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1 Introduction

Due to the rapid advance of computer technologies, an increasing number of computer viruses have been recognized as
a major threat to the network security. By the high similarity between computer viruses and biological viruses, the
classical SIR (Susceptible-Infected-Recovered) computer virus propagation models are widely proposed and applied to
pose effective measures to prevent virus infection (see for example, [I121HEHS IO MT2HI4 T6H23 5] ).

One of the significant features of computer viruses is its latent characteristic property (see [I]]), which means that
when viruses enter a host, they hide themselves and become active after a certain period. For example, there occurs not
only the case that when the susceptible computers are infected by virus, there is a time delay before becoming infected,
but also the case that a recovery computer loses its anti-virus software and becomes susceptible after a time delay. Here
it is assumed that all the computers connected to the network in concern are classified into the three categories.

Recently, Ren et al. [[9] and Han and Tan [ proposed the following delayed SIRS (Susceptible-Infected-Recovered-
Susceptible) computer virus propagation model, respectively:

%z(tt) =b—BSH)I(t—T1)e " +VR(t — T2) — puS(1),
%t) = BS(OI(t —m)e ™ — (u+I(), (1.1)
%it) =~I(t) —vR(t — 72) — pR(1),
and
%(f) — (1= p)b— uS(t) — BS(t — r)I(t — 1) + vR(t — 72),
diligt)Zﬁs(t—fl)l(t—ﬁ)—(u+7+a)1(t), (12)
d%it) — pb+AI(t) — pR(t) — vR(t — 7).
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For the models (1) and ([L2), S(t), I(t) and R(t) denote the numbers of susceptible, infected and recovered
computers at time ¢, respectively. Here it is assumed that a recovered computer becomes susceptible after a period of
time 15 > 0. However, unfortunately, by the term —vR(t — 72) in the third equation of system ([[I]), there are cases that
([T does not generate a positive solution (S(t), I(t), R(t)) (see Lemma A.1 in Appendix and Example in Section
[B). The same situation occurs for [L2)) because of the term —vR(t — 72) in the third equation.

This suggests that some modification are needed in order to make a meaningful computer virus model. One of the
approaches is to replace vR(t — 72) by vR(t) in the third equation of (I.I)) and ([L2]), because a recovered computer does
not revert to the susceptible one instantaneously. This allows us to prove the positiveness of the solutions (see Lemma
21). We show that the analysis on global dynamics of the revised model is similar to that of SIRS epidemic models
except the delay term vR(t — 72) in the first equation of (LI) and ([L2). To the best of our knowledge, until now there
are no good analysis on the revised model. Therefore, it is meaningful to analyze the model with delay term v R(t — 72)
in the first equation of system.

Motivated by the above fact, we investigate global dynamics of the following SIRS computer virus propagation model
with discrete delays:

%}Et) =b— 1 SE)—BSH)I(t—m)e ™™ +VvR(t — T2),
d;—(tt) = BS(OI(t = T)e™ ™ = (2 + (), (13)
WO — 31(1) ~ (s + ) RO,

with the initial conditions

5(0) = ¢1(0) =2 0, 1(0) = ¢2(0) = 0, R(0) = ¢3(0) >0, 0 € [-7,0],

7 = max(11, 72), with ¢1(0) >0, ¢2(0) > 0, ¢3(0) > 0. (1.4)

We restrict our attention to the case
v>0 and 73 >0. (1.5)

For the model [L3)), S(¢), I(t) and R(t) denote the numbers of susceptible, infected and recovered computers at time
t, respectively. b denotes the rate at which external computers are connected to the network, 8 denotes the rate at which,
when having a connection to an infected computer, a susceptible computer can become infected by virus after a time
delay 71. Hence the term SI(t — 71) is the force of infection. v denotes the recovery rate of infected computers due to
the anti-virus ability of the network and v denotes the loss rate of recovery computers which loose its anti-virus software
and return into the susceptible computers, 1, po and ps denote the network removal rate of susceptible, infected and
recovered computers, respectively.

System ([3) always has a virus-free equilibrium E° = (S°,0,0), where

b
50 = —. 1.6
H1 (16)
and the basic reproduction number of system (L3 is
e H1TL]
o= DT (1.7)
pa (2 + )

For Ry > 1, system (L3) admits a unique virus equilibrium E* = (S*, I*, R*) such that

b— 1 S* — Be~MM S I* +vR* =0,
Be MM S*I* — (ua +y)I* =0, (1.8)
~I* — (,ug + Z/)R* =0.

Moreover, we assume that
v < pp < min(usg, 43). (1.9)

Note that for the case v = 0, system (3] becomes a well-known SIR epidemic model. The global stability of a
unique endemic equilibrium of system ([[3)) with v = 0 has been completely established by McCluskey [II]. For the case
v > 0 and 75 = 0, system (3] becomes a delayed SIRS epidemic model. The global dynamics is also investigated in the
several literatures, for example, by Muroya et al. [[5] with monotone iterative techniques and by Enatsu et al. ] with
Lyapunov functional techniques. Under the initial condition [4]), system ([3]) has a positive solution. However, by
term vR(t — 72) in the first equation of (ILI]), we need some additional conditions on v and 7 for eventual boundedness
of solutions and global stability of the equilibria.



