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Abstract. In this paper we study the pseudo-projective curvature tensor on
warped product manifolds. We obtain some significant results of the pseudo-
projective curvature tensor on warped product manifolds in terms of its base
and fiber manifolds. Moreover, we derive some interesting results which describe
the geometry of base and fiber manifolds for a pseudo-projectively flat warped
product manifold. Lastly, we study the pseudo-projective curvature tensor on
generalized Robertson-Walker space-times and standard static space-times.
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81. Introduction

Bishop and O’Neill [6] had given the idea of warped product in Riemannian
manifolds. They introduced the notion of warped product for making a large
class of complete manifolds having negative curvature. The main idea of this
warped product actually appeared on account of a surface of revolution. Later,
Nolker [13] also developed the concept of multiply warped product as a gen-
eralization of warped product. The warped product plays a very significant
role in differential geometry, especially in mathematical physics and general
relativity. Schwarzschild solution, Robertson-walker model, static model and
Kruscal model etc. are the examples of warped products. There are so many
exact solutions of Einstein field equations and modified field equations. These
solutions can be written in terms of warped products.

The pseudo-projective curvature tensor had been defined by Prasad [15].
The pseudo-projective curvature tensor includes the projective curvature ten-
sor. Many authors [8, 10, 11, 12] studied the pseudo-projective curvature
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tensor in different ways. The pseudo-projective curvature tensor has been
studied in mathematics as well as physics as a research topic. Shenawy and
Unal [19] studied on the Wa-curvature tensor on warped product manifolds.
In view of the above interesting works, we wish to study the pseudo-projective
curvature tensor on warped product manifolds and space-times.

The aim of this paper is to study the geometry of pseudo-projective curva-
ture tensor on warped product manifolds. Besides this we discuss its applica-
tions to Robertson-Walker space-times and standard static space-times. Hence
this paper connects the pseudo-projective curvature tensor to warped product
manifold, Robertson-Walker space-times and standard static space-times.

This paper has been arranged in the following way. In section 2, we state
the concept of pseudo-projective curvature tensor and warped product man-
ifolds. In section 3, we discuss some interesting results of pseudo-projective
curvature tensor on warped product manifolds in terms of its base and fiber
manifolds. In section 4, we study pseudo-projective curvature tensor on gener-
alized Robertson-Walker space-times. The last section is devoted to the study
of standard static space-times admitting the pseudo-projective curvature ten-
SOr.

§2. Preliminaries

In this part, we just recall some basic ideas on warped product and pseudo-
projective curvature tensor.

Let (B, gg) and (F, gr) be two Riemannian manifolds with dim(B) > 0 and
dim(F') > 0. Let f : B — (0,00) be a positive smooth function on B. Suppose
the natural projections of the product manifold B x F are 7 : B x F' — B and
n: B x F — F. The warped product M = B x F' is the product manifold
B x F furnished with the Riemannian structure such that

< X, X >=< X)), 7(X) > +f2(n(X)) < n*(X),n*(X) >,

for each tangent vector X € X(M). Therefore, we obtain the metric relation
gv = g5 ® f?gr. B and F are respectively the base and fiber of this warped
product manifold. The function f is known as the warping function of this
warped product.

Proposition 2.1 ([14]). Let M = B Xy F be a warped product with Rieman-
nian curvature tensor R. If XY, Z € X(B) and U,V,W € X(F), then

(1) R(X,Y)Z=RP(X,Y)Z,
H/(X,Y)

f
(3) R(X,Y)V =R(V,W)X =0,

(2) R(V,X)Y = v,
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g(V,W)

@ revyw =2 py),
(5) R(V.W)U = RF(V,W)U + ”Vf‘ﬁ”Q (W, U)WV — g(V.U)W].

