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Abstract. We construct the multivariate probability distributions (Pdélya, in-
verse Pélya, hypergeometric and negative hypergeometric) from the generalized
quantum deformed algebras. Moreover, we derive the corresponding bivari-
ate probability distributions and determine their properties (R(p, ¢)-factorial
moments and covariance). Besides, we deduce particular cases of probability
distributions from the quantum algebras known in the literature.
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8§1. Introduction

Charalambos presented the g-deformed Vandermonde and Cauchy formulae.
Moreover, the g-deformed univariate discrete probability distributions were
investigated. Their properties and limiting distributions were derived [2].

Furthermore, the g-deformed multinomial coefficients was defined and their
recurrence relations were deduced. Also, the ¢-deformed multinomial and neg-
ative g-deformed multinomial probability distributions of the first and second
kind were presented [3].

The same author extended the multivariate g-deformed Vandermonde and
Cauchy formulae. Also, the multivariate ¢-Polya and inverse g-Polya were
constructed [4].

Let p and ¢ be two positive real numbers such that 0 < ¢ < p < 1. We
consider a meromorphic function R defined on C x C by [8]:

(1.1) R(u,v) = Z reusvl,

s,it=—1
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with an eventual isolated singularity at the zero, where rg; are complex num-
bers, I € NU {0}, R(p",¢") > 0,¥n € N, and R(1,1) = 0 by definition. We
denote by Dg the bidisk

Dgr = {w = (wl,wg) S C?. |Wj| < Rj},
where R is the convergence radius of the series (1.1) defined by Hadamard

formula as follows:
limsup *%/|re|R; RS = 1.

s+t—> 00

For the proof and more details see [12]. We denote by O(Dpg) the set of
holomorphic functions defined on Dg.
The R(p, q¢)-deformed numbers is defined by [8]:

(1'2) [li]’R(p,q) = /R'(vaqm)a z €N,

the R(p, q)-deformed factorials and binomial coefficients are given as:

(2! _J 1 for =0
.’R(pyq) — R(p, q) .. R(px7 qx) for T Z 1’
and
!
[x] = [m]n(p,q)' L zy=0,1,2,---: z>uy.
Y lrpe  W'ReGo[E = Y'REq

We consider the following linear operators on O(Dg) given by:
Q: o Qp(z) = p(qz2),
P:pr— Po(z) = ¢(pz),

leading to define the R(p, q)-deformed derivative:

pP—q p—q

where 9, 4 is the (p, ¢)-derivative:

p(pz) — plaz)

Opyq : @ Opqp(z) = —q)

The quantum algebra associated with the R(p, g)-deformation, denoted by
AR(p,q) 18 generated by the set of operators {1, 4, AT, N} satisfying the follow-
ing commutation relations [7]:

AAT = [N + 1]R(p,q)) ATA = [N]R(p,q)'
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[N, A] = A, [N, AT] — At
with its realization on O(Dp) given by:
Ali=2z, A=0gpy, Ni=20,

where 0, := % is the usual derivative on C.
The R(p, q¢)-deformed numbers (1.2) can be rewritten as follows [5]:

(13) g = L, T #
. x = . T1F# To,
R(p,q) T —To 1 2
where (Tl)l (1,2} are functions depending of the parameters deformations p
and q.

The R(p, q)-deformed factorial of x of order r is defined by:

T

(14) [ rpo ::H[x—i—i—l]n(p,q), with  [2]or(pq) = -
=1

The above relation (1.4) can be extended to the negative order as:

1
(2] Rpg) = m7 e

Furthermore, the generalized Vandermonde, Cauchy formulae and univariate
probability distributions induced from the R (p, ¢)-deformed quantum algebras
were investigated in [5].

Our aims are to construct the multinomial coefficient, multivariate Van-
dermonde, and Cauchy formulae, multivariate probability distributions, and
properties associated to the R(p, ¢)-deformed quantum algebras [7].

This paper is organized as follows: In section 2, we investigate the R(p, q)-
multinomial coefficient, the multivariate Vandermonde formula associated to
the R(p, q)-deformed quantum algebras. The inverse multivariate R(p,q)-
Vandermonde and negative multivariate R(p, ¢)-Vandermonde formula are
computed. Moreover, the R(p, q)-deformed Cauchy formula is deduced. Sec-
tion 3 is reserved to the construction of the multivariate probability distribu-
tions. We derive the case of bivariate distributions and compute their R(p, q)-
factorial moments and covariance. Relevant particular cases corresponding to
the quantum algebras known in the literature are derived from the general
formalism.
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§2. R(p,q)-multivariate Vandermonde and Cauchy formulae

In this section, we investigate the generalized multinomial coefficient, multi-
variate Vandermonde formula, and multivariate Cauchy formula associated to
the R(p, q)-deformed quantum algebras. Their recurrence relations are also
derived.

Proposition 2.1. The generalized multinomial coefficient

(2.1)

[ x :| _ [x}m +ro+-+re,R(p,q)
TLT2 Tk JRpe  MReaIRlRE! ERE.0!

satisfies the recursion relation:

—1
(2.2) [ v ] = Tfk|: i ]
1,72, -, Tk R(p,q) 1,72, .-, Tk R(p,q)
+7_xm1[ x—1 ]
2 Tl_l,TQ,...,Tk R(p,q)
_ —1
T1,72y ...y Tk — 1 R(p,q)
Equivalently,
—1
S PR I S I
1,72, -, Tk R(p,q) 1,72, -, Tk R(p,q)
+Txm1[ x—1 ]
1 7“1—1,7“2,...,7’k R(p,q)

r—1

Sk—1 mkx|: :|
T1,72y...,T — 1 R(p,q)

REEE o L

i

where r; € N and j € {1,2,...,k}, with m; = Zf:j ri and s; = 25:1 T
Proof. We have

25 Rp.a) = @R [T — Usi-1R@.0)>

[z — s, Rrpa) = [# = Usp—1.Rp.0) [T — SElR(p.0)
and
[#lRpg) = 7" [2 = SklRpag) 72 F [SklRa)-

Then, the R(p, ¢)-deformed factorials of x of order s, = Zle ri satisfy the
recursion relation:

k
(2'4) [x]sk,R(p,q) = Tfk [x - l]sk,R(p,q) + Z Ty [rj]R(p,q) [x - 1]skfl,R(p,q)-
j=1
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Multiplying both sides of equation (2.4) by 1/[r1]rp.q) [r2lr(pg) - - - [Tk R0
and using the R(p, q)-deformed multinomial coefficient (2.1), we obtain the
relation (2.2). Similarly, the R(p, ¢)-deformed number can be expressed as
follows:
k
[#]R ) = 2" [& = SklR(pq) + Z no U Mlrea
j=1

and the R(p, ¢)-deformed factorials of x of order s, satisfy the recursion rela-
tion:

k
(2.5) oo rea =211 1 [MRma) [ = Us—1.R(p0)
7j=1

+ Tgk [.CE - 1]81“73(177‘1)’

with sg = 0.
Dividing both sides of the relation (2.5) by [r1]rp.q)![r2lr@ma)! * [TkIR(p.0)!

and using (2.1), the relation (2.3) is readily derived and the proof is achieved.
O

From the relations

(ri72)t " [T]R (p,q)5

5
2
=

l
2

|

H

I

Flre-1a-1! = (172) "G [Flrpa

—or+(13) Llr,R(p,q)

and
k k—1
P+ 1 T
—TSE + ( 9 ) +Z <2]> :—a:sk—i-ZijjH
Jj=1 j=1
b ri+1 r
J J
(7))
J=1
k
:_er(m_mj) = _ZTJ(@"_SJ)?
j=1 j=1

we obtain other expressions of the generalized multinomial coefficient in the
simpler form:

X

T1,72, " ,Tk:| R(p—1,q~1)

(2.6) [ — (ryra)” SheamiCe-my) [

T1,72, " 7Tk:| R(p,q)
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and

en [0 ] ] 0 T
T1LT2 s Tkl R(p-1,4-1) "L 725 TRl R (p,g)

where s; = E?Zl Ti, Mj = Zf::j ri,rj €N, je{1,2,--- /k} and k € N.
Other recurrence relations can be obtained by using the expression (2.6),
respectively. Thus, we get:

|: x :| :Tm1|: r—1 :|
T1,72 s Tkl R (pg) Lol R(p,9)
+T§n3[ v }
T2 = L Tk R )
x—1
+---+Tf[ }
T1,72,° " 7Tk_1 R(p,q)
and
—1
(2.8) [ ) ] :Tf[ \ ]
T172 5 Thl R (pg) L7255 TRIR(pg)
+T§”2[ " ]
T2 = L T R
_|_—|—7'§5k|: z—1 :| .
rLT2 T = g

Theorem 2.2. The generalized multivariate Vandermonde formula is given
by the following relations:

k+1 n . -
2.9 [ x] _ [ } Vi) Tzl
( ) ; ' n,"R(p,q) 'I”JZ:O 1,72, 5Tk R(p,q) ( 172 )j:]_[ ]]T’J,R(p,q)
and

k+1 n . -
210) [ > ai] . [ } Virgrm) TTed .
( ) ; ? n,R(p,q) TJZ:O 1,72, , Tk Rpa) ( 2,71 )j:1[ ]]T],R(p,q)
where ) k

V(r,ma) = o=t 1= (ms) B ey =)

Sj = Zle Ti, Zj = Zfi;p i, j€{1,2,--- Jk}, rky1 = n— sk, and Z§:1 <

n.
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Proof. We consider the multiple sums:

k+1

n
V(r1, T2, 4, ,
7"1,~~-a7"k]7€(p:q) e )]1;[1[ e

Sn(xl, te ,karl;R(pv Q)) = Z |:

with n € N and s1(x1, 22, -+ ,2p11; R(p, q)) = [Zfill xi]R( . From the
P,

recurrence relation (2.8), with x = n, the above sequence can be rewritten in
the following form:

(2.11)

sn(21,. .., zk1; R(p, q))

- n—1
_;[Tla

k+1
7’2, . e ,Tk:| R(p,q)

TV (11, T2, 1) X H[xj]rj,R(p,Q)
j=1

n n—1 k+1
- Z [7“ e ] V(r,m2,n)my H[xj]wﬁ(p,q)
1 kIR (p,q) j=1
k+1

V(11,9 )Ty F H [xj]rij(pH)'

e
1 R(p.q9) j=1

n
n —
+...+ E
r;=0 1,72, 3T —

Interchanging r; — 1 by r; in the (j + 1)th multiple sum, for j € {1,2,...,k},
and after computation, we have:

$n(21, ..., Tkt1; R(p, q))

1 k —ro+1 k i—T;
—Z[ " ] 7'123:1(962 et )7'22’:1(% T])V(ﬁ,m,n— 1)
T1,725 5 Tk R(pyg)

k+1
X [l‘l - Tl]R(p,q) H[xj]rjﬁ(pﬂ)

j=1
I

_ 1 k e 1 k-1 c—1rs
+ Z |: n :| 7_12]:1('7:]'4‘1 Tt )7—2ZJ:1 (%3 T])V(7—117—27n - 1)
1,72, , Tk ’R,(p7q)

k+1
X [l'k - Tk]R(p,q) H[J:J']Tj,R(PH)

7=1
—1
+ Z |:Tla .