In this paper, we establish the global asymptotic stability of virus-free equilibrium of (3] for the case Ry < 1
(see Theorem [[T]). For the case Ry > 1, we obtain sufficient conditions for the global asymptotic stability of a virus
equilibrium by applying monotone iterative techniques by Muroya et al. [[5] (see Theorem [[2)). Moreover, for Ry > 1,
by applying the similar Lyapunov functional techniques as [I9 Theorem 3.3], we also obtain another sufficient condition
for the global stability of the virus equilibrium (see Theorem [[3)).

Theorem 1.1. If Ry < 1, then the virus-free equilibrium E° = (S°,0,0) of system ([L3) is globally asymptotically stable
forany 7o >0 and 0 < v < py.

Theorem 1.2. If Ry > 1, then there exists a unique virus equilibrium E* = (S*, I*, R*) of system [[3)). Moreover, if
27 < 2p1 — pig, (1.10)

then for any 72 >0 and 0 < v < p1, E* is globally asymptotically stable, and if

21y — _
Y <2uy — e <2y, and 0<v< Mug, (1.11)
2y = (2m — p2)
then for any ™ > 0, E* is globally asymptotically stable.
In particular, for the case p1 = po = ps = p, if
3
w> =", (1.12)

-2
then for any 7o > 0 and 0 < v < 1, E* is globally asymptotically stable, and if

3 —
y<pu< =y, and O<u<u i
2 2y —p

< (1.13)

then for any 7 > 0, E* is globally asymptotically stable.
Theorem 1.3. For Ry > 1, the virus equilibrium E* is globally asymptotically stable for any 5 > 0, if

2us —v >0, and

2w(p2t+y)—y
0<v<=ET= o sham <@ < sGarvm (1.14)
o<vem, T ey sws2Em,
O<v< 2’:)3__27, for w>2+72”;1_7,
where
 BIre~mm P faliaty)
(.A.) —_— 77 an I — ﬁ.
p1+ p2 +y (b2 +7) — 745
In particular, for the ca(se+ [)Ll = o = p3 = p > 0, E* is globally asymptotically stable for any 7 > 0, if for
_ BI'etm «_ O
W= oy and I" = (n+v)—35%7
) 0<v<{2w(p+7vy)—7}/w, for m<w<uj7,
5 <H and{ 0<v<up, for H5 Sw <24 2 (1.15)
0<v< 2= forw>2+2”T77.

The organization of this paper is as follows. In Section[2] some basic results are given. For Ry < 1, we prove Theorem
[CIl In SectionB for Ry > 1, we first prove the existence of a unique virus equilibrium E* and the permanence of system
by obtaining lower positive bounds of solutions which do not depend on the initial conditions ([[]). The eventual lower
bound will be used as an initial value of an iterative sequence when applying the monotone iterative techniques in Section
@ For Ry > 1, by applying the monotone iterative techniques of Muroya et al. [[§], we prove Theorem in Section
@A and by applying the Lyapunov function techniques of Ren et al. [I9], we prove Theorem in Section Bl We offer
some numerical examples in Section [§ and end with concluding remarks in Section [ In Appendix, we derive concrete
conditions under which system (LI)) has non-positive solutions.

2 Basic results and global stability of the virus-free equilibrium

We first offer the following lemma on positiveness and eventual boundedness of solutions S(t), I(t), R(t) of (L3).



Lemma 2.1. Let (S(t),1(t), R(t)) be a solution of system [L3) with the initial conditions (L4). Then
S(t) >0, I(t) >0 and R(t) > 0, for allt > 0. (2.1)
Moreover, for N(t) = S(t) + I(t) + R(¢), of (L) holds, then

limsup N(t) < b .

t—+oo M1 — v
Proof First, by the initial conditions ([4), we have S(0) > 0, I(0) > 0 and R(0) > 0 and by continuity of the solution
of ([[3)), we may assume that there exists a positive ¢; such that S(¢t) > 0, I(¢t) > 0 and R(¢) > 0 for any 0 < ¢ < ;.
Suppose that there exists a positive t; such that S(t1) =0 and S(¢) > 0, I(t) >0, R(t) > 0 for any 0 < ¢ < ¢;. By the
first equation of (C3), we have that 2(¢;) > b > 0 which is a contradiction to the fact that S(t) > 0 = S(t1) for any
0 <t < t;. Thus, if there exists a positive t; such that Si(t) > 0, Ix(¢) > 0 and Ry(t) > 0 for any 0 < ¢t < t1, then
S(tl) > 0.

