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Abstract. In this paper, we investigate a disease transmission model of SIRS type with latent period 7 > 0 and the
ko)
iterative techniques, we establish sufficient conditions for the global asymptotic stability of endemic equilibrium of system
which become partial answers to the open problem in [Hai-Feng Huo and Zhan-Ping Ma, Dynamics of a delayed epidemic
model with non-monotonic incidence rate, Commun. Nonlinear Sci. Numer. Simulat. 15 (2010), 459-468]. Moreover,
combining both monotone iterative techniques and the Lyapunov functional techniques to an SIR model by perturbation,

we derive another type of sufficient conditions for the global asymptotic stability of the endemic equilibrium.

specific nonmonotone incidence rate . For the basic reproduction number Ry > 1, applying monotone
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1 Introduction

Mathematical models which describe the dynamics of infectious diseases have recently played a crucial role in the
disease control in epidemiological aspect. Many authors have proposed various kinds of epidemic models to understand
the mechanism of disease transmission (see [IHJ] and references therein).

On the global asymptotic stability of an endemic equilibrium of endemic models with a non-monotonic incidence
rate, there are papers recently appears in the literature. Xiao and Ruan [f] first proposed a non-monotonic incident rate
Lﬁ%, where kI measure the infection force of the disease and ﬁ describes the psychological or inhibitory effect from
the behavioral change of the susceptible individuals when the number of infective individuals is very large. By applying
Dulac function, Xiao and Ruan [G] established that the endemic equilibrium of an SIRS model with this non-monotonic
incidence rate and no delays, is globally asymptotically stable.

Recently, for the following SIRS model with a non-monotonic incident rate with latency, Huo and Ma [] investigated
the existence of equilibria and global asymptotic stability of the disease-free equilibrium of system, permanence and
local stability of the endemic equilibrium of system, and conjectured with numerical simulations that there are cases

that the global stability of the endemic equilibrium can occur.
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where S(t), I(t) and R(t) denote the numbers of susceptible to the disease, infective and recovered individuals at time
t, respectively. b is the recruitment rate of the population, d is the natural death rate of the population. The positive
constant k and 7 is the average number of contacts per infective per day and latent period, respectively. pu is the
natural recovery rare of the infective individuals, 7y is the rate at which recovered individuals lose immunity and return

to the susceptible class, « is the parameter measures the psychological or inhibitory effect. We assume that the force
kexp (—=dr)S(t)I(t—1)

1+al?(t—T)
infectious at time 7 latter. The term 0 < exp (—d7) < 1 represents the survival of vector population in which the time
taken to become infectious is 7.

The initial conditions of system (L) take the form

{ S(0) = ¢1(0), 1(0) = d2(0), R(0) = ¢3(0),
Qj)l(e) >0, 0€ [_h70]a (bi(o) >0, ¢; € C([_h70]7R+0)> i=1,2,3,

of infection at any time ¢ is given by (see Capasso [), since those infected at time ¢t — 7 become

(1.2)

where Ryo = {z € R| x > 0}.

By the fundamental theory of functional differential equations, system (1) has a unique solution (S(t), I(t), R(t))
satisfying the initial conditions ([[2). It is easy to show that all solutions of system ([LT)) with the initial conditions (2]
are defined on [0, +00) and remain positive for all ¢ > 0. We see that system (L)) always has a disease-free equilibrium
Ey = (b/d,0,0). The basic reproduction number of system ([II)) is

_ bkexp (—dr)

Bo = d(d+ p) (1-3)
If Ry > 1, then system (I has a unique endemic equilibrium E, = (S*,I*, R*) (see Huo and Ma []), where
st =g{o-(arn- )} - ke (@) VB (1.4
d d+~ 2ad(d + p) d+y
and )
A = k2 exp (—2dr) (d +p— d”ﬁy) —dad?*(d+ p)*(1 — Ry). (1.5)