TQ, N ,Tk:| R(]Lq)
k+1

X [karl —Tkt+1+ 1]72(;0,11) H[xj]rj,R(p,q)'
j=1

—_Sk . k s
V(r1,m2,n — 1)1 ZJ:ITJTzzFI(xJ 7)
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By using the relation

k+1

POLERICIEESY
[> wi—n+ Yo =7 ke = mit + rpg)
i=1
SN | )T ary)
(@ 1
+ZT1 j=1Tj+17T5+1 75 j=1\Li T3 [xi_ri]R(p,q)a
i=1
the sequence s, (1,22, ...,2rr1; R(p,q)), n € N, is reduced to
k+1
sn(xla T 7$k+1;R(p7 q)) :[sz —n-+ 1} Ry q)sn—l(xla T axk+1;R(pa q>)7
for n € N, with s (21,22, -, 2p1:R(p, @) = [ S0 xz}R(p o Applying it
successively, we have s, (x1,z2, -+ ,2p+1; R(p,q)) = [Zl 1 xz]nR o)’ and so

(2.9) is deduced. The relation (2.10) can be deduced in the same way as
the relation (2.9) by using the recurrence relation (2.3), with z = n, and the
expression

k+1

{;xi—n+l}

Rl =[Tr1 — e + Urepg

T —r 1
+ ( k1= Th41)+ [z _rk]'R(p,q)
b1z —r;)+1
e 1 = il

Z] 3 (mj_TJ)J"l

+ 4T 2 [xg — TQ]R(p’q).

O]

Proposition 2.3. The negative generalized multivariate Vandermonde for-
mula is described by the following relations:

k+1 n B k+1
(2.12) [ ac] = { ] V(r1, 72, —n Tilp.

Z 1 nRp,9) sz::o 71 S TeI R(p,g) (71 )11_11[ J]TJ,R(p,q)
and

k+1 k41
2.13 [ x} = [ } V(12,T1,—n ZTjlp: ,
( ) ; ‘ -n,R(p,q) Z T ThI Ripg) (r2, 71 )]1;[1[ J]Tng(ple)
where s; = Zgzl Ti, 2 = ZfJFJI_H xi, 7€ {1,2,--- [k}, 711 = n — s, and

YT <n.
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Proof. We use the same procedure as the proof of Theorem (2.2). O]

Remark 2.4. By replacing z; by —x;, for j € {1,2,...,k+1}, in the relations
(2.9) and (2.10), and using the following expressions:

(2.14) 2l mpa = (~1)" ()" Ok + 7 — 1m0,

and
n k+1 k
(2.15) <2> Z< >+Zr]n—sj
7j=1 j=1
the generalized multivariate Vandermonde formula can be expressed as:
k+1
Zkzl zj(n—s;)

216) [ > witn-1] - [ } 7
( ) Z ! TLR Z 1,72, 5Tk R(p,q) !

k+1

Zk: TiZ;
X Ty 7T H[x] +rj— 1]7'3-,73(1?@)7

j=1

and
k+1 n k
n 2 5=1Ti%j
2.17 [ 33-—1—71—1} = [ ] 7=t
( ) ; t n,R(p,q) g—:o 1,72, ..., Tk R(pa) 1
k+1
o1 wj(n—s;)
x Ty 0T ’ H[xj +r— ]‘]T'j,R(qu)’
j=1

where s; = Zgzl i, 25 = Zfijlﬂ xi, 7 €{1,2,...,k}, and rg41 = n — s, and
Zf:l ri <.

Theorem 2.5. The generalized multivariate inverse Vandermonde formula is
presented by the following relations as follows:

Sh_imi(zj—sktsj—nt1)
T

1 - [n + s, —1
[warl]n,R(p,q) =0

2.18 - =
( ) Ty s Tk :| R(p,q) 7_22:?:1(—”—8;“4-5]-)(33—73)
k
[l [z5] Rpa)

k+1
[Ezil JEi]nJrs;c,R(zmq)

il

provided |(:—f)7mk“\ <1, and

b (ntsk—s;)(@—5)
G

1 - [n—i—sk—l
=0

(2.19) —— = } _
[Tkt 1]nR(pq) T 5 Tk I R(p,g) TZ]':I rj(=zj+sp—sj+n—1)
2
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k
Hj:l [xj]rj JR(p,q)

k+1
[21:1 mi]n+3k7R(qu)

)

provided \(%)xk+l| < 1, where s; = Z{Zl ri and zj = Zfijlﬂ x;, for j €
{1,2,--- ,k}.

Proof. From the inverse R(p, ¢)-Vandermonde formula [6], we get:

- = 3 [n e 1} Tfk(xkﬂ_nﬂ) (k] R(p,0)
[Trt1]nR(p.a) =0 Tk R(p,q) TQ_n(xk_Tk) [k + Trt1lntr Rp0)
Similarly,
1 . > [n—i-rk-l-?“k_l—l}
[:Ek’ + l‘k—l—l]n—l—rk,R(p,q) o 1=0 Tk—1 R(p,q)

(n+Tk)(ka—1—Tk—1)[ ]
re—1(Tr+Tre1—n—rE+1) (P Lk—1lry_1,R(p,q)

X 1
["Bk—l + Tk + xk+1]n+rk+rk,1,72(p,q)

and finally,

1 _ = [n+ sp—1
k+1 B Z r1
[ Zj=2 xj] n+si—s1,R(p,q) r1=0 R(p,q)

(n+3k—81)($1—?“1)[ ]
r1(zota3t..ATpy—n—spt+s1+1) T2 T1lr1,R(p,q)

X T '
1 [£1+ 22+ + $k+1]n+5k7R(P7Q)

Applying these k expansions, one after the other in the inner sum of each step,
and using the relation:

[n+sk—1] _[n—f—sk—l] [n—i—rk—l]
TLT25 5 Th] Rpg) ! R(p.q) Tk R(p.q)

" [n—{—rk—}—rk_l —1]
k-1 R(p,q)

)

the expansion (2.18) is obtained. The alternative expansion (2.19), is similarly
deduced by using the following inverse R(p, ¢)-Vandermonde expansions [6]:

1 _i n+5k—8j_1—1
= v

[Zk+1 (L’]

Z:]Jrl ¢ n+sk—5j,R(p,q) TJ:O
ri(zj—sg+s;j—n+1
7.2]( 5= Sk+S; )[

R(p,q)

l‘j]rjﬁ(p,q)
b
[:Ej +oot xk+1]n+8k—8j—1,R(p7Q)

for j € {1,2,---  k}, with sg = 0. O
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Now, we investigate the generalized multivariate Cauchy formula and its
related formulae.

Corollary 2.6. The generalized multivariate Cauchy formula is furnished by:

Zerlle — Sk (i) Shoy (nmsg) (i) s T
=2 72
n
R(P9)  rj=0 Roa)

j=1
and
k+1 k+1
S N S s () S r(—(ns) T [
n - Z 1 T2 H T ’
R(p.a)  rj=0 j=1 L IIR(p,9)
where sj =Y 1_ T, zj = Zf ]1+1 xi, 7 €{1,2,--- ,k}, and rp41 = n — sp with

YT <n.
Remark 2.7. Several formulae can be deduced as follows:

(a) The generalized multivariate Cauchy formula can be rewritten as:

Zf"‘l]- [L‘Z —|— n — Z Z‘J n— SJ)TE§:1 TjZj
n - 2
R(p,q) rj=
k+1
« H |:l’j +r;— 1:|
! T4
j=1 J R(p,q)
and
ZkJrl
[ 1T +n— ] _Z J 17j%5 ZJ 1 Zj(n—s;)
n
R(p Q) WES
k+1
Tj+r;— 1:|
X .
"
j=1 J R(p,q)

(b) Other expressions of the generalized multivariate Cauchy formula:

[7“ + k] RS Tz;?:l(xjﬂ)(nfsjfwyj)
- 1
n + k R(pzq) T'j:CEj

. Ck+l
> (rj—zs)(n—y;+k—j+1) [Tj
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and

r+k . ] 1(rj—z;)(n—yj+k—j+1)
[n—l—k] Rp,q) Z

ri=%;5
k+1
Z?Zl(:vj-l—l)(n—sj-—r—&-yj) Tj
X 75 11 ,
j=1 LYl R(p,q)

where S5 = Zg:l Tis Yj = Zg:l Zi, .] € {1a27"-7k}7 Tk+1 = T — Sk,
Tgy1 =T — Yk, with Zle ry <7
Remark 2.8. Here, we determine the particular case of the generalized mul-

tivariate Vandermonde and Cauchy formulae corresponding to the quantum
deformed algebras known in the literature.