Proposition 2.2 ([14]). On the warped product M = B x ; F' with dim(F') =
d>1,let X,Y € X(B) and V,W € X(F). Then the Ricci tensor Sy of M

are given by

(1) Sul(X.Y) = Sa(X.Y) = SH/(X.Y)

(2) Su(X,V) =0,

(3) SuV.w) = Se(v.w) - (vt p# ==
where Af = tr (Hf) and HY are respectively the Laplacian and the Hessian
of f on B.

Proposition 2.3 ([7]). Let M = Bx ¢ F be a semi-Riemannian warped product
furnished with the metric gy = g ® f2gr. Then the scalar curvature T of M
admits the following relation

d—1
+?va”27

o8 QSABf(n (s 1) IIgra;JngHZB,
where 7 = dim(B) and s = dim(F).

T=7TB+

The pseudo-projective curvature tensor P* on a pseudo-Riemannian
manifold is defined by

(2.1) PYX,Y,Z,W)=a1R(X,Y, Z,W) + as[S(Y, Z)g(X, W)

n—1

- S(sz)g(Y7W)] - % ( = +a2>
x [g(Y, 2)g(X, W) — g(X, Z)g(Y, W)],

where a; and as (# 0) are two constants, S is the Ricci tensor of (0,2)-type,
the scalar curvature of the manifold is 7, P*(X,Y, Z,W) = g(P*(X,Y)Z, W),
R(X,Y,Z,W) = g(R(X,Y)Z,W), where R is the Riemannian curvature ten-
sor.

Ifa; =1and ay = —ﬁ, then Eq. (2.1) reduces to the projective curvature
tensor. Moreover, if P* = ( for n > 3, then a pseudo-Riemannian manifold is
called pseudo-projectively flat.

It clearly follows from Eq. (2.1) that
(22)  PYX.Y)Z=aR(X,Y)Z + a3 [S(Y, 2)X — S(X, Z)Y]

T < o +a2> l9(Y. 2)X —g(X, Z)Y].

n\n—1
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Remark. Suppose M is a semi-Riemannian manifold. Then
P(X,Y)Z+ P (Y, Z)X + P (Z,X)Y =0,
for X,Y,Z € X(M).

Proposition 2.4. Suppose M is a semi-Riemannian manifold. Then the
pseudo-projective curvature tensor vanishes if and only if the tensor P* van-
ishes.

A Riemannian metric g is said to be of Hessian type metric if H' = fog
for any two smooth functions f; and fo, where H/t denotes the Hessian of the
function f;.

§3. Pseudo-projective curvature tensor on warped product
manifolds

Here we study the pseudo-projective curvature tensor on warped product man-
ifolds. We consider the warped product M = M; Xy My where dim(M) = n,
dim(M;) = n; and dim(Msz) = ng such that n = n; +ng, n; # 1 for i = 1,2.
We denote R, R' as the curvature tensor and S, S’ as the Ricci tensor on
M, M; respectively. On the other hand, Vf, Af and H/ are respectively the
gradient, Laplacian and Hessian of f on M;. D, D' indicate the Levi-Civita
connection with respect to the metric g, g; for ¢ = 1, 2 respectively. Through-
out our entire study we use the relation f# = % + n?vingVfH2 Last of all, we
denote the pseudo-projective curvature tensor and the tensor P* on M and
M; by P*, P* and ]52-*, P respectively.

Now we obtain the following theorems for the pseudo-projective curvature
tensor on warped product manifolds. These theorems describe the warped

geometry in terms of its base and fiber manifolds.

Theorem 3.1. Let M = My xy My be a warped product manifold furnished
with the metric g = g1 ® f2g2. If X;,Y;, Z; € X(M;) fori = 1,2, then

P (X17Y1)Zl = P1 (X17Y1)Z1 + 7 |: 2( 1 ) 2 a2:|

nni(n—1)(ny — 1)a1 + nny
x [g1(Y1, Z1) X1 — g1(X1, Z1)Y4]