Moreover, by the second and third equations of [L3]), we have that

(2.2)

t
1(t) :e_(HZ‘W)tI(()) + e (uzty)t / e(uz+7)ﬂ5e—mn S(u)I(u— 11)du,
0

t
R(t) =e~ st R(() 4 ¢~ (Ha+1)? / et T(w)du,  for t > 0,
0

which implies that if there exists a positive ¢; such that S(¢) > 0, I(¢t) > 0 and R(t) > 0 for any 0 < ¢ < ¢;, then
I(t1) > 0 and R(t1) > 0. Thus, we obtain [21).

By (L3) and (L),

DN = S48+ 1) + R))

d
L 8 S — pal () — psR() + (R — ) — R())
<b—mN(@)+vN(t— 1), (2.3)
N(0) = ¢1(0) + ¢2(0) + ¢3(0) > 0, § € [-7,0],
with N(0) = ¢1(0) + ¢(0) + ¢a(0) > 0.

We now consider the following auxiliary equation (see for example, Kuang [0 or Song et al. 22]):

{ dl;i” =b— pu(t) + vult — 72), (2.4)
u(0) = ¢1(0) + ¢2(0) + ¢3(0) = 0, 6 € [-7,0].

b
p1i—v’

One can see that (24) has a unique positive equilibrium u* = We define the following functional:

V() = 10 5 v, g /f - {u(®) ~uydo. (2.5)
By differentiating V,, along the solution u(t) of (24,
qu (t) * du(t> v *1 2 *1 2
w0 _ puge) -y 20 Y )~y fule - ) -t 2.6
From the equilibrium condition b = (1 — v)u*, we have that
)~ w7} 240 ) ) (o~ ) + vl — 7))}
= {u(t) —u" H—pa{u(t) —u) + v{u(t — 72) — u"}]
= —m{u(t) =} + v{ut) — w Hult - 72) — u'}
< —m{u(t) —u*} + g[{u(t) —u P {u(t =) — w7
Thus,
Wol) < [ fult) — )+ Z1futt) — ')+ {ult — ) —w')?]

+ SHu(t) =} = fult = ) —u'?]

= —(m = v){u(t) —u*}?
<0. (2.7)



Then, the nonnegative functional V;, is monotonically decreasing and there exists a nonnegative constant V,, such that
. li£n Vu(t) = V4. Since the equality of ([Z7)) holds if and only if u(t) = u*, we have V,, = 0, which yields . liin u(t) =
—+00 —T®

u* = b/(u1 — v). Thus, by the above discussion and the comparison principle, we obtain limsup N(¢) < b/(u1 — v).

t—+oo
Hence, the proof is complete. 0

Lemma 2.2. If Ry < 1, then the virus-free equilibrium E° of system ([I3) is locally asymptotically stable. Furthermore,
the virus-free equilibrium E° is unstable if Ry > 1.

Proof. The characteristic equation to the linearized equation of system (I3) at the virus-free equilibrium E° is of the
form

—1 — A —ﬁbe(_“l_)‘)ﬁ//x,l ve—AT2
det 0 Bbe(=r =T /1y — (g +y) — A 0 =0, (2.8)
0 gl —(pus +v) = A
which is equivalent to
(=1 = M {(p2 + 1) (Roe ™ = 1) = AH{—(p3 +v) — A} = 0. (2.9)

One can see that A = —p; and A = —(us + v) are always roots of the characteristic equation (Z3). The other roots of
@3) are determined by

FO) = (p2 +7)(Roe™ ™ = 1) = A =0. (2.10)
We note that A = 0 is not a root of (ZI0) if Ry # 1. When 7 = 0, 2I0) has the form
(2 +7)(Ro—1) = A =0. (2.11)

If Ry < 1, then ([ZII)) has a negative real root. Therefore, the virus-free equilibrium E° is locally asymptotically stable
when 71 = 0. Suppose that A = iw w > 0, is a root of (ZH). Then by separating real and imaginary parts, we derive

(2 + v){Rocos(wry) — 1} =0, (2 + v)Ro sin(wry) —w = 0. (2.12)
From the first equation of ([ZI2]), we obtain
(k2 + 7){Ro cos(wry) — 1} < (p2 +7)(Ro — 1) <0,

for all w > 0, which is a contradiction. It follows that the real parts of all the eigenvalues of ([Z3]) are negative for all
71 > 0. Therefore, if Ry < 1, the virus-free equilibrium E° of system ([L3)) is locally asymptotically stable for all 73 > 0.

Assume Rg > 1. Then f(0) = (u2 + v)(Ro — 1) > 0 holds and limy_, + f(\) = —oo, for A € R. Therefore, (ZI0)
has at least one positive real root. Hence, if Ry > 1, the virus-free equilibrium E° is unstable. O

We now prove the global asymptotic stability of the virus equilibrium E° of system (3] for Ry < 1 by Lyapunov
functional techniques.

Proof of Theorem [[.I] Assume that Ry < 1, 75 > 0 and 0 < v < u;. By introducing the variables
w(t) = S(t) = %, y(t) = I(t), =(t) = R(t), (2.13)
system ([L3)) is centered at the virus-free equilibrium E° and is rewritten as

@ = —mx — B(S° +x)e "yt — ) + vzt — T2),
g =BS%e Myt — 1) — (p2 + )y, (2.14)
=17y — (u3 +v)z.