(a) Setting R(z,y) = p;g, we deduce the multivariate Vandermonde and
Cauchy formulae associated to the quantum algebra [10]:
k+1 k+1
= V(pg,n Zlr p,
[; i| n,p,q Z |:rlarQ; ' )Tk’:|p,q ( )]]1[ ]]rqu
and
k+1 n n k+1
[le] = Z [ ] (gp,n H% TP
i—1 n,p,q ;=0 1,72, Tk P,q j=1
where V(pg,n) = pi:l " (Zj_(n_sj))qzﬁ:l("_Sj)(xj_rj). Moreover, the
negative multivariate (p, ¢)-Vandermonde formula is presented by:
k+1 k+1
[Z ] = Z V(pg, —n) H[xj]r-,p,q
i—1 n,p,q |:T17 T2, Tk:| D,q j=1 /
and
k+1 k+1
= V(gp, —n Tilr: vas
[Z } n.p,q Z [7‘1,7’2, . mj (ap )H[ ilriva
=1 p,q j=1

where V(pgq,—n) = pi:1 7j(z—(—n—s;)) qZ?:l(_n_sj)(wj_rj)_ Also, the
multivariate (p, ¢)-Vandermonde formula can be rewritten as:

k+1 n n .
[ E T +n— 1} = E [ ] ij:1 zj(n—s;)
i=1 P Ty U T2 Thlp g
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X k+1
Tz
x q=3=1"9% T [2; + 75 — U, pg
Jj=1
and
k+1 n n .
[Swen-a] =3 | e
i—1 n,p,q =0 r,7r2,...,TL P,q
k+1
1z;i(n—s
X qz 3 3) H[:EJ +7r;— 1]7‘j,p,q7
Jj=1

and the multivariate inverse (p, ¢)-Vandermonde formula as:

k
1 i [n + s — 1] pzjzl rj(zj—sp+sj—n+1)
[ .
[xk—i-l]n,p,q - Tly-- s Tk D.q qu:l(—n—Sk-‘rSj)(xj—Tj)
=
k

[xl 44 $k+1]n+5k,P:‘17

and

1 " [n+ sp—1 p2§:1(n+skfsj)(zjfrj)
m N Z |:T17'.. k:|pqqZ?_lrj(_Zj'i'sk_Sj-i-n—l)

r;=0

k
Hj:l [xj]rj Dsq

(14 + mk+1]n+5k,pyq'

Furthermore, the multivariate (p, q)-Cauchy formula is furnished by:

Il T T2 T Tl ri(zj—(n—s;))
§ ] 175(Z5— J

p,q 7"]—0
X k+1 ]
x Zia=s)e=r) T [%}
j:l T‘j b,q
and

x1+x2+...—|—xk+1] Zp ]ln sj)(xj—rj)

n p.q r;=0

+
Z 175(2j—(n—s;))
. I "~ H |:rj:|pq

Jj=1
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Moreover, the multivariate (p, ¢)-Cauchy formula can be rewritten as:

[ f:lla:i—i-n—l]
" P

n X X k+1 o1
= Y pElamees i [ [% j ]
9  r;=0 p.g

.
j=1 J

)

and
k+1 n ktlr _
[ im1 Titn = 1] > EUEHETTEAE | [% +7; 1] .
n Pd ;=0 j=1 " 2]

Other expressions of the (p, ¢)-deformed multivariate Cauchy formulae
are furnished by:

”’1 3 Pl )
e p J=1\""7 J J
{n +k],,

rj=0

k+1
St (=) (= +h—g+1) {U}
. Zj
j:1 p,q
and
n
{”” + ’f] =3 Syt
B
% q25:1($j+1)(n—8j—7“+yj) H [Tﬂ] _
el £
]:1 p.q
(b) Putting R(z,y) = —4=L_, we derive the multivariate Vandermonde

(¢='=p)y’
and Cauchy formulae related to the quantum algebra [9].

§3. Multivariate probability distributions from R(p, ¢)-deformed
quantum algebras

In this section, we construct some multivariate probability distributions (Pélya,
inverse Pélya, hypergeometric and negative hypergeometric) from the gener-
alized quantum algebras [7]. The corresponding bivariate probability distri-
butions and properties are also investigated.
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3.1. Multivariate R(p, q)-Pdlya distribution

We suppose that random R (p, ¢)-drawings of balls are sequentially carried out,
one after the other, from an urn initially containing r balls of k& + 1 different
colors, with r, distinct balls of color ¢,, for p = 1,2,--- ,k + 1, according to
the scheme below. After each R(p, ¢)-drawings, the drawn ball is placed back
in the urn together with m balls of the same color.

We denotes by Y, the number of balls of color ¢, drawn in n R(p,q)-
drawings in a multiple R(p, ¢)-Pdlya urn model, with conditional probability
of drawing a ball of color ¢, at the ith R(p, ¢)-drawing, given that j, —1 balls
of color ¢, and a total of i,y balls of colors ¢1,c2,- -+ ,c,—1 are drawn in the
previous ¢ — 1 R(p, ¢)-drawings, is given by

Spu—1+miy—1

. ) [7‘# + m(ju - 1)]R(p q)
(3.1) Pij (fp—1) = . =,
e [T"’_m(z_l)]R(p,q)
where j, =1,2,--- 4,4, =0,1,--- ,i—1,i=0,1,--- ;and p € {1,2,--- |k +

1}.
The probability distribution of the random vector Y = (Y7,...,Yx) may
be called multivariate R(p, ¢)-Pdlya distribution, with parameters n, 3, p,

ﬁ = (515527 v )ﬁk)? and q.

Theorem 3.1. The mass function of the multivariate R(p,q)-Pdlya distri-
bution, with parameters n, B = (B, B2,...,Bk), B, p, and q, is presented as

follows:
k
n H]ill [Bj]yj R(p~™,g~™)

Yi,y--- ,yk:| R(p—m,7q—m/) [/B]H,R(p*m,qim)

(32) P =y)=Y%pq) [

)

where ) k
Vi(p,q) = T;m 2 =195 (Bj+1=yj+1) T;m Zj:l(nij)(,gj,yj)j

. k k
Yj € {07 17 te an}7 J € {la 27 v 7k}7 Zj:l Yj < n, Ye+1 = n_zj:]_ Yjs 6k+1 =
| ,
B— Z]‘:1 Bj, and x; = Zgzl Yi-
Proof. For the proof, we use the total probability theorem. Moreover, the

probabilities (3.2) sum to unity using the multivariate R(p, ¢)-Vandermonde
formula (2.9), the multivariate R(p, ¢)-Cauchy formula (2.6). O

Remark 3.2. Another relations of the multivariate Pdlya distribution from
generalized quantum algebras are interested.

(i) The multivariate R(p,q)-Pdlya probability distribution (3.2) may be
rewritten as:

(3‘3) P(X _ Q) :Tl_m Z?:l Yj (5j+1—;tj+1)7_2m zyzl(n—x]-)(ﬁj—yj)
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k+1 185
Hj:l [yj

[g] R(p~—m,q—™)

]R(p‘m,q‘m)

X

Indeed, it is derived from (3.2) according to the relations

n

[ _ R0
Y1, Y2,

,yk] R WUR@oW2lrma!  WElR e Ykt 1R @0

and
|:6j:| _ [ﬁj]yjﬁ(m) ‘
Yj R(p,q) [y]]R(p,q) !

(ii) Taking k = 1, we obtain the R(p, q)-Pdlya distribution given in ([5],
Definition 3.7 in page 14).

We assume that the random vector Y = (Y1, Ya,...,Y%) obeys the multi-
variate R(p, q)-Pdlya probability distribution with parameters n, 3, p, 8 =

(B1, B2, -, 0%), and ¢q. Then:

Proposition 3.3. For u € {1,2,--- ,k}, then, the marginal distribution of the
random vector Y = (Y1,Ya,---,Y,) is a R(p, q)-Polya distribution of order p,
with parameters n, (81, B2, ,Bu), B, p, and q.

Moreover, for p € {1,2,--- k —t} and t € {1,2,--- ,k — 1}, the con-
ditional distribution of the random vector (Y,i1,Yut2,...,Yutt), given that
(Y1,Y2,...,Y,) = (y1, 92, - ,yu) s a R(p, q)-Pdlya probability distribution of
order t, with parameters n, (6u+17 Bu+as - >Bu+t)7 B—=pP1—B2——Bu, p,
and q.