More recently, Yang and Xiao [@ extended the result of Xiao and Ruan [G to the incident rate of a specific form,
fﬂ%m, where p > 1. Stability of the disease-free equilibrium and existence, uniqueness and stability of an
endemic equilibrium for the model, were investigated. It was shown that if Ry < 1, then the disease-free equilibrium
is globally asymptotic stable, whereas if Ry > 1, then the unique endemic equilibrium is globally asymptotically stable
in the interior of the feasible region for the model for no latency, and periodic solutions can arise at a critical latency.
Some numerical simulations were provided to support their analytical conclusions. However, they showed no sufficient
conditions for the global stability of the endemic equilibrium of the model with latency, and when 1 < p < 2 and Ry > 1,
they also proposed a conjecture that the endemic equilibrium of the model is globally stable for all 7 > 0.

Therefore, it is important to study more carefully the global asymptotic stability of endemic equilibrium of system
([T, which corresponds to the case p = 2 and 8 = kexp(—dr). In this paper, for the basic reproduction number Ry > 1
of system (II]), applying both of new monotone iterative techniques which are improved versions of Xu and Ma [§] (see
also Xu and Ma [), and Lyapunov functional techniques in McCluskey [f], we obtain two types of sufficient conditions
for the global asymptotic stability of endemic equilibrium E, of system (I which is a partial answer to the open
problem in Huo and Ma [] and also Yang and Xiao [].

namely,

The first main theorem is established by applying new monotone iterative techniques (see Lemma B4l in Section B
such that the each lower and upper bounds for each S(t), I(t) and R(t) of system (LI for a sufficiently large ¢t > 0,
approach to an endemic steady state by simple conditions of contractive convergence for suitable monotone iterations

(sce @),
Theorem 1.1. Assume Ry > 1. Then, the endemic equilibrium E, = (S*,I*, R*) of system (1) exists. If

kexp(—dt)
(d+ p)ve

then, the endemic equilibrium E, = (S*,I*, R*) of system (L) is globally asymptotically stable in the interior of R3..

d+~ d+p
2 1 I} >1 1.
+2>Ry and . ( + kexp(—dT)a ) >1, (1.6)

We solve the open question for an example offered by Huo and Ma [ Example], because we can see that this example
(b=4,k=08,d=a=y=p=1and 1 < Ry = 1.6exp (—0.87) < 2) satisfied the condition (6] in Theorem [I1]



Let us consider two functions G(I) and h(I) of I such that

G(I) =L, 0<I<+oo, and
a 1.7
{ h(I):G?I): 7

14+al?, 0<1I< +oo,

and | = —= l_)e the local maximal point of G(I), where G'(I) = 0 and G(I) < G(I) = ﬁ for any 0 < I < +o00. For
any 0 < I <7, put .
G(I), if T<1,
G(I,I)= max G(I)=¢ GUI), if I<I<I, (1.8)
I<I<I (D), i i<l
and o ~ s L o ;
{ K(laI)ZI+ W%h(lvl)7 h(lal): G(Lf)’ (19)
K(I) =1+ optamy (),
and consider three constants 1, I and I 1 such that
< T <Timi
0<Ip < liminf I(2), -
B 3 b L b Lo 1.10
K(l,,L)=-——1,,K(,)=-— 1
(—07 1) d d+’7—0’ (—1) d d+7 1
and three constants a, o and ¢ such that
—14++/(c—1 3
godry _dwp o dEy (L dde o) ootV Do) (1.11)
u kexp(—dr) L k exp(—dr) 2
For (T1l), we note that
d
o= four = (o—1)(c+1), c>0-1>0, ifo>1. (1.12)
1

Then, the second main theorem is obtained by applying the best possible lower bound I* and upper bounds I* of I(t) for
a sufficiently large ¢ obtained by new monotone iterative techniques (see 28] in Theorem B2]) to Lyapunov functional
techniques to the SIR model by perturbation (see Lemma B4 and Section ).

