1.2) with ImA > 0
may blow up in finite time. An example of blowing-up solution to (1.2) with
arbitrarily small € > 0 has been given by Kita [11] under a particular choice
of  when Im A > 0. However, it seems difficult to specify the lifespan for
the blowing-up solution given in [11], and the optimality of (1.3) is left to
be unknown. Next let us turn our attentions to the system case (N > 2).
An interesting feature in the system case is that the behavior of solutions
are affected by the combinations of the masses as well as the structure of the
nonlinearity (see e.g., [2], [3], [4], [6], [7], [8], [9], [10], [12], [13], [14], [15],
[16], [19], [22], etc.). In [13], several structural conditions on F' have been
introduced under which small data global existence holds, and time-decay
properties of the global solutions have been investigated. As a result, we come
up with the following question: what happens if the structural conditions
on F given in [13] are violated? However it seems difficult to treat the general
N-component system (1.1). As the first step we consider the following two-
component system:

e2logt =

Loy u = Av|?u, t>0, r€R,
(1.4) Lom,v = plul?v, t>0, xr eR,

u(0,2) = ep(z), v(0,7) = ep(z), xR
with myq, mo € R\{0}, A\, p € C and ¢, ¢ € H' N H*'(R). The approach
of Li-Sunagawa [13] implies small data global existence and time decay of the
global solution for (1.4) under the either of the following three conditions:

e Im)\ <0,
e Impu <0,
e ImA=Imuy=0.

According to [13], large-time behavior of the solution for (1.4) deeply relates
to the following system of ordinary differential equations:

0 f(t,€) = 2la(t, )P f(t,6), t>1, E€R,
(15)¢  ddg(t, &) = FIf (L, O)Pg(t,€), t>1, £€R,
f(lag) :5‘7:7”1(10(5)7 9(135) :5]:m2¢(§)7 § ER,
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where F,,, denotes the scaled Fourier transform which will be defined in the
next section. We note that global existence and boundedness of the solution
to the reduced system (1.5) holds in this case. We check it for Im A < 0 (the
same is true for the other cases). Multiplying the equations of system (1.5) by
f and g respectively, and taking the imaginary part of the result, we obtain

Or(If(t,€)17) = 2B £ (2, €)1 |g(t, €) |2, t>1, £€R,
0r(1g(t,€)1%) = 22| £(¢, )29 (t, €)%, t>1, {eR,
|F(LOIP = e Fm 0 ), 19(1, )1 = [ Fmyb(6)1?, € €R.
Therefore we see
~ 2Im A(] Im p| — Im p)

O¢(|Tm | f|* — Tm Alg|*) = ; [fPlg* <0

for Im p1 # 0, and

2Im A

O f1* +191”) = =——fPlgl* <0

for Im ¢ = 0. Hence we obtain

1F (1 + |g(t, &)1* < CE(|Fmy @(€)° + | Fma 0 (§) )

for t > 1 and some constant C' > 0. This observation yields global exis-
tence and time decay of solutions to (1.4) (see [13] for details). However the
remaining cases are left unsolved so far, that is,

e ImX\>0and Imu >0,
e ImA>0and Imu =0,
e ImA=0and Imp>0.

The aim of this paper is to clarify large-time behavior of the solution to
(1.4) with Im A > 0 and Im p > 0. Since the solution of the reduced system
(1.5) blows up at finite time in this case (see Section 3 for details), it could be
natural to expect that the lifespan of the solution to the original system (1.4)
is characterized by the blow-up time of the solution to the reduced system
(1.5). We will justify the half of this expectation.

To state the main result, let us define 79 € (0, +00] by

(16) S {log(lmu\fm1¢(€)\2)—log(Im/\!J:m2¢(§)l2)}
' 02 I 0| Fry 0(€) 2 — I A | Frny (€ 2

£eR
We remark that if Im p|F,, o(€5)? = Im\|Fp,(€%)|? at €* € R, then we
define
log(Tm p1| Fim, 9(€)[%) — log(Im A Finy 0 (6%) 1) _ 1 '
Tm 1] Fony p ()2 — T A Finy th (€) 2 Im g1 Fmy (€)1
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We also remark that the right-hand side of (1.6) is always non-negative. Be-
cause of |Fp,0(&)| < 400, |Fm,¥(§)] < +o0o and mean value theorem, we
have

log(Tm p1| Fim, (€)1?) — log(Im A|Fr, 1 (€)°)
Im | Fony ()2 = Tm A Fim, (€)1

. . 1 . 1
= min {é%lf« (ﬂmmfmlso(fn?) % (21m/\\fm2¢(£)!2>} >0

The main result of this paper is as follows:

Theorem 1.1. Assume that @, o € H' N H%'(R), and that X\, pn € C with
ImA > 0 and Imp > 0. Let T, be the supremum of T > 0 such that (1.4)
admits a unique solution in (C([0,T); H' N H071(R)))2. Then we have

(1.7) liminf 2 log 1> > 7o,
e—+0

where 19 € (0, +00] is given by (1.6).