B 1 (X0, 20v - B (v, 20X

f
P*(X1,Y1)Z = P*(X2,Y2)Z1 = 0,
asng — aq

f

T ( a
+< L tap 91(X1, Z1)Yo,
n\n—1

P*(Xl,Y2>Zl = < ) Hf(Xl,Zl)YQ — GQSI(Xl,ZﬁYVQ
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P*(X1,Y2)Zs = a1fg2(Ya, Z2) D,V f + a2S*(Ya, Z2) X1
T ({ a
_f2 |:(12f#—|— ( ! +(12>:| 92(}/2722))(17
n\n—1

n? —n —n3f? + nyf?
nna(n —1)(ng — 1) 17

P*(X2,Y2)Zy = Py (X2,Y2)Zy + [ (

g2
+ <anf> Tay — a2f2f# + alefHZ}

nno
x [g2(Ya, Z2) X2 — g2(X2, Z2)Ya].

Proof. Let M = My xy M3 be a warped product manifold furnished with
the metric g = g1 ® f2g2. Let dim(M) = n, dim(M;) = n; for i = 1,2 and
n=mny+ne. If X;,Y;, Z; € X(M;) for i = 1,2. Then, we obtain

P (X1, Y1)Z1 = a1 R(X1,Y1)Z1 + as [S(Y1, Z1) X1 — S(X1, Z1) Y]]

T al
- Y1, 21) X1 — g(X1, Z1)Y]
n <n— 1 +a2> lg(Y1,Z1) X1 — 9(X1, Z1)Y1]

n2

= a1 RY(X1,Y1)Z1 + ay [{Sl(Yl, Z1) 7

HI(Y1,21)} X,

—{5'(X1,21) - T?Hf(Xl,Zl)}yl]
B % <na_1 1 + a2> [gl(Yh Zl)Xl - 91(X1, Zl)Yl]

= (IlRl(Xl,Yl)Zl + CLQ[Sl(Yl, Zl)Xl — Sl(Xl, Zl)Yl]

T a
- — < ! +a2> (91(Y1, Z1) X1 — g1(Xq, Z1)Y4]

ni nl—l

T al T al
+ | — +ax | —— + az
ny \ny—1 ni\n—1

x [g1(Y1, Z1) X1 — g1(X1, Z1)Y1]

a2ma [Hf(Xl, Z0Y: — H (v, Zl)Xl}
" ng(n+n1 — 1) N9
— PY(Xy. V)7
(X1, N2+ T [nnl(n_ e + nnlaz]

x [g1(Y1, Z1) X1 — 91(X1, Z1)Y1]

asn
4+ 222 [Hf(Xlazl)Yl _Hf(Ylazl)Xl} ;

P*(X1,Y1)Zy = a1 R(X1,Y1)Z3 + a2 [S(Y1, Z2) X1 — S(X1, Z2)Y1]
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_T ( a1 -|-a2> [9(Y1, Z2) X1 — g(X1, Z2)Y1]

n\n—1
=0,
P*(X1,Y2)Z1 = a1 R(X1,Y2)Z1 + a2 [S(Ya, Z1) X1 — S(X1, Z1)Ys]

. T( a +a2> (9(Ya, 1) X, — g(Xo, Z1)Y

n\n-—1
= _ (C?) HN(X1,21)Y2 — as [Sl(le Z1)Ys

ai

n T
;Hf(Xl,Zl)Yé] Jrﬁ < +6L2> gl(Xth)Y2

n—1

_ <2”2f—a1) HY (X1, 21)Ys — asS' (X1, Z1)Ys

T a
+ — ( ! +a2> 91(X1, Z1)Yo,
n\n—1

P*(X1,Y2)Z2 = a1 R(X1,Y2) Zo + a2 [S(Y2, Z2) X1 — S(X1, Z2) Y]

_T ( “ +a2> [9(Ya, Z9) X1 — g(X1, Z2)Y2]

n\n—1
a
= <fl> g(YQ, ZQ)_D}(I Vi+ao [52(YQ, ZQ)Xl
# Tf? a1
— [7g(Ya, Z2) X1] — oyt 92(Y2, Z2) X4

