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Abstract. In this paper, we establish sufficient conditions under which Lotka-Volterra cooperative systems are
permanent for the n-dimensional case. We improve the result of [G. Lu and Z. Lu, Permanence for two species Lotka-
Volterra systems with delays, Math. Biosci. Engi. 5 (2008), 477-484] for the 2-dimensional case in that no restrictions
of the size of time delays are needed. When the interval of time delays is constant, we further show that the restriction
of the size of time delays is not required for the case n = 2, but it is required for the case n > 3 to obtain lower bounds
of solutions. An example is offered to illustrate the feasibility of our results.
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1 Introduction

In this paper, we consider the following n-dimensional Lotka-Volterra system with multiple delays:

dxét( 2 =t [7“1 (1) = 32> ar (st = 1r) + ary (s (t - T)] ,
A

Zaéj(t)xj(t =)+ Zaﬁi+1(t)xi+1(t — ZT)] ,1=2,...,n—1, (1.1)
=0

=0

m

i ab; (D (t —1m) + Y aby (Ban (t - lT)] , >0,

=2 1=0 1=0

where 7 > 0, each r;(t) and aéj(t) are bounded continuous functions on [0, +00) and

m

. . 1 1 .o
ogiggmri(t) > 0, g(ogigima”(ﬂ) >0, a;;(t) >0, 1<i,j<nand 0<1<m,

with initial conditions z;(0) = ¢;(0) > 0, 6 € [-m7,0), ¢;(0) > 0 (1 <4 < n). Our method of analysis is motivated
by the idea developed by Nakata and Muroya [8] and they consider the specific case that the interval of time delays is
constant. We will discuss the harmlessness of the length of time delays.

Many authors have since studied the permanence of population systems governed by Lotka-Volterra differential
systems (see [1-15] and references therein). Ahmad and Lazer [I] have established the average conditions for persistence
on the nonautonomous Lotka-Volterra competitive systems with no delays and Xu and Chen [I0] have studied the delayed
nonautonomous 3-species Lotka-Volterra predator-prey systems without dominating instantaneous negative feedback.
On the other hand, there are few papers concerning permanence for multi-species Lotka-Volterra cooperative systems
with delays compared to competitive and prey-predator systems, while it is well known that size of time delays may
harm permanence for the cooperative systems (see FIB[). For example, Lin and Lu H consider the following 2-
dimensional Lotka-Volterra cooperative systems with delays and obtain sufficient conditions which ensure the system to
be permanent.

=z1(t)(r1 — a1z1(t) — a1 (t — 111) + ar2x2(t — T12)),

(1.2)
dos(t) _ z2(t)(ry — agwa(t) + az1 21 (t — 721) — ag2w2(t — T22)),
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where r;, a;, a;; and 7;; are constants with 7; > 0, a; > 0 and 7,; > 0 (4,5 = 1,2). We assume that system (L2)) is
cooperative, that is, a;o > 0 and aq; > 0.

O

Theorem A (See [l Theorem 1.1].) System ([L2) is permanent if

a; — ayjp > 0, as — Qo2 > 0, and (a1 — a11) (a2 — a22) > a120921. (13)

Muroya [f] proved that system ([L2)) is persistent if the conditions (L3]) hold. Later, Lin and Lu H] show that system
([2) may have unbounded solutions if the conditions ([3)) fail and is permanent if the condition holds. However, in real
ecosystems, it is rarely seen that the effects of both intraspecific and interspecific competition occur instantaneously.
(See 2IIO.)

Recently, Lu and Lu [6 study the permanence with the following 2-species cooperative system with delays.

d%t(t) =21(t)(r1 — a1 21 (t — 7) — adyzy (t — 27) + ajpwa(t — 7)),
(1.4)
dxo(t
;t( ) = xo(t)(r2 + a(2)1331(t) + a%lxl(t —7)— a82x2(t) _ aész(t —),

where r; > 0, aﬁj > (0 and 7 > 0 are constants for 7,7 = 1,2 and [ = 0,1, 2. Note that there is no undelayed intraspecific
competition on the first equation of system ([L4]). They obtain the following result:

Theorem B (See [6 Theorem 1.3].)  Assume that a3, = 0 and that there exist constants C; > 0, D; > 0 such that

dzét(t) < Cizi(t) + D; (i=1,2). Then system [LA) is permanent if

{a%l (1 —2r7)4+al, (1— 7“17')} a9y — alyad; > 0. (1.5)

It is obvious that both the size of time delays 7 > 0 and growth rate r; > 0 must be sufficiently small to satisfy the

condition ().