Remark 1.2. From the main result, we clarify that the lower bound estimate
for the lifespan of small solutions to (1.4) holds when Im A > 0 and Im p > 0.
Moreover the estimate (1.7) is different from single case one (1.3) in general.
It is caused by the initial data and the structure of the nonlinearities on the
system (1.4) (see Section 3 for details). Therefore Theorem 1.1 tells us an-
other kind of large-time behavior of solutions which does not correspond to
the single case and heavily depends on the initial data and the structure of
the nonlinearities on the system. This is new knowledge on the system case.
However the author does not know whether (1.7) is optimal or not.

Remark 1.3. As for the remaining cases, that is,

e ImA>0and Imu=0,
e ImA=0and Imu >0,

solutions of the reduced system (1.5) grow up at t — +oo. Therefore it is
natural to expect that solutions of the original system (1.4) also grow up at
t — +o0o. However the author does not know whether this expectation is true
or not. Fven the small data global existence is not trivial at all, and what we

can show by the present approach is only IiIIlJirI(l)f e21log T, = +o0.
E—r

We close this section with the contents of this paper. In the next section,
we state preliminaries. Section 3 is devoted to a lemma on some system
of ordinary differential equations. In this section, we derive the Riccati-type
differential equation from the reduced system (1.5). This is the new ingredient
of the proof. After that, we will get an a priori estimate in Section 4, and the
main theorem will be proved in Section 5. In what follows, we denote several
positive constants by C, which may vary from one line to another.
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82. Preliminaries

In this section, we summarize basic facts related to the Schrodinger operator
Loy =10+ ﬁ@% We set T, (t) = x+%8x. It is well-known that this operator
has good compatibility with £,, as follows:

[»Cm,jm(t)] = Oa [8xa jm(t)] =1,

where [+, -] stands for the commutator of two linear operators. Next we set the
free Schrodinger evolution operator

Wn(09)(#) = 5 ote) = | e ) [ oy

for m € R\{0} and ¢ > 0. We also introduce the scaled Fourier transform F,
by

m|

(Fund)©) 1= "2 T g =\ [T emiontn) [ c=imsey)

as well as auxiliary operators
(Mn(0)6)(2) i= €™ T 6(2), (POS)(x) = 26 (7).

Win(t)¢ := Fin M (t) F ¢
so that Uy, (t) can be decomposed into
um(t) = Mm(t)p(t)mem(t) = Mm(t)p(t)wm(t)fm

In what follows, we will occasionally omit “(¢)” from Jp,(t), Upm(t), My (t)
and W, (t), if it causes no confusion.

Lemma 2.1. Let m, p1, po, ps be non-zero real constants satisfying m =
w1+ po + ps. For smooth C-valued functions f1, fo and fs, we have

Tl fif2F) = S (T ) foFs + B2 o ) s+ B2 1 2T o).
Lemma 2.2. Let m be a non-zero real constant. We have

I — M DFlhiy Bl e < Ct3 (6]l 12 + | Tnll 2)
and
Illzee <t 21 Fnlhy ll oo + Ct (|1l 2 + | Tnll2)
fort>1.

Lemma 2.3. Let m be a non-zero real constant. For smooth C-valued func-
tions f1, fo and f3, we have

| Finlh (1 f2f3) e < Cllfillz2ll foll L2l f3ll poe-
We skip the proof of these lemmas (see e.g., §3 of [13] and its references).
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83. A technical lemma