By introducing the functional

2 t
Wiy =5+ 20 [ e, (2.15)
t—71
the derivative of W becomes
W) =i+ 252" - - )
T +
=y{BS% Myt — 1) — (2 + )y} + %{zf —y*(t—m)}



Applying Cauchy-Schwartz inequality, we have

2 2 2 20
W(t) <80 mmY +y2(t 71) i)Y +y2(t )

:{ﬂsoef,ul'rl _ (,UJQ +V)}y2 +y2(t — 7—2)

) (o - L)

<0. (2.16)

By Lemma 2] the nonnegative function W (t) is monotonically decreasing and there exists a nonnegative constant 144
such that , ligl W(t) =W. By Ry < 1 and the continuity of y, we conclude that , hI_gl y(t) =0 and W = 0. From the
—+00 — 400

first and third equations of (2I4]), we obtain , li+m z(t) = 0. Applying Lyapunov-LaSalle asymptotic stability theorem,
—+00
EV is globally asymptotically stable. (|

3 Existence of the virus equilibrium for Ry > 1

We obtain the following basic lemma which ensures the unique existence of a virus equilibrium E* of system ([3]) for
Ry > 1 (see also Enatsu et al. Bl Lemma 22]).

Lemma 3.1. If Ry > 1, then system (I.3) has a unique virus equilibrium E* = (S* I*, R*).
Proof. Assume that Ry > 1. From the second and the third equations of ([[J), it follows that

I

B3 +v

o [Be— T

, and R* =

(3.1)

After substituting BI)) into the first equation of (L)), we obtain that
H(I") =0,

where

pa(pe + ) v ( ) < 13 )
HI)=bp- 2121071 I —p(1-—)— I.
(1) fe—HiT1 (p2 + 1) +V“3_’_V H2 + M3+V7

One can see that H is strictly monotonically decreasing on (0, +00) satisfying

lim H(I)b(11> >0,

I—+0 Ry
and H(I) < 0 for any I > b(1 —1/Rg)/{pe + psvy/(us +v)} > 0. Hence, there exists a unique positive I* > 0 such that
H(I*) =0. By @&I), there exists a unique virus equilibrium E* = (5*,I*, R*). O
3.1 Permanence for R; > 1

First, we give a basic lemma whose proof is similar to that by Enatsu et al. Bl Proof of Lemma 3.2].

Lemma 3.2. Assume that I(s) < I* for any s such thatt —m < s <t. If I(t) < I(s) for any s such thatt—1 < s <t
then S(t) < S*. Inversely, if S(t) > S*, then there exists an sy € [t — T1,t) such that I(t) > I(st).

By applying Lemma B2 we offer a proof for the permanence of system ([3) (cf. Xu and Ma [24]).
Lemma 3.3. If Ry > 1, then for any solution of system [[3]) with initial condition {4, it holds that

R b
U= e ) O
2(q) = qI" exp{—(p2 +7)p(q)} > 0,

U
v3(q) := %1,,’02@)7

lim inft~>+oo S(t) Z
liminfy o I(t) >
lim inft*}+oo R(t) 2

bBe P11 [* — v R

where for any 0 < q < BT (btv k™)

, p(q) >0 is a constant such that

b
S* < 84 = ;(1 —exp(—rp(q))), and r=p + pe M ql". (3.2)



Proof. Let (S(t),I(t), R(t)) be a solution of system ([3)) with initial condition (L4)). By Lemma 1] it holds that

b
limsup I(t) < .
t—s+o0 M1 —V

For a sufficiently small e > 0, there is a positive real T} such that I(¢) < b/(u1 — v) + € for ¢ > Ty. Then, from the first
equation of (3], we derive that

5020 {m+pemn (L) st

which implies that

b
liminf S(t) > .
I L S0) = T B mm 6/ — ) + )
Since the above inequality holds for arbitrary sufficiently small € > 0, it follows that
b
liminf S(t) > = .
It ) = B =)~
We now show that liminf; . I(¢) > v2(q), for any 0 < g < W. For any 0 < ¢ < W, one
can see that
. b+ vR* b b
S* = < =2,
pa + BemmI* py + PemmTiglt
because
bBe MM — v R* = bBe M T* — v I
M3 +v

R
- + (R — I
(2 7)( 0 u2+w3+u>

> p(p2 + ) (Ro — 1)I" > 0,
and we have
gt — b+ vR*

i+ e T
_ b
~b(p + Bemmn*) /(b + vR¥)

b

o+ (bBemmm[* — v R*) /(b + vR¥)
b

p1 + Bemramgl*’

Thus, there exists a positive constant p(q) such that 2] holds. The rest of the proof is similar to that by Enatsu et
al. Bl Proof of Lemma 2.4]. O

Remark 3.1 Likewise in the above proof, a correction is needed in Enatsu et al. Bl Lemma 2.3 and its proof]. The
condition “for any 0 < ¢ < 1”7 must be replaced by a more restricted condition “for any 0 < q¢ < %” to
B43R*

e . . . . _ B _B
guarantee the necessary inequality on ¢ in the step S* = T BG(T) < BT = v

By Lemmas 2] and B3] we obtain the permanence of system ([[L3) for Ry > 1.