Proof. For the proof, we use the probability (3.3). Summing it for y; €
{07 ]-a e ,TL—IEN}, ] € {:u’+]" M+27 e ak}a with yu+1+yu+2+' Tt Yk < n—=Iy,
and according to the relation (2.6), we have:

PY =y=)=Upq ][] [ﬂ > Dilp.q)
j=1 Wilrp=m.g=—m)
[5*51*"-*&]
n—y1——yk

R(p~",q—™)

. B
j=p+1 J R(p~™,q—™) [n]R(p*m,q’”U
8 [ﬁ—&—'“—ﬁu]
. n—y1——y —mg-m
_\Ifk(p,q)H[J} e,
j=1 Yi R(p~=™M,q— ™M) ["]R(p_m )
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which is the probability function of a R(p, q)-Pdlya distribution of order p,
with parameters n, 8 = (81,82, -, Bu), B, p, and ¢. Furthermore, according
to the relation,

PY,=yu,  Yigh—1 = Yprk—1 Y1 =y, Yo =92, , Y1 = Yp1)
CPMi=y,Ya=y2, ., Virk 1 = Yurk1)
P(YI:ylv}é:y%"':yﬂ—l:yu—l) ’

we obtain, the density function of the conditional distribution of the random
vector (Y, Y41, , Yqr—1), given that (Y1,Ys,..., Y1) = (y1, - ,¥u—1) :

P(YM =Yuy--- 7Y,u+k—1 = y,u—l—k—l‘yl = 917Y2 =Y2;---, Yu—l = yu—l)

ptk—1 [ﬁj} [B_,Bu_"'_ﬁ;htkfl]

J=K Y5 R(pfnl’qu) N=Yu—"""—"Yu+k—-1 R(p77'L,q77'L)
o]
ndR(p~™,q~™)

= \Ijk (p7 q) >
which is the mass function of a R(p,q)-Pdlya distribution of order k, with
parameters n, (Buvﬂpﬂrla <o 7ﬁ,u+k—1)7 6 - ﬂl - 52 - /B,ufla b, and q. O

3.1.1. Bivariate R(p, q)-Pélya distribution

For k = 2 in the multiple R(p, ¢)-urn model, we obtain the following results:
Then, we denote by Y = (Yl,Yg) the random vector. Also, Y follows the
bivariate R(p, q)-Pdlya distribution with parameters n, 8 = (81, 52), 8, p and

q. The probability function is derived by the following relation:

H?:l [ﬁj]yj,R(p—m,q‘m)

n
Y1, y2:| R(p—™,q—™) [,B]mn(p—m’q—m)

)

HY=w=WMwﬂ

equivalently,
IT-: (]
= R(p—™,q—™
P(X = y) = \112(])? q) [6] - (p g ) 9
nlR(p=™,q~™)
where

Ua(p,q) = T;mzidyj Piamur) TQ_m S5 (n=x;)(Bi—y;)

y €{0,1,--nh je{l,.2h, m+y<n ys=n—y1+y2, B3 =5 — B — B2,
x1 = Y1, and x2 = y; + y2. The properties of the bivariate R(p,q)-Pdlya
distribution are presented as:

Theorem 3.4. The R(p, q)-factorial moments of the bivariate R(p, q)-Pdlya
probability distribution, with parameters n, B = (81, 82), B, p and q, are given

by:
[n]i1 JR(p™,q™) [/81]2'1 JR(p—™

a7
y U1 S {0717 an})
[B]il,R(p—m,q—m)

@@E@ﬂmWWﬂ:
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[n - yl]iz,R(pm,qm) [BQ]i%R(P_mﬂ_m)
[8 = Bilis,R(p=m,g-m) ’

(35) E(D/?]il,’R(pm,qmﬂ)/l = yl) =

with is € {0,1,--- ,n —y1},

()i R (g qm) [B2)ia R (p=m ,g—m)

T;mﬁl [/B]izR(p*m,q*m)

(3.6) E([YQ]iz,R(pm,qm)) =

)

with is € {0,1,--- ,n} and

[n]l +ig, R(p™ g™
(3.7) E([Yl]hﬁ(pm,qm)[YQ]iz,R(pm,qm)) - 1 Tfm‘z(; : )’
2

y [B1liy Rp=—m .q-m) [B2lis R(p—m q—m)

[ﬂ]i1+i2,73(1fm"fm)

where i1 € {0,1,--- ,n —i2} and iy € {0,1,--- ,n}.

Proof. The random variable Y] follows a R(p, ¢)-Pélya distribution, with mass
function [5]:

[ﬁ - ﬁl]n—gﬂ JR(p~—™,q~™)
[B]n,R(p*m,q*m)

n

P(Y1 =1y1) =¥a(p, Q){ [Bily R(p—mq—m)

yl] R(p=™,q~™)
where Uy (p, q) = T;myl(ﬁ*ﬁlﬂ,/l*n)T;m("*yl)(B*yl) and y; € {0,1,--- ,n}.

Thus, from [5], the R(p, q)-factorial moments of the random variable Y;
are determined by (3.4). Moreover, the conditional distribution of the random
variable Ys, given that Y7 = yi, is a R(p, ¢)-Pdlya distribution, with mass
function

n—1uy

Y2 ] R(p~™,q=™)

—my1(B—B1+y1—n) [

T
P(Ys = yplYi =) =" sa s
T2

% [52]y2,73(p*m,q*m)[5 —h - ﬁQ]nfyryz,R(p*m,q””)

[5 - 61]n7y1,72(p_m,q_m)

where y2 € {0,1,--- ,;n—y; }. Once, using [5], the conditional R(p, q)-factorial
moments of Y, given that Y7 = y;, are furnished by (3.5).

Now, we compute the R(p,q)-factorial moments E([Ya];, g(pm gm)), G2 €
{0,1,--- ,n} by using the relation

E([Y2]i2,R(pm,qm)) =K (E([Yé]iz,’]?«(p_qu_m) |Y1)>

[52]7;2 R(p_m q—m)
- 7 7 E n— Y 1 m o ,m .
[B = Biliy Rp—m.g-m) (l is Rpm g ))
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Clearly we have

n—1iz
n
E([” - Yl]iz,R(pm,qm)) = Z [n = y1lio, R ) [ V2(p, q)

y1=0 91] R(p~m,q~™)

[Bl]yl SR(p~™,q~™) (5 — Bl]n—w R(p~™,g=™)

[ﬁ]n{R(p—m,q—m)
and from the relations

. i1
[TL - y1]i27R(pm7qm) :(TITZ)ng(nfﬁl)fm( 2; )
)mi? (Br—v1) [

X (’7’17’2 n — yl]i27R(p—m’q—m),

)mig n—m(iQéH)

[n]l‘%R(pmﬂm) = (7’17’2 [n]i%’]z(p—m’q—m),

and .
[911 R(p—mg—m) . [n]i%R(p_m,q_m)
[ Y1 Q]R(p*m,q*m) [ = y1lir R(p-m g=m)

we obtain the following expression

[TL] i2,R(p™,q™) [n - /81]2'2 JR(p~™,q~™)

E([n - Yl]i%R(pmaqm)) = TmiQOcl [/B] R( )
2 12, R(p™™,q™™
n—iz .
n—12
X Z 7 = y1lin R gy P2(P, @) [

y1=0 h :| R(p_m7q_m)

% [Bl]yl,R(p‘m,Q‘m)[ﬁ —f1 - Z.?]nfizfyLR(p‘m,q‘m)

[B - iQ]n—ig,R(p—m,q—m)
Using the R(p, ¢)-Vandermonde formula [5, 6], we have:

[n]z JR(p™,q™ [n - 51], R(p—m,g—m
E([n - Yi]iz,R(Pmaqm)) = : (lim;lal) 2,R(p ) .
T2 [6]1'2,72(}7*7”,(1*7”)

Thus, the relation (3.6) follows.
Analogously, we calculate the joint R(p, ¢)-factorial moments

E([Yi]i1,72(pm,qm) [}/Q]imR(Pmaqm)) )

where i1 € {0,1,--- ,n} and i € {0,1,--- ,n —i1}. They can computed ac-
cording to the relation

E([Yl]il,R(p"hqm) [YQ]iz,R(p’",q’”)) =E (E([Yl]ilﬁ(pm,qm) [Yalia R (pm,gm) |Y1)>
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[62]1‘2 R(p—m™,g—™)
= ) 2 E Y i m am) |1 — Y i m m .
(6 = BilisR(p=m g (M momaml iz R gm))

Clearly we have

n—ig

E([YI]iLR(pm,qm) [n— Yl]iz,R(pm,qm)) = Z [Wliy R gy [0 = Y1lin R )
y1=0

[B — /Bl]n,yl,’]z(p—m’q—m)
[/B]n,R(p—m,q—m)

n
X [ } [Bly, m(p—m,g-m) P2(D, 9)
Y1IIR@p=—mq-m)

and using the relations

miy (1)

[yl]z'l,n(pm,qm) = (7172) [yl]il,R(p—m,q—m)a

; ig+1
[ — )iy R gy = (rm2) "2 A7)
)mi2(51*y1) [

X (7172 n-— yl]imR(p‘m,q‘m)’

)mig nfm(zézrl)

[”]iz,R(pm,qm) = (7172 [n]iz,R(/p*m,q*’")’

[nfzjfig]
yi—i IR(p=mg™) [v1]i R gm0 = Y1y R4~
n - )
|:y1:|R(p7m,q7m) [n]i1+i2,R(P*m,q7m)
and i) +ig+1
i) (1+i2
[n]i1+i2,72(pm,qm) = (TlTQ)m(“ 2 ( ? n]i1+i27R(p*m,q*m)
we have

E(’AY) ::E([Yl]ilﬁ(pm,qm) [n— Yl]izﬁ(pm,qm))

B [n]i1+i2:R(pqum) [ﬁl]i1772(p*’"7q*’") [n - 61]1‘2773(1?*”,61*”)

T;niQal [B]Zj—l—iz,n(p*m,q*m)

2 n — ig — il
X > Ws(p,q)

y1=0 byr—u :|R(pmzqm)

[B—= 51— i2]n—iz—y1,73(p*m7q*m) (61 — il]m—il,R(p*mﬂ’m)

[8 =i — i1)n—iy—iy Rp—m )
From the R(p, q)-Vandermonde formula [5, 6], we get:

(7)1 4o, R g [B1]i1 R(p=m )
E(Dfl]i17R(an7q7rz)[n — Yl]iz,R(pm,qm)) = 1712 Tmi2a1 1
2
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[n = Biliy Rp—m,g-m)

[ﬁ]il-i-’ig,n(p_m,q_m)

Thus,

E([Yl]ilﬁ(pmqu) [Y2]i2,73(pm,qm))

[/32]12 R(pf’m q*m)
[8 = Biliy Rp=m,g-m) ([ Uin R(pm.qm)| in R(pm g ))

[n]il—l—ig,'R(pm,qm) [51]i1,72(p—m,q—m) [ﬂQ]ig,R(p—m,q—m)

mia2Ql

75 [Blis+iz,R(p=m g=m)
and the relation (3.7) holds. O

Corollary 3.5. The R(p,q)-covariance of [Yi]gm gny and [Yalgpm gm) is
given by the relation:

[PlRm gm) [BilR = g=m)

mfB1
T2

Cov( [Yl]R(pm,qm)  [Yo] R(p™,q™) ) =

[ﬁZ]R(p‘m,q‘m)

A n7 m7 B )
[B}R(p—m,q—m) ( )
where

A(n,m, ) = [ = rEmgm) _ (IR @m.qgm)

[/B - 1]R(p—m,q—m) [ﬁl]R(P_myq_m)

and Y = (Yl, Yg) a random vector verifying the bivariate R(p, q)-Pdlya distri-
bution, with parameters n, B = (B1,52), 5, p and q.