= a1fg2(Ya, Z2) D, V f + a25% (Y2, Z2) X1

— f? [GQf# + 2 <al +a2)] g2 (Yo, Z2) X1,

ni\n-—1

P*(X2,Y2)Z1 = a1R(X2,Y2)Z1 + a2 [S(Ya, Z1) X2 — S(Xa, Z1)Y5]

T al
- — Yo, Z1) X — g( X, Z1)Y:
n (n— 1 —|—a2> [9(Ya, Z1) X2 — (X2, Z1)Y5]

-0,
P*(X9,Y2)Zy = a1 R(X2,Y2)Zy + az [S(Ya, Z2) Xo — S(X2, Z2)Ya]

T al
- = Yo, Z9) X9 — g(Xo, Z5)Y:
n (n— 1 +a2> [9(Ya, Z2) X2 — g(X2, Z2)Yo]

B 2 IV£? -
=a1 |R*(X2,Y2) 2> + 72 {9(Ya, Z2) X9 — g(X2, Z2)Y2}

+ as[{S*(Ya, Z2) Xo — f#g(Ya, Z2) X2}
— {S%(Xa, Zo)Ya — [#g(Xa, Zo)Ya}]

2
- ( =+ a2> l92(Y2, Z2) X2 — g2(X2, Z2)Y2)

n n—1

= a1R*(X2,Y2) Zo + as [S*(Ya, Z2) Xa — 5*(X2, Z2)Y)

T a
R ( — + a2> [92(Y2, Z2) X2 — g2(X2, Z2)Y5]
ng \ng —1
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2
+ [T< o +a2> —Tf( a +a2>
ng \ng — 1 n n—1
—asf2f* + alHVfHQ} [92(Y2, Z2) X2 — g2(X2, Z2)Y53]

2—n—n§f2+n2f2
nna(n — 1)(ng — 1) >a1

_ 2
R Tl

nno

. n
= P3(Xo,Y2)Zy + [ <

X [92(Ya2, Z2) Xo — ga( X2, Z2)Y3] .
This completes the proof. O

Theorem 3.2. Let M = M X ;M3 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ® f2go. Then

. B ng(n+n1 - 1) n2
P{ (X1, Y1, 20, Wh) =1 {nm(n "y — 1) ™ + nny
x [91(X1, Z1)g1 (Y1, W1) = 1(Y1, Z1)91 (X1, Wh))]

asn
+ % [Hf(Y1,Z1)g1(X17W1) — HY (X1, Z) g1 (Y1, W) |

for X1,Y1,Z1,Wq € X(My).

Proof. Let us assume that M = M; x y M3 be a pseudo-projectively flat warped
product manifold. Therefore, in view of Theorem 3.1, we obtain

na(n+ny —1)
nny(n—1)(n; — 1)
x [g1(X1, Z1)Y1 — 1(Y1, Z1) X4]

@2ma [Hf(yl, Z0X1 — HY (X1, Zl)Yl} .

Pl*(Xl,Yl)Zl =T |: ai + 2 (12:|
nni

_|_

Therefore, we derive

Py (X1, Y1, 21, Wh) = g1 (P (X1, Y1) Z1, Wh)
[ na(n+mn; —1) n9 ]
=T a9
1

nni(n —1)(n; — 1)a1 + nn

X [g91(X1, Z1)g1 (Y1, W1) — g1(Y1, Z1) g1 (X1, W)

“2}”‘2 [H' (Y1, Z2)g1 (X1, W)

— Hf(Xl, Z1)91(Y1, Wl)} .