4 Stability analysis by monotone iterative techniques for Ry > 1

In this section, we consider the global stability of the virus equilibrium of system ([3]) applying monotone iterative
techniques (cf. Muroya et al. [[5] Lemmas 4.1-4.4 and Corollary 1.1]).
By Lemmas 21l and B3] we may put

liminf S(t) =S > vy, liminfI(t)=1>wy, liminf R(t) =R > vs,

t— 400 b t—4o00 t—+o0

limsup S(t) = S < , limsu It =1< ,

t%+oop ®) T ; v t~>+o<>p ®) T U —v (4.1)
limsup R(t) = R < , liminf N(t) = N, and limsup N(t) = N

t——+oo p1— v t—too t——+o0

Then, we have the following lemmas.



Lemma 4.1. It holds

ﬁ—1—§>0, and N—T-R>0. (4.2)
Proof. Suppose that N —1— R <0. Then, by ), there is a sequence {¢,}52; such that hl—? I(t,) = I. Since
n—-—+0o0
liminf R(t,) > R, by S(t) = N(t) — I(t) — R(t), we have

n—-+4o0o

0 < limsup S(t,) < limsup N(t,) — liminf I(¢,) — liminf R(t,) < N-I-R<0

n—-+oo n— oo n—+00 n—+00

which is a contradiction. Thus, we have N-T- R >0. Similarly, we can prove that N-I- R > 0 holds. O
Lemma 4.2. It holds that

0>b—mS—BSI+vR,
0> B(N —I-R)I—(u2+7)1L,

\ 4.3
02— (ps+v)R, ) ) 3
0>b— N — (p2 — p1)I — (p3 — )R+ v(R - R),
and
0<b— MIS BSI+VR

0§7] (/{3+V)R )
0<b— N — (2 — p1)L — (3 — p1)R+v(R — R).

Proof. Assume that I(t) is eventually monotonically decreasing for ¢ > 0. By LemmaB.3] there exists lim I(t) = I=

t—+oo

I> 0. Then, by the third equation of (), we obtain that there exists t_l}gl R(t) = R= R > 0. By the first equation
oo

of (I3, there exists tllgl S(t) =8 =8> 0. Then, by N(t) = S(t) 4+ I(t) + R(t), we obtain that hm N(t

N=N.

) =
Since the positive equilibrium E* = (S*,I*, R*) is unique, we have that S = S=5*T=1=TI"and fi = R=R*. By
the equilibrium condition ([8]), we have ([@4).
Now, suppose that I(t) is not eventually monotonically decreasing for ¢ > 0. Then, there exists a sequence {t,}°2
such that

lim I'(t,) >0and lim I(t,)=1.

n—-+oo n—-+o0o

Since

limsup S(¢,) < limsup N(t,) — lim I(¢,) —liminf R(¢,) < N-T- R,

n——+oo n—o00 n—+00 n—+400

we obtain the second equation of [@4). From (3] and 23], we similarly get the first, second and the last equations of

2 and obtain [{3). O
Putting
o _ 45
c=p2—p1+ (us+v ul)ug-ﬂ/’ (4.5)
we obtain the following lemma by Lemma 4.2}
Lemma 4.3. It holds that
(1_ vy )j+u2+vzb_<us+v v u2_1>f’
p(ps + v) B I mo opstvoou
N b + 2 l ~ ol N N b c 2 vy R (46)
S>>t R> I, N>———I+ I
w + BI H3 +v M1 p1(ps +v)
and
(1_ vy >f+u2+7§b_<us+v v 112_1)27
p1(ps +v) B p p opz v
. b + vy f R R R b c . v R (47)
S < poty R< T I, N<—-—-— LN
w1+ Bl M3+ v M1 M1 pi(ps +v)




We now consider the following six sequences S,,, I,, R,, S,, I, and R, (n = 1,2,---) as follows (cf. Xu and

Ma B (3.3)]).

0 < I, <liminfI(t),
t—+o0
vy N e ) (u3+v gl 12 )
l————— |+ =——|— +—=-1)1,_,,
pa(ps +v) B Hbl pi ps v o 1 (4.8)
TP VY- e R T L +u21>1mn1,2,3,...
p1(ps + v) g o p ps v
and vy
S = b+li3+l/71” _ Y I
T o m+BL, T pstr” (4.9)
- b+ vy In - 7 - .
Sn:¢7 n =  1In-
pm + v+ BL,, ps + v
By Lemma B3 [@X) and (L), we have
I, <liminf I(t) <limsupI(t) < I;. (4.10)
t—+o0 t——+oco

Lemma 4.4. For the sequences {I,}72 1, {L,}o2y, {Sn}ozy, {S, )02y and {Rn}o2,, {R,}2, defined by @) and
B3, assume I, < I;. Then, it holds that B
Iy<1I,<1I, (4.11)
if and only if,
ps+2v vy ]
M1 p3 -tV
Moreover, in this case, the three sequences {1,}721, {S,}nz1 and {R,}52, are strongly monotonically increasing and

converge to I*, S* and R*, respectively, and the three sequences {I,}% 1, {S,}5%, and {R,}°, are strongly monoton-
ically decreasing and converge to I, S* and R*, respectively, as n tends to +oo.