Proof. By definition, we get:

Cov(Vi]rpm gmy, [YVelr@pm.gm) = E([Yilr@m gm)[Yolr@m.gm))
- E([Yl]R(pm,qm))E([YﬂR(pm,qm))'

Taking i; = iz = 1, in the relations (3.4), (3.6), and (3.7), we obtain:

[”]2,72(137"41”) [Bl]R(p‘m,q‘m)[52]73(10‘*”,11‘*")

E([Yi]rm gm [YalRpm,gm)) = m
o o T2 ” Bl2rp-m.q-m)

_ [n]R(pm,qm)[n - 1]R(p’"7q’") [ﬁl]R(p*m,q*m)[ﬂQ]R(p*qu*m)
- mp1

T2 [B]R(p*m,q*m) [6 - 1]R(P7m:q7m)

and

E([Yl]’R(p’",qm))E(D/?]R(pm,q’"))
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_ [62]R(p‘m,q‘m)75mﬁl

- [n]%(pqu’") [ﬁl]R(p‘m,q‘m) [5]2
R(p~™,q~™)

After computation, the proof is achieved. O

Remark 3.6. The multivariate Pélya probability distribution and properties
generated by quantum algebras are presented in the sequel:

The mass function of the multivariate (p,q)-Pdlya distribution, with pa-
rameters n, 3, p, (81, B2,...,Bk), and g, is presented as follows:

k+1
Hj:1 [ﬂj]yj pTMgT™

o
Y1y Ykl p-m g—m [ﬁ]n,p‘mﬂ_m

)

P(Y =y) =¥(p,q) [

or
| bl N
P(X:g):q]k(p7Q) ’ ; e 1 ;
[n]p*m,q*m
where

Uy (p, q) = p~ ™ Zi=1 95 Bre1=vi41) g=m Ty (=23) (85 =9)),

Yj € {0717"'7n}7 ] € {1727"’7k}7Z§:1yj < n, Ye+1 = n—Z;?:ﬂJj? ﬁk—i—l -
B =351 By, ande; = Y1 i

The probability distribution of the random vector ¥ = (Yl, Yg) is called
the bivariate (p,q)-Pdlya distribution with parameters n, 8 = (81, 52), 3, p
and ¢. Also, it’s probability function is given by the following relation:

3
n ] Hj:l[ﬁj]yjm*m,q*m
pTm,gT™

P(Y1 =y1,Y2 = y2) = ¥a(p, Q)[

il

Y1, Y2 [B]n,p*m,q*m

where
Us(p,q) = p " Zi:l yj(ﬁj“*yjﬂ)q*m Z?ﬂ("*%’)(ﬁj*yj)’

y; €{0,1,...,n} je{L.2, yn +y2 <m,ys=n—y1 +y2, B3 =B — 1 — B,
x1 = y1, and x2 = y1 + y2. Besides, its (p, ¢)-factorial moments are given by:

[n]il,pm,qm [Bl]il,p‘m,q‘

[5]i1,p*m,q*m

E([Yl]ihpm,qm) = m? i € {0717"' ,TL},

[n - yl]i2,pm7qm [62]1'2,13*7"7‘177"

(B —Biliyp-mgm ’

E([Yaliy pmgm Y1 = y1) =
with 45 € {0,1,--- ,n —y1},

[n]izmmﬂm [62]1’271)*’"@*’" q_mi261

E([Yalip pm gm) = T ’
2,p sq
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with i € {0,1,--- ,n} and

[n]il +i2,p™,q™ [51]2'1,1)‘"261"" [ﬁQ]iz,p‘m,q‘m

E([Yl]il,pm,qm [YZ]iz,pmﬂm) = qmi2h1 18]; i )
t1+ig,pT g™

9

where iy € {0,1,---,n — iy} and iy € {0,1,---,n}. Moreover, the (p,q)-
covariance of [Y]]pm om and [Ya]pm 4m is given by:

[1]pm gm [51]13*"%1*” [52]17*’",(1*’"
qmﬁ1 [ﬁ]p*m,q*m

Cov([Yi]pm gm, [Yalpm gm) = A(n,m, ),

where
A(n,m,,@) — [n - ]‘]pqum [n]pm’qm

[5 - l]p_m,q_m [61]p_m,q_m.

3.2. Multivariate inverse R(p, ¢)-Pdlya distribution

Let W, be the number of balls of color ¢, drawn until the nth ball of color
Ck+1 is drawn in a multiple R(p, q)-Pdlya urn model, with the conditional
probability of drawing a ball of color ¢, at the ith R(p,q)-drawing, given
that j, — 1 balls of color ¢, and a total of i,,_1 balls of colors c¢1,c¢a,...,cp—1
are drawn in the previous i — 1 R(p, q)-drawings, given by (3.1), for v €
{1,2,--- ,k}. The distribution of the random vector W = (Wy, Wa,--- , W)
can be called multivariate inverse R(p, q)-Pdlya distribution, with parameters

n, é: (517527"' 76k)7 Bv D, and q.

Theorem 3.7. The probability function of the multivariate inverse R(p,q)-
Pélya distribution, with parameters n, 8 = (B, B2, ,Bk), B, p, and q, is
given by:

n+w,—1
(3.8) P(W = w) =Fk(p, q) [ ) }
W1, W2, **+ Wk | (p=m g—m)

% H?:l [ﬁj]wj,R(p—m,q—m) [Bk+1]n,7z(}7_m7q_m)

)

[B]n—&-wk R((p~™,q~™)
where

Fk (p, q) e Tl_m Z;C:l wj (/Bj+1—n+1)7_2—m 25:1(n+wk—wj)(ﬁj _wg)

forw; e NU{0}, j € {1,2,-++ k}, Brar = B— 301 B, and w; = 31w,
fO’)”j S {1727 7k}
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Proof. The probability function of the k-variate inverse R(p, q)-Pdlya distri-
bution is connected to the probability function k-variate R(p, q)-Pélya distri-
bution. Specifically,

P(Wi =w, Wy =wa, -+, Wi = wi) = Pptu,—1(W1, w2, -+, W) Prtug.ms

where pryy,—1(w1, wa, - -+ ,wy) is the probability of drawing w, balls of color
¢y, forallv € {1,2,--- ,k}, and n — 1 balls of color ¢x11 in n+wg —1 R(p, q)-
drawings and

g BewE) gy — 4 Urp-mq—m)

Prn+wg,n [CL “n—wp + 1]R(p*m,q*m)
is the conditional probability of drawing a ball of color ¢xy1 at the (n + wy)th
R(p, q)-drawing, given that n — 1 balls of color ¢;11 and a total of wy balls
of colors ¢y, ca, ..., cx are drawn in the previous n + wy — 1 R(p, ¢)-drawings.
Thus using (3.2), expression (3.8) is deduced. Note that the multivariate
inverse R(p, q)-Vandermonde formula (2.18) guarantees that the probabilities
(3.8) sum to unity. O

3.2.1. Bivariate inverse R(p, ¢)-Pélya distribution

The mass function of the bivariate inverse R(p, ¢)-Pdlya distribution, with
parameters n, 8 = (81, 32), 3, p and g, is derived as:

(3.9) P(W1 = wi, W2 = wQ)

H?:l [ﬁj]wj,R(p*m,q*m) [63]n,72(p*m,q*m)

n -+ wy — 1}
w1, W2 R(p~™,q—™) [B]n«kwg,']?,(p_m,q_m)

)

- Flra)|

where

Fy(p,q) = T;m PO wj(5j+1fn+1)7_2—m S2_, (ntwa—w;) (B —w;)

for w; € NU{0}, j € {1,2}, B3 = ﬂ—Z?zl Bj, and w; = Zgzl w; for j € {1,2}.

Theorem 3.8. For iy € NU {0} and ia € N U {0}, the R(p,q)-factorial
moments of the bivariate inverse R(p,q)-Pdlya probability distribution, with

parameters n, 8 = (B1,52), 8, p and q, are given by:

[n 4 ia — 1]2‘2,72(;0*”,(1*”) [/32]12,73(177”711"‘)
(B — B1— B2 +i2]iy R(p-—m ,q—m)

(3.10)  BE([Waliy rpmgm)) =

I

(3.11)
[TL + w9 + 'Lll — 1]i1,R(p_m,q_m)

(B8 = B1 +i1li, mp-—m,q-m)

E([Wl]i]_,R(p"L,q"L)‘WQ — wg) - I:/Bl:lil,R(an,q"'L)?
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(3.12)
[W1lis Rm qm) ) [B1liy R qm)
E : ; = —1]. ML)
([3 B —n-— WQ]il,'R(pm,qm)> [n+ i1 ]u,R(P g~ ™) O(n,m, B)
and
(3.13)

[Wl]i JR(p™, m)[W2]i R(p™,q™) . )
b ( B —151 i nq— WQ]ifR(pI; q(in) =+t ie = Uirig Ry g-m)

[B1liy R(pm qm) [Balia R(pm qm)

8 (B — B1— B2 +i2liy r(p-—m.g-m) On,m,B)

)

where

O(n,m,B) = [B — B1 + i1l rp-—m,q—m) (B — B1 — B2 — nliy R(pm gm)-

Proof. The marginal distribution of the random variable is an inverse R(p, q)-
Pélya distribution, with probability function:

n+wy —1
P(W1 = w1) =F»(p, C])[ wj ] ( |
R(p~™,q~™

[BQ]wz,R(p_m,q_m) [5 - /31 - /BQ]n,’R(p_m,q_m)

[ﬁ - Bl]nerg,R(p—m,q—m)

The R(p, q)- factorial moments E([Wal;, g(pm gm)), i2 € NU{0} are given by:

(3.14)
s n+wy —1
E([Wﬂiz,R(pm,qm)) - Z [wﬂi?vn(pm’qm)[ w ]
wo=12 2 Rp=ma7™)

FQ(p) Q) [/Bz]wz,R(p*m,q*m)[B - ﬁl - ﬂQ]n7R(P7m:q7m)
[6 - ﬁl]n—&-wg,R(p*m,q*m)

By using the relations

n+wz—1 .