In this section, we introduce a lemma on some system of ordinary differential
equations which will be used effectively in the next section. Throughout this
section, we always assume that A, gy € C with Im A > 0 and Im ¢z > 0. Let g,
g : R — C be continuous functions satisfying

sup |po(€)] < 0o, sup [tho(§)] < oo.
§ER £ER

We define 7 € (0, 00] by

S {log(lmulwo(é)lg) - logamwo(w)}
P 2¢eer Tm 1[0 (€)% — Tm A[o(€) 2 ‘

We remark that if Tm | (£%)]? = Im A|po(€7)]? at £€* € R, then we define

log(Im o (€)[2) — log(Im Al (€)) _ 1
m 1o (€9)? — Tm Ao(&")|2 T o€ )P

Let (ap(t,£), Bo(t,€)) be a solution to

Zat()é()( ) %‘ (t7§>‘2a0(t7€>7 t>1, £ER,
(3.1) i0Bo(t, &) = Hlao(t,€)|*Bo(t, §), t>1, £ER,
ao(1,€) = epo(§), Bo(1,€) =eo(§), EER,

where € > 0 is a parameter. If ¢o(£*) = 0 or ¢o(£*) = 0 at £* € R, then we can
immediately solve the equation (3.1) to find that |ag(t,&%)|2 + |Bo(t, £%)]? <
Ce?. In what follows, we consider (3.1) at £ € R with ¢g(€) # 0 and vy (€) # 0.
At first we consider the case Im pfpo(€)[? > Im Aabo(€)[2. Multiplying the
equations of system (3.1) by ag and f3y respectively, and taking the imaginary
part of the result, we have

Ao (t, O)P) = 22 ao(t,€)*|Bo (8, )P, t>1, E€R,
3t(lﬁo(t,§)!2) = QIm“I (t,é“)l Bo(t, )P, t>1, E€R,
040(175) = (5) ( 5) = (f): 5 eR.

Therefore we see

8t(]:ml'l"a0(t7 f)’Q - ImA|60(t7 §)|2) =

so that

(3.2)  Implag(t,€)]* — ImA|Bo(t, €)[* = €*(Im p] o (€)* — Tm Al (€)[%)
=:%G(9),
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to obtain the Riccati-type differential equation

2u10(t,€)) = = 8o, O {Im Ao (1, &) + G}

Solving this Riccati-type equation, and applying the result to (3.2), we have
Im A G(&) G(§)>
£ O = g2 2 :
ot )F = 2 (Faln(©F o +
G(¢)
Im p1]po (&)[#~27G(©) — Tm AJyo () |2

as long as the denominators are strictly positive. Similarly if Im pu|po(€)[? <
Im A1 (€)%, we can see that

|Bo(t, €)* = % [ho ()

s 5 9
lao(t,6)]7 = %[0 (E)] Im)\’w()(f)’Qt—Qs?@(E) —Imﬂ’(po(f)P,

o _ o Imp 2 €6, G(e
ot F = (ImAm(@' Tm Ao (€)[2t2°C©) — Im prf oo (€) ]2 ImA>7

where G(€) := Im A|tpo(€)|? — Im | oo (€)|?. At last, we consider the remaining
case Im 11]po(€)|? = Im A|1o(€)|2. From (3.2), we can see that Im u|ag(t, €)|? =
Im A|Bo(t, €)|? to obtain

Im A
2u150(t, ) = S5 1Bt )1
Solving this equation, we have
2 2
’Cm(t,f)ﬁ _ 52’900(6”2 ‘ﬁo(t,f)P _ € W}O(gﬂ

1 —2e29o(&)[?Im Alogt’ 1 —2e2|90(§)?Im Alogt

Note that the solution (aq(t, ), Bo(t, €)) blows up at the time ¢ = ™/, which
comes from the minimum time that the denominators Im pgo(€)[2t 257G —
Im A[Yg(€)]? = 0 at some & € R. This is the reason why 79 appears in the
lower bound estimate (1.7). Therefore we see that

(3.3) sup (lao(t,)* + |Bo(t, §)*) < CFe?
(t,€)€[1,e7/<* xR

for o € (0,71), where

Cy = vmax{A, B, D}

and
Im plpo (2 4
mAGo@Z G(§)
A= s | (eo(©F +o©)) ulw'@jff”li |
s m 0 T1 _
Im 1[0 (€)1 (Inlkwo(&)IQ) 1

Im Altpg (€)]2
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Im Ao (§)12 _ ~
Tm al o (O G(§)
B=  sup (leo (&)1 + [4ho(€) ) e + ;
= (w o ImA
Im g (©)1% g Im pulpo (§)[?
Im Ao (8)]2
1
D=1—% sup  (|o(€)? + [o(€)).
- H ge ’
Im plog(§)12 _
Im Al (€)]2

Next we consider a perturbation of (3.1). Let "> 1 and let ¢1, 91 : R — C,
p, v:[1,T) x R — C be continuous functions satisfying

sup(|1 () |+ (€)]) < Cae*?, sup 1 (|p(t O]+t €)]) < Cae™?
£eR (LE)ELT) xR

with some positive constants Co, C3, 0 and w. Let (a1(t,§), B1(t,€)) be the
solution to

i (t,€) = 3|Aa(t, f)’QQl( &)+ p(,€), t>1, §eR,
i0:51(t,€) = Elaa(t,6)|? 51( ,§) vt ) t>1, R,
a1(1,8) = epo(§) +»1(§), Bi(L,8) =eo(§) +v1(§), E€R.