This completes the proof. O
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Theorem 3.3. Let M = M Xy My be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ® f2go. Then the base manifold M,
s pseudo-projectively flat if and only if

na(n+ny —1) . 2,
nni(n —1)(n; — 1) Y g ?
x [91(X1, Z1)g1 (Y1, W1) — g1(Y1, Z1)g1( X1, Wh)]

asmn
+ 22 0 (v, Z0)g1 (X0, Wh) = HY (X1, Z0) g (Vi W) | = 0,

for X1,Y1, 21, Wy € X(My).
Proof. Let the base manifold M7 be pseudo-projectively flat. Then
P} (X1,Y1,Z1, W) = 0.
Clearly, the proof follows from Theorem 3.2. 0

Theorem 3.4. Let M = My x y M3 be a pseudo-projectively flat warped product
manifold furnished with the metric ¢ = g1 ® f2gs. Then the scalar curvature
71 of My is given by

1 _
nzKam a1>Af+m1< . +a2>].
as f n \n—1

Proof. Let us assume that M = M x y M3 be a pseudo-projectively flat warped
product manifold. Then Theorem 3.1 implies that

1 _
Sl(Xl,Zl) — ;2 |:<a2n2fal> Hf(Xth) —i—% <na_11 +CL2> 91(X17Z1)] .

Taking contraction over X; and Z;, we gain

1 _
nzKam a1>Af+m1< . +a2>].
as f n \n—1

This completes the proof. O

Remark. Proposition 2.3 [7] and Theorem 3.4 jointly imply that the scalar
curvature 7o of (Ma, g2) is a constant since the left hand side of the equation
in Theorem 3.4 depends only on the base manifold (M, g1).

Theorem 3.5. Let M = M x y M3 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ® f2g2. Then the pseudo-projective
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curvature tensor of Ms is given by

2 242 2 2
_ n? —n—n3f>+nof n—naf
P} (X9,Ys, Z9, Wo) = 2 -
s (X2, Ya, Zo, Wh) [( (= 1)(n3 — 1) >017'+< it >Ta2

—axff* + a1\|VfHQ] [92(X2, Z2)g2(Y2, W2)
— 92(Ya, Z3)go(Xo, Wa)],
for Xo,Yo, Zo, Wy € :{(Mz)

Proof. Let M = Mj; x; Ms be a pseudo-projectively flat warped product
manifold. From Theorem 3.1, it follows that

n? —n —n3f? + nof? n—naf?
0= P (X5, Y5)Z 2 = =k
000 % ¢ | (Mot ) o () e

—aof2 7 4 a1||Vf||2} [92(Y2, Z2) X — g2(Xa, Z3)Y5] .

Therefore,

P3(X2,Ys, Zo, Wa) = g2 (P35 (X2, Y2) Zy, Wa)
[<n2—n—n%f2—|—n2f2> <n—n2f2>
= T+ | ——— | Ta

nna(n —1)(ng — 1) nng

S AR\ Fi ] P APATAIER TS
— 92(Y2, Z2)g2(X2, Wa)].
This completes the proof. O

Theorem 3.6. Let M = M x y M3 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 © f2ga. If the fiber manifold My is
Ricci flat, then the base manifold My is of Hessian type.

Proof. Let M = Mj; x; Ms be a pseudo-projectively flat warped product
manifold. Then from Theorem 3.1, we derive

0 = a1fg2(Y2, Z2)Dx, V f + a25%(Ya, Z2) X1

_ f2 |:a2f# _|_% <na—1 1 —|—a2>:| gg(YQ,ZQ)Xl.

Suppose that M, is Ricci flat. Then S?(Xs,Ys) = 0 for any X, Ys € X(Ms).
Hence, we obtain from the above relation

DY Vf= ai [an# +% <na1 i +a2)] X;.
) -
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This implies that

Hf:j|:a2f#+;< a —|—(12>:| aq1.

n—1
Hence, M is of Hessian type. This completes the proof. O

Theorem 3.7. Let M = M x y M3 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ® fgs. If the fiber manifold My is
Ricci flat, then the pointwise constant sectional curvature o of My is given by