Nakata and Muroya [§ establish new sufficient conditions for system () to be permanent. Remarkably, their
conditions no longer depend on the size of time delays. They obtain the following result:

Theorem C (See [§ Corollary 1.2].)  System (A is permanent if

1 0 2 1 0 1
a1 > Gg1, @1 > A1, Ggg > G7a. (1.6)

2 Main result

In this paper, motivated by the result of Nakata and Muroya [B] for the case n = 2, we generalize to a class of n-
dimensional Lotka-Volterra systems.

For a continuous bounded function f(t) defined on [0, +00), we first set

fr=__mf 1), fM= sw f(),

0<t<+o0 0<t<+oco
and
rf +r)! i M | .M
—i———=— | exp((r{” +ry")m7), if n>3,
2 /bl ol
P = =0 5
rif 4! M | M
—i—————— | exp((r{" +ry")m7), if n=2,
B RVA
1=0
where
BO(t) = ady (1), bE(t) =aly(t) £abi't—7), 1=1,...,m,

1
), 1=0,...,m—1, b(t) = ali(t — 7), (2.1)
bY(t) = als(t), bh(t) = als(t) —alz'(t —7), I=1,...,m.



Next, we put m; and M; (i =1,...,n) as follows.

IL M -
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1MP CLlMP alMP
= (S () B o)

w={(r +Za Yo ) Ak} esp((rl +Za Y )me),
Mn_i—{< Loy
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a 1\{1 n—(i—l)Mn—(i—l)>/A£—i}
1=0

Xexp(( +Za A{Z nf(ifl)M _(¢_1)>m7'), 1= :l,...,TL—Q7

n m l:0 n m
mi:{< Z ZaﬁMM) Af‘/f}e (( Z Zaié‘/f ]) ), i=1,...,n,
j=1 1=0 j=1 1=0
JFLi+1 JFi+1

where x = x7 is a unique positive solution of the equation:
z(rM — ALz) + ol P =0.
Our main theorem is as follows.

Theorem 2.1.  For system ([L1), consider the case n > 3. Assume that

m
agy(t) =0, b >0, ¥ >0, 1=0,1,...,m, > /oy "0kt >0, (2.2)
=0

and
n m n—1 m
rk— Z Zaﬁé\/fMJ>O, i=1,...,n—1, rk ZZalMM > 0. (2.3)
=1 =0 j=21=0

Then system (1)) is permanent, that is,

0 <m; <liminf z;(t) < limsup z;(t) < M; < +o0, i =1,...,n.

t—+o0 t—+o00

Remark 2.1. For the case n > 3, if the size of time delay 7 > 0 is large enough, condition [23]) is not satisfied, that is,
the permanence of system (LI)) is not guaranteed (cf. [@ Example 3.2]).

Here, let us introduce the following result for the specific case n = 2 for system (L.TJ).
Corollary 2.1.  For system ([[LTl), consider the case n = 2. Assume that
m
af(t) =0, by >0, B >0, 1=0,1,....m, Y /by "0 > 0. (2.4)
1=0
Then system (1)) is permanent, that is, there exist positive constants m} and M/ (i = 1,2) such that

0 < m} <liminf z;(¢t) <limsup z;(t) < M < +o0, i =1,2,

t—+o00 t——+00
where
1MP 1MP 1MP
M| = —an + {an + (1/A1L> (r{w + LQ )}exp (r{wmr) ,
1 1 1

M,

{<r2 —I—Z Ml)/AL}exp((TQ —l—Zaéijl)mT)
m%Z(Tf/A?”)exp(( ZalMM'>m7') i=1,2.




Remark 2.2. For the case n = 2, system ([LT]) becomes cooperative and is permanent for any finite size of time delays
under the conditions of Corollary BT}

We note that we need some restrictions for 7 > 0 to be small enough such that condition (23] holds for the case n > 3
since M; (i = 1,...,n) are monotonically increasing functions with respect to 7 > 0.