[ w2 ]R(p‘m,Q‘m) ~ [ntia = 1], rpmgm)
Fwa—1 , )

[nwzwfiz ]R(p_m#l_m) [U}Q]Q’R(p_m’q_m)

. L lig+1
[w2liy rpmgmy = (172) ™75 Pl g om,
)miQ ﬁQ*m(iQQH

[Bliz R (pm gm) = (7172 ) [B2li R (p=m,g-m)

and
—mn (S — wa) + miz wy — mig fa = —m(n + iz) (B2 — we),
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the relation (3.14) can be rewritten as:

B([Wali, rpm.gm) =0+ 12 = iy mp-m.g-m)[6 — B1 = Belnr(p-—m.g—m)

> n+wy—1
X [BQ]iQ,R(pm,qm) Z FQ(pv Q) |: - :|
wo =12 w2 — %2 R(p=™,q—™)

y (B2 = i2]wy—is R(p—m ,q—m)

[6 - /Bl]nerz,R(p*m,q*m) .
From the negative R(p, ¢)-Vandermonde formula [5, 6], we have
E([WQ]iQ,R(pm,qm)) :[n + ’i2 —_ 1]i2,7?,(p_m,q_m) [BQ]ig,R(pm,qm)

(8 = B1 = Balprp—mq-m)
(B — B1— B2+ i2]nyin R(p-—m,q-m)

X

and the relation (3.10) follows by using

(B8 = B1— B2+ i2]ptis R(p-—m.g-m) =16 — B1 — B2 + i2]iy Rp—m g—m)
X [5 - 51 - 52]7177?,(19*’”7(1*’”)'

Furthermore, the conditional distribution Wi, given that Wy = ws, is an
inverse R(p, q)-Pdlya probability distribution, with mass function:

n+wy+w —1
P(W; = un|W; = w) —F2(P7Q){ ? ! ]
wl R(p—m,q—m)

[B1lwy m(p=m,g-m) B = B1lngws, Rp—m g—m)

[5]n+w2+w1,72(p*m,q*m)

From the same procedure using to obtain (3.10), the relation (3.11) holds.
Moreover, the expected value of the R(p, ¢)-function of W = (Wl, Wg)

[Wl]il,R(pm,qm)
(8 = B1 —n — Waliy rpm gm)

can be computed by using

E< [Wl]il,'l?,(pm,qm) > _ E(E( [Wl]il,R(pqum) |W2>> .
(B = B1—n—Wal;, Rpm gm) [8 = B1 —n = Waliy m(pm gm)

Clearly we have

E(a) ::E<[n tarl - H“’”’””’”)
[/8 - 51 -—n— WQ]il,R(pm,qm)
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B i [0+ i1 + w2 — 1y Rp-mg—m)
[/8 - /61 —n — w2]il7R(p7n’q7n)

Fy(p, q)

wo=0
[n + wy — 1]
X
w2 R( 7m 7m)
" [B2)ws R (p [/3 Br = Baln R(p—m 4—m)

[/8 51]n+w2,R(p’m7Q’m)

and from the relations

n+wz—1 .

i Jrpmgmy i =1 mpomgm

+i1+wa—1 - ; _1]. ’
[n Z1w2wz ]’R(p*m,q*m) [n + 11 + we 1]ZI’R(p—m7q—m)

(8 = Br —n—waliy Rp-m g—m)
)mil(ﬁ—ﬁl—n—wg)—m(izgl) ’

(B —B1 —n —wal;, rpmgm) =
(1172

[6 - 51]n+i1+w2,R(p_m,q_m) :[B - Bl]n—‘,—wQ,R(p_m,q_m)
X [B8 = B1 —n —wali;, Rp—m.g—m),
with the negative R(p, ¢)-Vandermonde formula [5, 6], we obtain:
+ ] + W - 1 — 7'm
E(a) ::E<[n i+ We = Uiy rip ))
[5 - 61 -—n—= WQ]“, R(p™,q™)

[n+d1 —1];, R(p [5 B1 — 52]%72(17*’",61*’")
(5 Br—n—B2)+m('25")

() ™

o0 .
n+is+wy —1
XZB(P,Q){ P

wo=0 w2 :| R(p—m,q—m)

[/82]1122,73(]?4”,‘14")

[B - ﬂl]n+i1+w2,73(ﬁ*m7q*m)
[n + Zl - 1]i1:R(p_Tn7q_m)
) ~min(Bpi—n=pa)tm(2]7)

(1172
y (B = B1 = Balnrp—m,qg-m)
(8 = Bt — Balntis R(p-—ma-m)

Also, according to

(B = B1 = Balptis Rp-—m,g-m) =B = B1 — Belnrp-—m.g-m)
X [B—p1— P2 — n}il,R(p‘m,q‘m)

143
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and
(6 = Br — B2 — nli; Rp—m g—m)

(8 = B1 = B2 = nliy r(pm gm) = (ryrg) it B=Pr—Bamm)=m(5T)
we get

<[n + 7/]_ + W2 - ]Z'hR(p—m’q—m)) _ [n + 7/]_ - 1]1/1 R( —m q—m)

(B = B1—n— Wali, gipm gm) [8 = b1 = B2 — nliy Rpm gm)
Then,
E( (Wilis Rm.am) > __ Bilaremem
(B — B1—n—Wal; mpmqm) (8 = B1 +iliy mp-—m.g—m)

m)

<[7’L—|—Zj—|—W2— ]1172( -m,

[ﬁ pr—n ]11 SR(p™,q™)

[+ 1] mpmgm)
[B=B1—B2— ]21, R(p™.q™)
[B1li = R(P™,q™)
[ﬁ A1+ iy, mp-mg-m)

In addition, we compute the mean of the R(p, ¢)-function

W —_ [Wl]ZhR(Pm:q )[W2]l27 (p ’qm)‘
[B—pB1—n~— W2]11, R(P™,q™)

For instance, we use the relation

= [Wl]il R(p™,q™ )[WZ]zz R(p™ qm)>
BE(W) =E zadtuid S
( ) ( [5 - ﬁl -—n—= W2]11 JR(p™,q™)

[Wili, Rpm gm) [Waliy R (pm >>
-ElE Wo
( ([ﬁ B1 —n — Waly rpm ,q)|
_ [ﬁl]u, R(p™,q™)
[5 — b1+ z‘1]1‘1,73(17*’"&*’")

< E ( [WQ]iz,R(pmgm) [n +i + Ws — 1]i1,7€(pm,qm))

[8 = B1—n—Wali, pm.qm)
Clearly we have

B—P1—n— W2]i1,72(pm,qm)

)
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- i [wZ]iQR(pm’qm)[n tatw— 1]i1,7€(p‘m,q‘m)
w2:0 I:B - ﬁ]_ —n — wQ]il,R(an’an)

n+wy—1

x Fa(p, Q)[ wo } ( )[52]102,72(17*'”@*’”)
R(p~™,q~™

% [5 - Bl - BQ]n,R(p*m,q*m)

[/8 - 51]n+w2,R(p’m7Q’m)

9

and using the relations

n4wg—1 . .
[ wo ]R(p—m,q—m) _ [n + 11+ 19 — 1]i1+i27R(p—m,q—m)
- — - ,
|:n+’$2+jfl)§ ]R(pfm’qu) [wZ]i27R(pqum) [n + (&t + w2 — 1]11’R(p—m’q—m)

mig w2,m(222+1

[wQ]iz,R(pmﬂm) = (7'17'2) ) ["U?]imR(p*m,q*m)’

mi —m(P2tt
[B2lis, R qm) = (717'2) 2prmm(%7) [52]2‘2,73(17*’",61*’")7
[5 - 61 —n-—- wQ]il,R(p*m,q*m)

N . — o1y 0
(7_17_2)m%1(ﬂ B1—n—p2)—m('2]1)

(B = B1 —n — wal;, Rpmgm) =

[/8 - /Bl]n—l—il—l-wz,R(p*m,q*m) :[5 - Bl]n—&-wg,R(p’m,q*m)

X [6 - /81 —n — wQ]ihR(pfm’qu),
with the negative R(p, ¢)-Vandermonde formula [5, 6], we obtain:

E(W) :[n +i1 + 42 — 1}z‘1+z‘2,72(p7m7q7m)[ﬂ — By — BQ]N,R(p*”"’q*’m)
) ~mis (6= —n—pa)+m (%)

(1172

o A
n+i+wy—1
X ZFz(p,q){

wo=0 W — 12 :|R(pm7qm)

[ﬁQ - i2]w2—i2,7€(p7m»qim)[ﬂ2]iQ’R(pm’qm)

[5 - 5l]n+i1+w2,72(p*m,q*m)
[n+ i1 4 d2 — Uiy i Rp—m,g=m) B — B1 = Bolnrp—m =)
—mi1(B—B1—n— m(*2f
(7_17_2) 1(8—H1 B2)+m("251)

[ﬁQ]iz,R(pmﬁm)

X : .
[8 = B1 — B2 + 2] ptiy 4is R(p-—m,q-m)

Furthermore, by using

[8 = Br = B2 + ialnpiy +in Rp-m,g—m) =18 — B — B2 + d2]i, R(p—m g—m)
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X [5 — /81 - /82]n+i1,7€(p*m,q7m)’