1 [_ <n2 nn%f2+n2f2> e (nn2f2

ay nng(n — 1)(ng — 1) nng

T( a
—a1HVfH2+ﬁ (n—ll —i—az)}

Ty =

> Tas —l—a2f2f#

Proof. Let My be Ricci flat. Therefore, from Eq. (2.1), we have

_ 17
RQ(XQ’Y27 ZQ’WQ) = |:P2*(X27}/27 227 WQ) + Z ( @ + (12>

ai ni\n-—1

x {92(Ya, Z2)ga(X2, W2) — g2(X2, Z2)g2(Y2, W2)}] :

In view of Theorem 3.1, we derive from the above relation that

n2—n—n%f2+n2f2> <n—n2f2>
ot — | ——— | Tas

nna(n —1)(n2 — 1) nng

_ 1
R*(Xo,Ya, Za, Wa) = [— <

a

+a2f2f#—a1||VfH2+T< a +a2>]
n\n—1

x {92(Y2, Z2)g2(X2, Wa) — g2(X2, Z2)ga2(Y2, W2)}.

This implies that My has a pointwise constant sectional curvature and this
curvature is given by

1 n? —n —n2f2+nof? n — ng f?
T = — | — 2f 2f alT — 72f Tag + a2f2f#
ay nng(n —1)(ng — 1) nno
T a
—alvAP+ L (2 ) |
n\n-—1
This completes the proof. O

Theorem 3.8. Let M = My Xy My be a warped product manifold furnished
with the metric g = g1® f2go. If Hf =0, Af =0 and M is pseudo-projectively
flat, then Ms is an Finstein manifold.
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Proof. Let M be pseudo-projectively flat. Therefore, M; is flat in view of
Theorem 3.2. Furthermore, from Theorem 3.1, we obtain

(3.1) 0 = a1fg2(Ya, Z2)Dx,V f + a25*(Ya, Z2) X1

—f? [@f# += < a —i—@ﬂ g2(Ya, Z3) X;.
n\n—1

Since H/(X1,Y1) = 0 and Af = 0. Therefore, we derive from Eq. (3.1) that

5:002.22) = [t = DIVAP + L (L0 s )] a0 ).

asm \n—1

This implies that M> is an Einstein manifold. This completes the proof. [

84. Pseudo-projective curvature tensor on generalized
Robertson-Walker space-times

Let (M, g) be a Riemannian manifold of dimension n. The function f : I —
(0,00) is a smooth function where I is a connected and open subinterval of
R. Then the warped product manifold M = I x ¢+ M of dimension (n + 1)
equipped with the metric § = —dt? @ f2g is known as generalized Robertson-
Walker space-time. Here dt? is the Euclidean metric on I. This structure is
the generalization of Robertson-Walker space-times [9, 16, 17, 18]. We use 0,
instead of % € X(I) for simplicity in the following results.

With the help of Proposition 2.1, Proposition 2.2 and Eq. (2.2), we obtain
the following theorem after some elementary calculations.

Theorem 4.1. Let M = I'x M be a generalized Robertson-Walker space-time
furnished with the metric § = —dt*> @ f2g. Then the curvature tensor P* on
M is given by

P*(8,,0,)8, = P*(8;,0,)X = P*(X,Y), = 0,
P*(ath)at: |:<TLCL2—CL1>f_ T <a1+(12):| X7
n

f n+1
]5*<X,8t)Y = I:{ — (al +a2)ff_ (n_ 1)a2f'2
2
nT—{ 1 (% + a2) }g(X, Y) —a25(X, Y)] O,

v

PY(X,Y)Z = a1R(X,Y)Z + as [S(Y, Z)X — S(X, Z)Y]

2
+ |: a1f2 + CLfoJr CLQ(’I’L — 1)f2 — Tf <% + a2> :|

n+1\n
x [9(Y,2)X - g(X, 2)Y],
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for XY, Z € X(M) and 0 € X(I).