<2. (4.12)

Proof. By (X)), we have that for [, < I,, and n = 1,2,3,-- -,

1% - + v -
i (ps +v) moopstvoom
Hence, we obtain that for I,, < I,,,

(1_W)(In—In)=<u3+V7+M2_1>(In_1n—1)v”:172a3»"'v
p(ps +v) H1 o p3t+Vo 1

from which one can see that {I1]) holds, if and only if,

vy M3 +v oy 2
> +=
pa(ps +v) M1 op3 Vo

~1, (4.13)

which is equivalent to [@I2). Then, by the monotonicity and (X)), we can prove that [, | < I, < I, < I,_1, n =
2,3,---, and the three sequences {1,152, {S,,}°2, and {R, }72, are strongly monotonically increasing and converge
to I*, S* and R*, respectively, and the three sequences {I,}°2,, {5,152, and {R,}52, are strongly monotonically
decreasing and converge to I*, S* and R*, respectively, as n tends to 4+00. Moreover, we have

lim I, =I* <liminf I(t) <limsup I(t) < lim I, =TI*,
t—+oo t—+oo

n—4oo n—+4oo
. _ * < i . <1 < . o _ ik

i Sn =87 < il S < mawp §1) < g 5 =5 (414)
lim R, = R* <liminf R(¢) < limsup R(¢) < lim R, = R",

n—+00 t—+00 t—s+o00 n—+00

and
vy
pa(ps +v)

~i

* +v * + b
( > +<“3 1 +“2—1)I R _2
H1 o p3+V 241 5 H1 (415)
(1_ vy >I*+<u3+v g +u2_1)1—*+u2+v:b.
i (ps +v) poopstvo o p B
We thus obtain ( )

(f*_p):(lwv+u2_ >([_*_[*)_
M1 p3 Vo



By the condition ([IJ), we obtain [* = I* = I*, from which by (LJ) and @3), we can derive S* = S* = S* and
R*=R"=R". O
Proof of Theorem By Lemma B if Ry > 1, there exists a unique virus equilibrium E*. Here the condition
12 is equivalent to

(2p1 — p2 = 27)v > {7y — (2p1 — p2) i (4.16)
The conditions (LI0) and (CIT) in Theorem satisfy (I0) and if 247 — p2 < ~, then @IG) does not holds. Thus,
by Lemma[Z4] we obtain the second part of Theorem [[2] that is, under the conditions (IL.I0) and (TIII), £* is globally
asymptotically stable for any 7 > 0. For the case 1 = po = ps = p, the conditions (LI0) and (LII)) have the form

2 <, (4.17)
and
w—="
v < p<2y, and 5 <v <, (4.18)
v —
, respectively, from which we can conclude the remaining part of this theorem. O

5 Stability analysis by Lyapunov functional techniques for Ry, > 1

In this section, we consider the global stability of the virus equilibrium of system (IZ3]) by Lyapunov functional techniques
for Ry > 1 (cf. Ren et al. [[9 Proof of Theorem 3.3]).
By introducing the variables

a(t) = S(t) =57, y(t) = I(t) = I", 2(t) = R(t) - R", (5.1)
system ([[3)) is centered at the virus equilibrium E* and is rewritten as

& =—pax— Blfe e — ST e Tyt — 1) +vz(t — T2),
y=pIe " a + BSTe M y(t — 1) — (p2 + )y, (5.2)
=y — (3 +v)z.

Proof of Theorem Let us introduce the following function:

_|_ 2 2+ 2
V(a:,y,z):w(x 2y) + ¥ 2Z, (5.3)

where w > 0 is a real constant. The derivative of V' along the solutions of system (G2 is

Vv, y,2) =w(@+y)(E+9) +yy+ 22
=w(@+y{—mz+ vzt —72) = (n2 + )y}
+y{Bre™ M a + BS e y(t — 1) — (2 + Yy} + 2{vy — (k3 +v)z}
= —wma? — (W + 1) (u2 +7)y* — (3 +v)2?
—{w(p +p2 +7) — BIMe™ " hay + yyz
+ wryz(t — ) + ST e M T yy(t — 1) + wrzz(t — T2).

5[*()*#171

Now, set w(p1 + pe +v) — fI*e™#1™ =0, that is, w = PrEETPE—

Then, by the equation 8S*e ™1™ = py + 7, we have

V(w,y,2) = —wma® — (w+1)(u2 +7)y° — (ns +v)2* +yyz
+ wryz(t — 12) + (po + ¥)yy(t — 1) + wrvzz(t — 72).