The following lemma asserts that an estimate similar to (3.3) remains valid if
(3.1) is perturbed by p, v and ¢1, ¥1:

Lemma 3.1. Let o € (0,7,). We set T, = min{T, e”/<*}. Fore € (0, M~/9),
we have

sup  (laa(t, 9]+ Bt €)]) < V2Cie + Me' ™,
(t,€)€[1,T:) xR

where
M = (QCQJrCiS) o AT (14301 +4CF )0

PTOOf' We pUt w(tag) = o (t’é-) - ao(tvé-)v Z(tvg) = Bl (tvé-) - ﬁo(t’g) and

To=sw{Te[LT) | s (jwlt,&)|+|(t0)) < Me'7}.
(t7§)€[1,T)><R

Note that Ty, > 1, because of the estimate

[w(1,€)] + 2(1,8)] = [p1(&)] + [11(&)] < Coe™™® < %gw

and the continuity of w and z. Since w satisfies

) A
idrw = (|2 + Bol*(w + ao) — [ Bola0) + p,
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we see that

AR
=2Im <E . i@m})

2Im \
<
- t

{ <M252+25 430 MeXHo 201%2) wl|z] + 01252yw\2} + wl|p]
for t € [1,T,s). Similarly we see that

21
Ohlz* < # {<M2€2+26 +3C M0 + 201252) lw||z| + 01262]7:\2} + |z||v]

for t € [1,T,s). Therefore we have

146

E(jul? + 12P) + L5 (juf? + |22

Oufuwf? + 1217 < i

N

where C' = %(1 + 30 + 4C%). By the Gronwall-type argument, we
obtain

t 1+6 5 9
(P + |2P)2 < ((\mw Han@P 2+ [ Cﬁds) O 081

231+w+6~'52
C 146 -
< (0251+5+ 35~> oCo
2(w + Ce?)
M 1
< = +4
=5 €

for (t,€) € [1,Tyx) x R. Therefore

(8, )]+ 12(1,€)] < VE(Jwf? + |22 < %ew.

This contradicts the definition of Ty, if Tyx < Ty. Therefore we conclude
Tes = Ty. In other words, we have

sup  |w(t, &) + |2(¢, &) < M,
(t,£)€[1,T) xR

whence
‘al(tag)H_’/Bl(t?g)’ < |a0(t7§)|+|50(t7€)|+’w(t7§)|+’2(t7§)‘ < \/501€+M51+6

for (¢,¢) € [1,T%) x R. This completes the proof. O
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84. A priori estimate

This section is devoted to getting an a priori estimate for the solution to (1.1).
Throughout this section, we fix o € (0,709) and T € (0,60/62], where 79 is
defined by (1.6). Let u, v € C([0,T); H' N H%(R)) be a pair of solutions to
(1.1) for t € [0,T). We set

a(tv f) = le [uml (t)_lu(tv )] (5)7 B(ta 5) = erQ [qu (t)_lv(t’ )} (5)

We also define
E(T):= sup (la(t, ]+ |8t
(t,£)€[0,T) xR
+ sup [(T+ )7 (lu@®llgr + ol g + 1 Tm w2 + | T, ()] £2)]
0<t<T

with v € (0,1/12). The goal of this section is to prove the following:

Lemma 4.1. Let o, T and v be as above. Then there exist positive constants
eo and K, not depending on T', such that

(4.1) E(T) < &3
implies the stronger estimate

E(T) < Ke,

provided that € € (0, &o).

We divide the proof of this lemma into two subsections. We remark that
many parts of the proof below are similar to that of Section 3 in [13] (see also
[18]), although we need modifications to fit for our purpose.