[5 o ﬁl o BQ]n+i17R(p_qu_m) :[5 - ﬁl - ﬁQ]n,R(p_m,q—m)
X [ﬁ —B1—B2— n]ihR(p—m/7q—m).

and
[B - 61 - 62 - n]il,R(p*"”,q*”")
[6 — B =02~ n]ilaR(pqum) - (717_2)7711'1(5*51*52*11)*771(1.2;1) ’
we obtain
E(W) _ [n+ i1 + ig — 1]i1+i27R(p7m7q7'm)[ﬁQ]i2’R(pm,qm) .
[/B —f1— P2 — n]il,R(pm,qm)[/B —B1— B2+ i?]i27R(p7m7q7m)
Then, the relation (3.13) follows and the proof is achieved. O

Corollary 3.9. The R(p,q)-covariance of the two random wvariables W =

W — Wi]rpm qm) . )
[Walr(pm gmy and W = [5_51_n_vﬁ2]7§<w’qm) is given by:

[n]R(p‘m,q‘m) [ﬁQ]R(pmﬁq’") [51]73(10*”,(1”)

V(n, B)

X <[n + ].:I’R{(pfm,qu) - {n]R(pm,qm)>,

(3.15) Cov (/W, W) =

where

V(n,B) =[8 = B1 + Urp-mqgm[B — B1 — B2 — nrpmqm)
X [6 - /81 - /82 + 1]R(p—m,q_m)

and the random vector (Wl, Wg) satisfy the bivariate R(p,q)-Pdlya distribu-
tion, with parameters n, B = (81, f2), B, p and q.

Proof. The R(p, q)-covariance of W and W, is defined by
Cov (W, W) = E(WW) — E(W)E(W)
From the relations (3.10), (3.12), and (3.13), with ¢; = i2 = 1, we have:

[0+ g -m g—m) PR p-m g-m) BilR pm gm) [Ba] R (o gm)

B0 = V(. B)
and
E(W)E(W) = R (g |5 Z]R(i”mg’(l;l[jg?(p—m,q—m)[51]R(pm,qm)_

After computation, the relation (3.15) holds and the proof is achieved. O
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Remark 3.10. Particular cases of multivariate inverse Pdlya distribution are
deduced as: the probability function of the multivariate inverse (p, q)-Pdlya
distribution, with parameters n, 8 = (81, B2, -+, Bk), B8, p, and ¢, is given by:

n+wg —1

Wi, W2, -+ ,’U)k:| p—m . g—™

PWy =wn,...,W, =wg) =Fi(p, Q)[

k
Hj:l [Bj]wj P Mg [ﬁk+1]n,p_m7q_m

)

[6]n+wk ,pT g™
where

Fu(p,q) =p ™ Sy wi (Bt —n+1)q—m Sy (nw—w;) (Bj—w;)

for wj € NU{0}, j € {1,2,-++ ,k}, Bryr = B — 2b—y B, and wj = Y wy,
for j € {1,2,--- [ k}.

The probability function of the bivariate inverse (p, q)-Pdlya distribution,
with parameters n, 8 = (51, 82), 3, p and g, is:

n+wy —1
P(Wy = wy, Wy = wa) =Fa(p, C])[ 2 ]
P

wy, W2

2
» Hj:l[ﬁj]wj,p*m,q*m[53]71713’7”7(’”

[Blntwa p=m.q-m

9

where

Fy(p,q)=p ™ > wi(Bip1—nt1) g " S5 (ntwz—w;) (B —w;)

for w; € NU{0}, j € {1,2}, B3 = 8 — Z?:l Bj, and w; = Zzzl wj, for
j € {1,2}. Moreover, for i1 € NU{0} and is € NU {0}, it’s factorial moments
are given by:

[n + ZQ - 1]i2’p7m’q7m [/82]1‘2,]77"’7(]7”

E([WQ]iz,pmﬂm) - [5 — /81 — ﬁQ + Z.Q]ig,pfmaqim 7

[n + w2 + 7/1 - l]il,pim,qim [/81]117Pm:qm
[8 = Br+i1]iy p-m g-m

E([Wiliy prmgm|[Wa = wa) =

9

E< [Wl]il,pm,qm > _ [n + /l] - 1]Z‘17p7m7q7m
B—p1—n— WZ]il,pm,qm B—pB1+ ll]h,p‘m,q‘m
[B1)ir pm g

[ﬁ —B1—B2— n]il,pm,qm ’

X
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and

E< (Wiliy pro g [Walia pro g ) _ntinti — 1 pmgm
[B = B1 —n — Waliy pm gm [6 = b1+ ir]iy p-m g—m

Bl
[ﬁ - /81 - BQ + iQ]ig,p_mg_m
Bl

(B —B1 — B2 — nliy pmgm

Furthermore, the (p, g)-covariance of the random W = [Wa]ym gm and W =

[5,5?1%;[}‘2152 — is determined by:
phq

Con(I7 ) = P2 GOt A (1 o o).

where

V(naﬁ) :[ﬁ - 51 + 1]p*m,q*m[ﬁ - /81 - /32 - ”]pm,qm
X [B—B1— P2+ 1p-mgm

the random vector (Wl, Wg) satisfy the bivariate inverse (p, ¢)-Pdlya distribu-
tion, with parameters n, 8 = (81, f2), 8, p and q.

3.3. Multivariate R(p, ¢)-hypergeometric distribution

In this section, the multivariate R(p, ¢)-hypergeometric and the negative mul-
tivariate R(p, ¢)-hypergeometric distribution are determined.

We consider a sequence of independent Bernoulli trials and suppose that
the probability of success at the ith trial is given as follows:

i—1
07,

i—17

T+ 07,

pi =

We denote by H; the number of successes after the (s;_1)th trial and until the
(s;)th trial, with j € {1,2,...,k+ 1}, 50 =0, =>7_ 7, j € {1,2,...,k+
1}, and sg41 = 7. Thus, the random variables H; are independent and the
probability distribution of the R(p, ¢)-binomial probability distribution of the
first kind is given by:

(GTZSj—l)thl(Tj;hj) (hzj)

Ty 7o

hJ} R(p,q) (Tlsj_l S HT;j_l)%(p,q)

(3.16) P(Hj:hj): |: s hjE{O,l,...,Tj},
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where
n

n L i—1 i—1
(a® b)R(pﬂ) = 1_[1 (ar™h 4+ 0757 1),
1=
Corollary 3.11. The conditional probability function of the random wvector
H = (Hy,Hs,...,Hy), given that Hi+ Ho+. ..+ Hy1 = n, is the multivariate
R(p, q)-hypergeometric distribution. Its probability distribution is given by:

55 )

hy, -+, hlj R(p,q) [g] R(p,q)

n
)

(3.17) P(H = h) = Hi(p, q) [

where ) k
Hi(p,q) = lej:l hj(ﬁj“’hHl)TQEj:l(nfyj)(ﬁrhj)

for hj €{0,1,--- ,n}, j€{1,2,--- , k} with

M=

k k J
by S i =0 =3 Ry B =6 S0 8, and gy = Y
i=1

j=1 7=1 j=1
fO’)”j € {1727 7k}

Remark 3.12. The multivariate R(p, ¢)-hypergeometric can also be obtained
by taking m = —1 in the relation (3.2).

3.3.1. Bivariate R(p, q)-hypergeometric distribution

The probability distribution of the random vector H = (H 1 Hg) is called the
bivariate R(p, ¢)-hypergeometric distribution with parameters n, 8 = (81, 52),
p and q. The probability function is given by the following relation:

H?’:1 (851 h; R(p,q)

n
h1, h2] Rpa)  BlnRma)

(3.18)  P(Hy = hy,Hy = hy) = ¥s(p, Q)[

i

where ) )

2 hi(Bj41—hy 2 (n—a;)(Bj—h;

\I’g(p, CI) — 7_12:]:1 3 (Bi+1 J+1)7_22:J:1( 3)(B5—h;)

hj € {0,1,...,n}, j € {1,2}, hy +ha <n, hg =n—hi+hg, B3 = B8 — 1 + B2,
x1 = hy, and x5 = h1 + hs.

9

Proposition 3.13. The R(p, q)-factorial moments of the bivariate R(p,q)-
hypergeometric distribution, with parameters n, B = (B1,52),5, p and q, are
presented as follows:

[TL] i1,R(p~1,g71) [/31]1'1 SR (p,q9)
[5]11 "R(p,9)

E([Hl]h,R(p*l,q*l)) = ) il S {07 17 e 7n}7
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[n - hl]ig,R(p_l,q_l) [ﬁQ]iLR(P#Z)
18 = Biliy R(pq) 7

E([Hz]im(p_l,q_l)ml =hy) =

with io € {0,1,'-- ,n—hl},

75‘251 []is R0 1) [B2]ia,R(p,0)

[B]iz,R(pﬂ)

E([HQ]iz,R(pfl,qfl)) =

I

where ig € {0,1,--- ,n}, and

[M)iy+in Rp-1.4-1)
—i21
T

E([Hili, rp-1.4-1)[Haliy Rp-1.4-1)) =

[Bl]il JR(p,q) [62]2'2,R(P7Q)
[Blis+i2,R(p,0)

Y

where i1 € {0,1,-+- ,n —i2} and iy € {0,1,--- ,n}.

Corollary 3.14. The R(p,q)-covariance of [Hilgp-1,4-1) and [Halgp-1 41
18 derived by:
[re-1a Bilrwa Pelrpa) Aln,B)

Cov([H “1 -1y, [H: S1m1y) = :
([ l]R(p Lg=1) [ 2]72(13 Lq 1)) 7_2_,31 [/B]R(p,q)

where
R I ) _ [Rp-14-1)

[ﬁ - 1]R(p,q) [Bl]R(ZLQ)

A(TL, ﬁ) =

and H = (Hl, Hg) a random vector satisfying the bivariate R(p, q)-hypergeo-
metric probability distribution, with parameters n, 8 = (B1, B2), 3, p and q.