We now obtain the generalized result of Nakata and Muroya [§] for system ([[LI]) with delays. We improve the known
results in Theorem B [@ Theorem 1.3] and Theorem C [§, Corollary 1.2] by using Corollary 21l Our result for system
([CA) becomes as follows.

Corollary 2.2. For system [[L4l), Assume that
1 0o 2 10 1
ayp > Ggp, A1 2 Ay, Gop 2 Aj. (255)
Then system (L4) is permanent.

It is clear that condition ([Z3]) improves conditions (Al and (LA in the meaning that the permanence of system (4]
is guaranteed for any finite size of time delays and either a?, = al; or a9, = al, is allowed, respectively.

3 Basic lemmas

Let us introduce the following basic lemmas. These lemmas play a really important role in this paper because one can
show that z;(t) (i =1,...,n) are also bounded above if z1(¢)z2(t — 7) is bounded above.

Lemma 3.1. (See [8, Lemma 2.2].) Assume that
HZZE>O,X>O, leo, (3.1)
=0

for 0 <1 < m. For every positive solution y(t) satisfying the following inequality:

dzligft) < y(t) (X - ;Hly(t - lT)) + D, (3.2)

with initial conditions y(t) = ¢(t) > 0 for t € [-m,0) and ¢(0) > 0, it holds that
D D 1/~ D —
limsup y(t) < M = —= + {j + 7</\—|— —)}exp ()\mT) < +00,
t—+oo A A B y*
where y = y* is a unique positive solution of the equation;

y(A—py) + D =0. (3.3)

Lemma 3.2. (See [8 Lemma 2.3].) Assume that

=Y @>0 A>0, >0, (3.4)
1=0
for 0 <1 < m and all the hypotheses of Lemma hold. Then for every positive solution y(t) satisfying the following

inequality:
m

YO > (s~ >t~ i) (35)

with ingtial conditions, y(t) = ¢(t) > 0 for t € [-m7,0

=

and ¢(0) > 0, it holds that

liminf y(t) >

t——+o0

=l >

exp([&—ﬁM]mT) > 0.

Using Lemmas 3] and B2l we give a proof of Theorem [Z1] First, we show that x;(¢)z2(t — 7) is bounded above and
second we show that x;(t) (i =1,...,n) are bounded above.



Proof of Theorem Il Every solution of system ([LI) remains positive for all £ > 0. We only need to prove the case
n > 3 because it is similarly proved when n = 2. First, we consider the following inequality. There exists a sufficiently
large T such that

L (@atyat - 7)) < (@1 (Oaalt — 7)) |11 () + 72t — 7) + Gt — st — (m+ 1)7)

dt
—ad,()a (1) — lzm;(aél(t) +ag (¢ —7))a(t —Ir)
T:LZ: aby(t — 7) — alh ()aa(t — (1 + 1)) — afy(t — 7)za(t — (m + 1)7)
—als(t)ws(t) — i(aig(t) abs' (t —7))as(t — lf)]

m

Mg b (— 1) (- (L+ D7) |

=0

< (z()zo(t — 7)) |7 t>T.

Let u(t) = \/x1(t)z2(t — 7), then we have

du(t)
dt

<u(t)| -

+T2 Z\/ b E Bl ] t>T.

From Lemma B}, it follows that

M M
limsup u(t) < T

—t——=2——exp((r{’ + r3")ym7/2) < +o0,
t—+oo

7 2o

which implies that

limsup zq(t)za2(t —7) < P =

2
(T{Mjwéw ) exp((
t o) i
o 23 /ol it
=0

Second, we prove the boundedness of z1(t). From (I, for any positive €, there exists a sufficiently large T; > T

such that
d()ﬁl(t)
FraR [ E (111301 t—

From Lemma BJ] and arbitrarity of €, we get

T{VI + réw)mT) < 4o0.

) +ad(P+7e), t>T.