4.1. [*-estimates

In the first part, we consider the bound for |[u(#)|| g1, |v(E)| gy | Tmyw(®)| 12
and || Jm,v(t)| 2. We first remark that Lemma 2.2 and the assumption (4.1)
lead to

Ce2/3

S

for t > 1. Indeed the Sobolev embedding H!(R) < L*(R) yields

luw()|| Lo + o)L <

@l + o®lz < Cllul@)llar + o)) < Ce
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for ¢t < 1. Hence we have

062/3
V14t

for t € [0,T). Now we see from the standard energy method that

[u(®)l[Loe + llv(E)][ Lo <

% u@ll g + [lo@) 1)

< Al | zo lo@)llzoe o @) + (@) | Zoe lu(t) ]| 1)
+ 1l @llu(®) |z [l @)l o @)l + lu@l < o) a)

< Ce?
(1)
whence
t 052
(4.2) lw@l g + lv@) e < elllellar + 191 a) +/0 st

< Ce(1+1).
Next we deduce from Lemma 2.1 that

T (o) = 22 (Fony 0} = -2 (Tonyw)s + [ (Tony ).

We also remember the commutation relation [Ly,,, Jm,] = 0. From them it
follows that

_ (M2 L W 2
Loy Tt = A (m1 (Tmsyv)0U - (Tmyv)vu + |v] (jmlu)> .

Therefore the standard energy method leads to

t 082
(43) ||jm1u||L2 < 6”1’80“[]2 +/0 mds < 06(1 + t),‘/
In the same way, we have
(4.4) [Tmzvll12 < Ce(141)7.

Substituting (4.2), (4.3) and (4.4), we arrive at the desired estimate
[l + 0@l + 1T w2 + [ Tmov(@®)ll 2 < Ce(1 +8)7

for t € [0,7).
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4.2. Estimates for o and f

In this part, we will show |a(t,&)| + |5(t,§)] < Ce for (t,€) € [0,T) x R
under the assumption (4.1). When 0 < ¢ < 1, the desired estimate follows
immediately from the Sobolev embedding and (4.1). Hence we have only to
consider the case of T'> 1 and t € [1,T).

10h(t, €) = FinUpe, [Liny ] = Fi U [N0] 0]
A

= Z1B(OPalt,©) + pr(t:€),

where \
(t 5) m1 [|Wm25| Wmla] - Z|/8|2a

In the same way, we have

i0i5(t,€) = FnalUmy [Linyv] = FonoUyy [1]uf*]

= Lt O1P8(t,€) + pa(t,©),

where u "
pa(t:€) = Wiy [Win, o Wino 8] = a5,

Note that Lemma 2.3 and || Wy, — 1) ||z + [|W;t = 1) fllzee < Ct Y4 f ||

lead to 022
€
P18 )]+ oa(t.6)] < e

with w = 1/4 — 3y > 0. Moreover we have
’O‘(Lg) - 5fm190(£)|
< Cllu(1,-) = Upny (D@l 22 Ty (D {u(L, ) = Uy (D@} |15
= Cllu(L,-) = Uy Vel 2521 Ty (Du(L, ) = Unmy (Ve )

1 1/2
§G< / ||A|v<s>|2u<s>\pds) o2
0

< Ce?,

where we apply the Gagliardo-Nirenberg inequality ||¢||f < C’Hqﬁ”l/2 ||(9x¢|]1/2
and the relation J,,(t) = Uy, (t) 2l (t) 1. In the same way, we have

|ﬁ(17§) - 5Fm2¢(f)’ < CEQ.

Therefore we can apply Lemma 3.1 with ¢g(&) = Fn, 0(£), ©0(§) = Fma (),
0=1,w=1/4—-3y>0and 7 =79 to obtain

la(t, &) + |8(t, €)] < Ce.
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85. Proof of the main theorem

Now we prove Theorem 1.1. At first, existence of local solutions to (1.4) is
proved in a standard way applying the contraction mapping principle (see [1]).
Let T be the lifespan defined in the statement of Theorem 1.1. Next we set

T* = sup{T € [0,T.) | E(T) < £2/3}.

Note that 7% > 0 if € is suitably small, because of the estimate E(0) < Ce <
%52/3 and the continuity of [0,77) > T+ E(T'). Now, we take o € (0,79) and
assume T* < ¢°/¢*. Then Lemma 4.1 with 7 = T* yields

E(T*) < Ke < 352/3

if ¢ < min{eg, (2K)~3}. By the continuity of [0,7.) > T + E(T), we can
choose A > 0 such that
E(T* + A) < &%/5.

This contradicts the definition of T*. Therefore we must have T* > ¢°/ = if e

is suitably small. As a consequence, we obtain

liminfe2log T. > o.
gl los Tz = 0

Since o € (0,7p) is arbitrary, we arrive at the desired conclusion. O
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