Remark 3.15. Multivariate hypergeometric distributions are deduced as: the
probability distribution of the multivariate (p, ¢)-hypergeometric distribution
is given by:

] M
p.q

h ey, .

Sk (n—y;)(a;—hy)

P(lehlyaHk:hk):Hk(p7Q)|:

where .
Hy(p, q) = pZ]’:l hj(ejp1—hjt1) q
. . k
forkhj € {0,1,--- ,n}, g € {1,2,...,k}, Wlth Zj:lhj <mn, hgy1 = n—
Zj:l hj, Qfpy] = Q@ — Zj:l Qaj, and Y; = 22:1 h;, for j € {1,2, s ,k‘}
The probability function of the bivariate (p, ¢)-hypergeometric distribution
with parameters n, 3 = (51, 52), 3, p and q. is given by the following relation:
3
n } 1,21 185ln; pa
P

P(H; = hy,Hy = ha) = U3(p, q) [h1 hy A ;
9 n,p,q
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where Us(p, q) = pi':l hj(Bj+1—hj+1) qZ?:ﬂ"—ﬂﬁj)(ﬁj—ha‘), h; €{0,1,...,n},j €
{1,2}, hi + ha < n, h3 = n —hy1 + hg, B3 = B — B1 + P2, z1 = h1, and
To = hy + ho.

Besides, its (p, ¢)-factorial moments are presented as follows:

[n]il,p—l,q—l [Bl]h,nq

E([Hl]il,p—l,q—l) = [ﬂ] e , 11 € {Oala"' ,n},
11,P,
TL—h1i -1 g—1 ﬁgi D,
E([Hali, p1,4-1 [Hy = h) = [ [é“’m’i p[q ] =
12,P,

where io € {0,1,--- ,n— h1},

nl; 1 -1 62 io D, q'iQ,Bl )
E([HQ]iz,pfl,qfl) = [ ]22717 ’Tﬂ][ ]12 - , 12 € {Oa la e 777‘}7
12,P,q

and

- _1) _ [”]hﬂ'z,p—l,q—l[ﬁl]ihp,q[ﬁﬂiz,p,q

b q=2P1 [Bli) +isp.q ’

where i1 € {0,1,--- ,n —i9} and iy € {0,1,--- ,n}. Furthermore, the (p,q)-
covariance of [Hi],-1 ,~1 and [Ha],-1 .1 is derived by:

[n]p‘l,q—l [ﬁl]nq[ﬁﬂ
a1 [Bp.q

E([H1] Ho]

i1,p71,q71 [

Cov([Hi]p-1,4-1, [Holp-1,4-1) = P94A(n, B),

where
[n—1]p,-1 41 B [n]p-1 41

[6 - 1]p7q [ﬁl]p,q

A(na ﬁ) =

3.4. Multivariate negative R(p, ¢)-hypergeometric distribution

We consider a sequence of independent Bernoulli trials and suppose that the
conditional probability of success at a trial, given that ;7 — 1 successes occur
in the previous trials, is determined by:

pj = 1—97’11_]'7'5_1, jeN, 0<0<1.

We denotes by V; the number of failures after the (sj_i)th success and
until the occurrence of the (s;)th success, for j € {1,2,---,k + 1}, with
sp=0,s; = Zgzl ri, j €{1,2,--- ,k+1}. Thus, the random variables V; are
independent and the R(p, g)-binomial probability distribution of the second
kind is presented by:

(07_251‘71)0;' (7_15]'*1 o 97_25]‘71)7"1'

_ it —1
(3.19)  P(Vj=1v;) = [ ! R(p.a)’

Yj L(m)
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with v; € NU {0}, and

n

(ae b)%(p’q) = H (m’f*l — bTéfl).
=1

Corollary 3.16. The conditional probability function of the random wvector
V=V, Vo, -, V&), given that Vi + Vo + - -+ 4+ Vi1 = n, is the multivariate
negative R(p, q)-hypergeometric distribution with probability function:

. Hk"!‘% [rj+vj—1]
C o ri(n—y; J= v )
(320) P(K = Q) — (7—17—2)2j:1 J( yj) [T+n_1]7 R(p (I) )
n AR(p.q9)
Equivalently,
V1,02, , Vg R(p,q)

k+1
o Hj:l [rj +v; — 1]vj77€(p,q)

[7“ +n— 1]n,72(p,q)

)

forz; € {0,1,--- ,n}, j€{1,2,---  k}, with Z?Zl zj <n, and, where 41 =
k k j .
n— Zj:l Tj, Th1 =7 — ijl rj, and y; = > 0_ @i, j €4{1,2,--- ,k}.

3.4.1. Bivariate negative R(p, ¢)-hypergeometric distribution

Let V = (Vl, Vg) be the random vector. Then, the probability function of
the bivariate negative R(p, ¢)-hypergeometric probability distribution with pa-
rameters n, 8 = (81, B2), 8, p and g, is given by the following relation:

H?:l [Bj]:vj,R(pfl,qfl)

n
V1, U2:| R(p~—1,q-1) [ﬁ]n,R(pfl,ffl)

P(Vi =v1, Vo = v2) = ¥s(p, Q)[

)

where , ,

Us(p, q) = 7_1— >i=1 Uj(ﬂj+1—vj+1)7_2— Zj:l(n_xj)(ﬂj_vj)’
Uy € {0,1,...,”},j€ {172}7 v1 + U2 Sn’ v3 =N — v + V2, /83 :/B_ﬁl—’_ﬁ?a
r1 = vy, and o = v1 + vs.

Proposition 3.17. The R(p, q)-factorial moments of the bivariate negative
R(p, q)-hypergeometric probability distribution, with parameters n, p and ﬁ =
(B1,B2), B, q, are derived as follows:

[”]il,R(p,q) [/Bl]ilﬁ(p‘l,q‘l)

Blis Rp—1,4-1) iy €{0,1,---,n},

E([Vl]ilﬁ(p,q)) =
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[n— Ul}ig,R(pyq) [52]%'2,72(10‘1,(1‘1)
[B - ﬁl]iz,R(p_l,q_l)

E([V?]iuR(p,q)Wl = ”1) =

)

with ig € {0,1,--- ,n —v1},

[1i o) B2)in Ryt g1y s 2"

[B]iz,R(pfl,qfl)

E([VQ]iz,R(p,q)) =

with io € {0,1,--- ,n}, and

()31 42, R(p,q) [BLis R(p—1,g-1)[B2lio R(p-1,-1)

E([Vl]iuR(nq) [V?]iz,R(p,q)) =

)

7’5251 [Blis+ia R0
where iy € {0,1,--- ,n— iz} and iz € {0,1,--- ;n}.

Corollary 3.18. The R(p, q)-covariance of [Vi]g(p,q) and [Va]rp,q) s deter-
mined by:

R BilREe-1.4-) BelRp1,01)

A(n, B),
7-2ﬁ1 [ﬁ]R(p‘l,q‘l) !

Cov(Vilr(pa) Vel r(pa)) =

where
[n - 1]R(p,q) [n]R(Pﬂ)

[B - 1]72(p_1,q_1) B [BI]R(p_l,q_l)

A(n, B) - 9
and V = (Vl, Vg) is a random vector obeying the bivariate negative R(p,q)-
hypergeometric probability distribution, with parameters n, = (B1,52), 8, p
and q.

Remark 3.19. The bivariate negative hypergeometric distribution related to
the quantum algebras is also interesting for the lecture. Then, the mass func-
tion of the bivariate negative (p,q)-hypergeometric probability distribution
with parameters n, 8 = (81, 52), 8, p and g, is given by the following relation:

PV :vl,wzv»:%(p,q)[ . ,
n,p~1,g71

U1, V2

3
n :| Hj:l[ﬁj]yj,pfl,qfl
p-lg-1

where Wy(p,q) = p~ i v (Bjt1=vi41) o= 2521(”—%)(61'—”1)7 vj € {0,1,...,n},
je{l,2},v1+va <n,v3 =n—v +v2, B3 =p—p1+ P2, x1 = v, and
9 = v1 + vy. Furthermore, its (p, ¢)-factorial moments are derived as follows:

[n]il,p,q[ﬁl]il,p”,q*

[6]1-1717—1’(]—1

[ — v1]iy pglBlinp-1,4-1

(8= Biliyp-r14-1

laile{()?la"')n}:

E([Vl]il,P,Q) =

E([Valiy pglVi = v1) =
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with iy € {0,1,--- ,n —v1},

[PizpalBelin 110”2
E([V2]ig,p,q) = 2 pq[ﬂ]‘lz,pl ’ql , 12 € {07 17 e 7”}7
2,p 9

and
[”]iﬁiz,p,q [ﬁl]h,p‘l,q‘l [52]i2,p‘1,q‘1

quBl [5]i1+iz,p*17q*1
where iy € {0,1,---,n — iy} and iy € {0,1,---,n}. Moreover, the (p,q)-
covariance of [V1],, and [Va], 4 is determined by:

E([Vl]il,p,q[VZ]iz,p,Q) =

)

[”]p,q[ﬁl]p—l,q—l [ﬁQ]p‘l,q‘l
qﬂl [ﬁ]p*%q*l

COU([Vl]p,qa [VZ}p,fJ) = A(n, B),

where

[/8 - 1]p—1,q—1 [ﬁl]P_l,q_l ’
and V = (‘/1,V2) is a random vector obeying the bivariate negative (p,q)-
hypergeometric probability distribution, with parameters n, 8 = (81, 62), 8, p
and q.

A(n, B) = n—1lpq []p.q

84. Concluding remarks

The multivariate Polya, inverse Pdlya, hypergeometric, and negative hyperge-
ometric probability distributions in the framework of generalized quantum de-
formed algebras have been constructed and discussed. Moreover, the R(p, q)-
factorial moments and covariance the corresponding bivariate probability dis-
tributions have been investigated. The (p, ¢)-distributions and properties have
also been deduced from the formalism as particular case.
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