This plus Cauchy-Schwartz inequality yields

’ 2 2
V(2,y,2) < —wpma® = (0 +1)(p2 +7)y* = (ns +v)2* + W
wrfy’ +2°(t =)} | (e + DY+t =)} | wr{e® 4 2(t — )}
+ > + 5 i :

v wr 4y p2
:—W<M1—2>3«"2—{(W+1)(/~t2+7)— 5 3 }y2

wv +
- <,u3 +v— ;>z2 + 722@ —T2) + %yQ(t — 7).

10



We choose the Lyapunov functional of the form
t t
Vi(z,y,2) = V(x,y,2) + %/ 22(0)d6 + MTM/ y2(0)do.
t—7o t—71

Therefore,

Vil@,y,2) = Vg, 2) + 522 = 2t =)} + B {y? =t —m)}

1 1 +
Sw@l2u)x2{<w+1><ﬂ2+v>2(w+v>“22”}y2
1 1
()t st P2
1\, 1 ) 11 )
=—w{m = gr et =@+ Dz +7) = Slov+7) = (n2+9) (y" = (Hs +v =57 = Juv )z
_ w@um—v) 5 w@uet2y—v)—y 5, (Cust+2—7) —wr ,
= — z° — y° - z°.
2 2 2
By @A), 21 — v > 0, and further if
w2p2 +2y—v)—v>0, and 2u3 +2v — vy —wr > 0, (5.4)

then Vi (x,y,z) < 0. By Lemma and Lyapunov-LaSalle asymptotic stability theorem, we derive lim,_, 1 z(t) = 0,
limy_, 400 y(t) = 0 and lim, 4 o 2(¢) = 0.

Assume that 2uz — v > 0. If w <2, then 23 + 2v — v —wv = 2u3 — v + (2 — w)v > 0. Hence the condition (&3]
has the form v < % If w> 2, then v < min(2“}(”2:'7)_77 25':27). Thus, if

V<—2w(,ug—|—7)—w ifw<2
w ) — ) (55)
V<min<2w(uz+7)_7,2ug_7>, if w> 2,
w w—2

then (B4 is satisfied. Moreover, it holds that

2w(p2 +7) =7 = w{2(p2 +7) =} — v

w—2 M 11 (w — 2)
Hence, if (LI4) holds, the inequalities (&4 hold, too. If pu; = ps = puz = p, the condition ([LI4) coincides (LIH). O

w w
2us =y 24 (2p3 —)/m —w

6 Numerical examples

In this section, we use Matlab to investigate our results by plotting the solutions (S(t),I(t), R(t)) for some initial
conditions.

The first example shows that R(t) becomes negative at some ¢ > 0. Therefore there are cases that system (LIl does
not generate a positive solution (see Lemma A.1 in Appendix).

Example 6.1. By takingb=4, 8=1,v=12,v=2, uyy =1, us = 1.5, pu3 = 1, 74 = 0.5, 72 = 1.5 for ([l), we obtain
Figure [ indicating R(t) becomes negative for some ¢ > 0.

Example illustrates a case where Ry < 1 for Theorem [Tl

Example 6.2. We take b =5, § =1, v =12, v =2, uy =1, uo = 1.5, u3 = 1, m; = 0.5, o = 1.5. Then,
Ry = 0.8664724 ... < 1 and by Theorem [Tl the virus-free equilibrium E° = (5,0,0) is globally asymptotically stable
(see Figure 2.

Next, in Examples and [64], we investigate the sufficient conditions in Theorem under which E* is globallly
asymptotically stable.

Example 6.3. We take b = 17, 8 = 1.2, v = 08, v = 1.5, uyy = pug = p3 = 1.2, m; = 1.0 and » = 1.5. We
have Ro = 1.8964--- > 1,0 < v = 1.5 < p+ 225020 = 19701+ and 50 = 02777+ < w = 0.3546--- <
MJZQ’Y = 0.3571---. In this case, the first part of (LIH) is satisfied. Thus, by Theorem [[3 the virus equilibrium
E* = (S*,I*,R*) = (7.4702--- ,3.8265--- ,2.8698 - - - ) is globally asymptotically stable (see Figure B]).

11
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Figure 1: The graphs of S(t), I(t) and R(t) in Example Here R(t) becomes negative for some ¢ > 0.

S ’ 5.0

Figure 2: Phase portrait of system (3] for Ry < 1. By Theorem [l the virus-free equilibrium EY = (5,0,0) is globally
asymptotically stable.
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Figure 3: Phase portrait of system (3] for Ry > 1. Since the first part of (LI3)) is satisfied, by Theorem [[3] the virus
equilibrium E* = (7.4702--- ,3.8265---,2.8698 - - -) is globally asymptotically stable.

Figure 4: Phase portrait of system (3] for Ry > 1. For the case that the sufficient conditions (II4]) in Theorem
are not satisfied, it seems that the virus equilibrium E* = (7.4702---,4.1208--- ,2.0604 - - -) is globally asymptotically
stable.