1M 1M M

ajy' P ary' P ay P

limsup x4 (t) < — 12M + { 12M + (1/A1L> (T{VI + 12 )}exp (rifmr) < +o0.
t—+00 1 " Ty

Next, we show that x,(t) is also bounded above. From system ([CI)), there exists a sufficiently large T,, > T for any
positive €; such that

t>1T,.

da:;t(t) [ Za o In(t—17) + (; aﬁf‘f(Ml +E1)) ,

Since €; is arbitrary, from Lemma 2.1, we obtain

lim sup z,(t) < {( +Za Ml)/AL}exp(( M—i—Za Ml)mT) < +o00.

t——+oo

Similarly, for i = 2,...,n — 1, it holds that limsup,_,, ., 2;(t) < M; < +oc.
Finally, we show that z;(¢) (i = 1,...,n) are bounded below for sufficiently large ¢ > 0. From ([IJ), for any positive

€;, there exists a sufficiently large T';, > T'; such that

( Z iaiﬁwM +¢€) )—i ifwxi(t—lr)], t>1T,,
=0 1=0

Jj=1
JFi,i+1

dl’l(t) >
.~




for i =1,...,n. Since g; is arbitrary, from our assumption and Lemma B2 we get

n m n m
ltlglﬁglof x;(t) > {(rf - Z ai»équ)/Afw} exp((riL - Z Za%wMj)mT),
j=1 1=0 j=1 1=0
JETRAS] i1
for i =1,...,n. We obtain the conclusion of Theorem 2.l The proof is completed. O

We now consider a 3-dimensional Lotka-Volterra cooperative system such that there is no undelayed intraspecific
competition on the third equation of the following system:

dxd;t(t) = 21()[r1 — ez () + arzx2(t — 7) — arszs(t - 27));
d%t(t) = 29(t)[ra — ag121(t — 7) — ag2x2(t) + azzzs(t — 7)), (3.6)
da:;(t) = 23(t)[r3 + az121(t — 7) — azawa(t — 7) — azzzs(t — 27)],

where 7 > 0, a;; > 0 and r; > 0 (¢,5 = 1,2,3) with initial conditions z;(0) = ¢;(8) > 0, 6 € [-27,0), ¢:(0) > 0
(i=1,2,3). Set

. D (D 1 D - Ty 4 ags M.
M= ==+ { =+ —(r+ =) fexp2nr), i = 22
1 r1 aii Xy @22
B 3+ a M ~
M3 = 3T exXp <2(7‘3 + aglMl)T) s
ass
. r1 — a13M3 - -
my = ai exp (2{(7"1 — a13M3) — auMl}T) 5
11
— a1 M — aao M . .
My = w, m3 = M#GXP (2{(7“3 —aszaMy) — CL33]\43}7'> ;
22 ass
where x = 27 is a unique positive solution of the following equation:
2
x(r1 —anw) +apP =0, P = (r +72) > 0.

da11(a22 — a12)

We note that there is no undelayed intraspecific competition on the third equation of system ([B.6]). By Theorem 2] we
have the following corollary.

Corollary 3.1.  System BA) is permanent if a1s > ass, aze > a2 and
r1—aizMz >0, ry —anM; >0, 73 —azgMy >0, (3.7)
that is,

0 < 1h; < liminf z;(t) < limsup z;(t) < M; < 400, i=1,2,3.
t——+o0 t—+400

As stated in Remark 1.1, we see that conditions 1) implies that the size of time delays restricts on lower bounds
m; >0 (i=1,2,3).

4 Discussion

Throughout the paper, we investigate the harmlessness of time delays for the permanence of the cooperative Lotka-
Voltera-type system. We obtain sufficient conditions which improve the result of Lu and Lu [@ for 2-dimensional
Lotka-Volterra cooperative systems without any restrictions of the size of time delays. Using Lemmas [B.1] and B2l we
derive the upper bound of z1(t)x2(t — 7) to prove that z;(t) (¢ = 1,...,n) are bounded in Theorem 1] for system
(D). For the system with particular discrete time delay, our condition holds even if there is no undelayed intraspecific
competition. The results of this work indicate that the restriction on the size of time delays is not required for the
case n = 2, but it is required for the case n > 3 to obtain lower bounds of solutions. Since Theorem 2] indicates the
sufficient conditions of permanence, it is a future work to induce necessary and sufficient conditions.
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