Theorem 4.2. Let M = | X ¢ M be a generalized Robertson-Walker space-
time furnished with the metric § = —dt*> @ f2g. If M is pseudo-projectively
flat, then the warping function f is given by

crett + coe™Ht if 2 is positive

f =45c+ CQty Zf “2:0
c1cosput + cosinut, if pu? is negative

where p? = ( 7(a1+nas)

w(nt1) (naz—a1) and c1,co are two arbitrary constants.

Proof. Let M be pseudo-projectively flat. Then from the second relation of
Theorem 4.1, we have

PR
f—nf=0.

Hence, by solving the above differential equation the warping function f is
obtained and it is given by

crett + coe Mt if ;12 is positive

f=4qc1+eot, if ,LLQZO

c1 cos jut 4 cosin put, if p? is negative

where c1, co are two arbitrary constants. This completes the proof. O

Theorem 4.3. Let M = I X ¢ M be a generalized Robertson-Walker space-
time furnished with the metric § = —dt* & f2g. If M s pseudo-projectively
flat, then M is an Einstein manifold.

Proof. Let M be pseudo-projectively flat. Then from the third relation of
Theorem 4.1, we have

. . T 2
S(X,Y) = (112 —(a1 + a2)ff — (n — Dazf? + n—]iil <% +G2>] 9(X,Y).

Hence, M is an Einstein manifold. This completes the proof. O

85. Pseudo-projective curvature tensor on standard static
space-times

Let (M, g) be a Riemannian manifold of dimension n. The function f : M —
(0,00) is a smooth function. Then the warped product manifold M =1 x; M
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of dimension (n + 1) equipped with the metric § = —f2dt? @ g is known as
standard static space-time. Here I is the connected, open subinterval of R
and dt? is the Euclidean metric on I. This structure is the generalization of
Einstein static universe [1, 2, 3, 4, 5]. We write 0; instead of % € X(I) for
expressing the following results in simpler way.

In view of Proposition 2.1, Proposition 2.2 and Eq. (2.2), we obtain the
following theorem after some elementary calculations.

Theorem 5.1. Let M = I X ¢ M be a standard static space-time furnished
with the metric § = — f2dt?> @ g. Then the curvature tensor P* on M is given
by

P*(8,,0,)8, = P*(8;,0,)X = P*(X,Y), = 0,

< T a
P* (9, X)0y = f {alD}(Vf—agAfX— nfl (Zl%—ag) X} ,

P9, X)Y = [ (‘”}f“) HI(X,Y) +a2S(X,Y)

T

n+1 (% + a2> 90X, Y)] %
P*(X,Y)Z = a1 R(X,Y)Z + a3 [S(Y, Z)X — S(X, Z)Y]
- “72 [Hf (Y, 2)X — H (X, Z)Y}

-~ 1 - (54 a2) [9(v, 2)X - g(x. 2)Y],

for XY, Z € X(M) and 0 € X(I).
Theorem 5.2. Let M = | X s M be a standard static space-time furnished with
the metric § = —f2dt®> & g. If]\Zf is pseudo-projectively flat, then HI = %g.

Proof. Let M =1 x ¢+ M be pseudo-projectively flat. Then from the second
relation of Theorem 5.1, we have

DYVf = a11 [azAf L (% + a2>} b

n+1\n
(5.1) i.e Hf:i asAf + il (ﬂ—i-a)
. €., a1 2 nt1 " 2 g.
Taking trace on both sides, we obtain
nfr a1
5.2 Af = & ‘
(52) ! (n+1)(a1 — nag) (n +a2>

Using Eq. (5.2) in Eq. (5.1), we derive H/ = %g. This completes the
proof. O
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Theorem 5.3. Let M = I X M be a standard static space-time furnished
with the metric § = —f2dt*> @ g. IfM is pseudo-projectively flat, then M s
an Finstein manifold.

Proof. Let M =1x 7 M be pseudo-projectively flat. We derive from the third
relation of Theorem 5.1 by using Theorem 5.2 and Eq. (5.2) that

S(X,Y) = W

This implies that M is an Einstein manifold. This completes the proof. O

9(X,Y).
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