Example 6.4. We take b = 17, § =12, v = 1.5, v = 1.5, uy = 1.2, ps = 1.2, u3 = 1.5, ; = 1.0, 7o = 1.5. Then,
Ry =1.8964--- > 1, w = 0.0381--- and it does not satisfy ([.I4) in Theorem However, Figure @l seems to show
that the virus equilibrium E* = (S*,I*, R*) = (7.4702--- ,4.1208 --- ,2.0604 - - - ) is globally asymptotically stable.

Finally, by Examples and [G.6] we investigate the asymptotic behavior of system (3] for the case that the
sufficient conditions in Theorems and are not satisfied.

Example 6.5. We take b = 17, § =12, v = 0.8, v = 1.5, u3 = 1.2, pus = 2.5, u3 = 1.2, ; = 1.0, 7o = 1.5. Then,
Ry = 1.2800--- > 1 and it does not satisfy 2u; — ps > 0 in Theorem However, Figure [ seems to show that the
virus equilibrium E* = (8*,I*, R*) = (11.0671--- ,1.0939--- ,8.2048 - - - ) is globally asymptotically stable.

Example 6.6. We take b = 17, § = 1.2, v =08, v = 2.1, u1 = pe = pu3 = 1, 1 = 1.0, o = 1.5. Then, Ry =
2.4208--- > 1, w =0.0495- - - and it does not satisfy %'y < g in Theorem [[3l However, Figure [ seems to show that the
virus equilibrium E* = (S*,I*, R*) = (7.0222--- ,4.6051--- ,5.3726 - - - ) is globally asymptotically stable.

We leave it as an open question to analyze the phenomena in Figures

13



Figure 5: Phase portrait of system ([3)) for Ry > 1 and the condition that 2p7 — ps > 0 does not hold. For the case
that the sufficient conditions (LI0) and (CII) in Theorem are not satisfied, it seems that the virus equilibrium
E* = (11.0671---,1.0939---,8.2048 - - ) is globally asymptotically stable.

7 Concluding remarks

By introducing a force of infection into the transmission SIR model, Ren et al. [[9 and Han and Tan [B] proposed SIRS
computer virus propagation models with delays. However, their models do not ensure positiveness of the solutions. We
have proposed a revised SIRS computer virus propagation model with delays.

The new system always has a positive solution. However there occurs a problem; we need some additional restrictions
on v > 0 and ~ for eventual boundedness property of solutions and the global stability.

For Ry < 1, we established the global asymptotic stability of the virus-free equilibrium (see Theorem [[T), and
for Ry > 1, we obtained the sufficient conditions of the global asymptotic stability of virus equilibrium by applying
monotone iterative techniques of Muroya et al. [I5] (see Theorem [[2)).

Moreover, for Ry > 1, v > 0 and 75 > 0, by applying the similar Lyapunov functional approach as by Ren
et al. [[9 Theorem 3.3], we also obtained another sufficient conditions for the global asymptotic stability of virus
equilibrium of ([L3) (see Theorem [[3J).

By applying monotone iterative techniques and Lyapunov functional techniques, we derived some answers on the
global dynamics of a computer virus propagation model, but there still remains many questions on computer virus
models. How to develop our results for such models will become one of our future research.
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Appendix
We consider the following model given in Ren et al. [I[9:
dfli ) =b—pSH)I(t—7)e "™ +vR(t —12) — pS(t),
MO _ ss(0)16 - e — (u+ 1) (4.1)
R( )

— yI(t) = vR(t — 75) — pR(D),
with the initial conditions

5(0) = 61(6) > 0, 1(6) = 62(6) > 0. R(6) = 65(6) > 0. 6 € [~7.,0], 2
7 = max (71, T2), with ¢1(0) > 0, ¢2(0) > 0, ¢3(0) >0 '

Lemma A.1 For (A.1), assume that Ry = % < 1. Then, there exist positive functions ¢2(6) and ¢3(0) in (A.2)

and positive constants W(0) and T such that

0 2 42
2(0) = 530) + (u+) [ oa0)an < “50.
@3(0) > ¢3(0) >0 for any . T2 <0 <0, (A.3)
P o /2W(0)
e M <M+5’ for v=v 53(0) >0,
and the solution R(t) in (A.1) has the form
R(TQ) < 0. (A4)

Proof. Assume Ry < 1 and suppose that (A.3) holds. Then we introduce the following functional:

W(t):I(;)er% " P (A.5)

t*‘l’l

Similar to (ZI8) in the proof of Theorem [Tl we obtain

1) < Vo, and D g 4y

dt
Since Ry < 1, W(t) is a monotone decreasing function of + > 0 and hence, I(t) < \/2W < /2W(0) for any t > 0.
From the third equation of (A.1) and the initial condition R(0) = ¢3(0), 0 [ 7’2, 0] in (A. 3) we have that
dR(t)

=vI(t) — ve3(t — 72) — pR(t)

<y v/2I0) — viés(0) — uR(t)

= —v¢3(0) — pR(t), for t € [0, 72].

dt
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Then, by the comparison theorem,

By the condition (A3) for 72 > 0, we obtain (A.4).
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