Theorem 1.2. Assume that Ry > 1 and I* < I, and for three constants Iy, I and I, defined by ({I10), suppose that

Iy <I, <1, (1.13)
and consider three constants a, o and ¢ defined by (LI1).
i) If
o<1,
or (1.14)

o>1, and c¢>a(l*—1,) or ¢>(oc—1)+a(l—1TI%),

then the endemic equilibrium E, = (S*,I*, R*) of system (1) is globally asymptotically stable in the interior of R3.
ii) For the constants I* >0, I* < g and S* such that

o(d+7v)/d—~I*

I* <liminf I(t) < limsupI(t) < I*, S* = — 1.15
T Tt () < tﬁ+oop )= = (d4+7)+ kexp(—dr)G(I*) (1.15)
if
) .ol + 1) (1= al'T)
<4(d+ p)(d+v)S = , 1.16
VA NS R T o)) (116}
then the endemic equilibrium E, of system (L)) exists and is globally asymptotically stable.
In particular, if .
o>1, c¢<a(I*-1,) and c<(oc—1)+a(l—-1TI%), (1.17)
then the following I* and I* such that
_ —(c—1
Fer—C ad Tepyi=lo=b (1.18)
a a

satisfy (LI3).



In the case (LIT), we say that /* — £, and I* + % are the best possible lower bound I* and upper bounds I*
of I(t) for a sufficiently large ¢, respectively, in the meaning of (LIT)) obtained by new monotone iterative techniques in
this paper.

The organization of this paper is as follows. In Section[2] we give known results for system ([[LI]) by Huo and Ma [].
In Section Bl we offer new monotone iterative techniques to SIRS model ([[I)). In SectionH applying Lyapunov functional
techniques of McCluskey [, we establish another type of conditions of the global stability of endemic equilibrium E,
of system ([II)) for Ry > 1. In Section Bl we investigate two numerical examples. Finally, a brief discussion is offered in
Section

2 Preliminaries

In this section, we give the following known results obtained by Huo and Ma [].

Theorem 2.1. If Ry <1 (i.e. 7> 7*), then system (I1l) only has the disease-free equilibrium Ey and if Ry > 1 (i.e.
0 <7 <7*), then system (1) has a unique endemic equilibrium E,.

Theorem 2.2. If Ry < 1 (i.e. 7 > 7*), then the disease-free equilibrium Eq of system (L1 is globally asymptotically
stable. If Ry > 1 (i.e. 0 <71 < 7*), Ey becomes unstable.

Theorem 2.3. If Ry =1 (i.e. 7 =7"), then the disease-free equilibrium Eq of system (Il is globally attractive.
Theorem 2.4. If Ry > 1 (i.e. 0 <7 < 7*), then the endemic equilibrium E, of system (L)) is locally stable.

Theorem 2.5. If Ry > 1 (i.e. 0 <7 < 7*), then the disease of system [I1) is permanent.

3 Monotone iterative techniques for Ry > 1

In this section, for Ry > 1, we improve the monotone iterative techniques offered by Xu and Ma [8 Theorem 3.1] for
system (II)). For any solutions (S(t), I(t), R(t)) of (ILT]) with initial conditions ([[2]), by Theorem 21 there exist positive
constants v; (i = 1,2,3) such that
liminf S(t) = S > vy, lim inf I(t) =1> v, lim inf R(t) =R > v,
t——400 t——+o0 t—+o0
lim sup S(t) = § < - b b 3.1)
imsu = -, =, 2.
t~>+oop T d st d t—too d
From (), it follows that N'(t) = b—dN(t) for N(t) = S(t)+I(t)+ R(t), and we obtain lim;_, y o N(t) = 4. Therefore,
hereafter, we may restrict our attention to the case that

S(t)+I(t)+ R(t) = g, for any t > 0. (3.2)

Then, we have the following lemma.

Lemma 3.1.
—R>o. (3.3)

=
~

—1— >0, and

[SHES
ISHES

Proof. Suppose that 2 — I — R <0. Then, by BI)), there is a sequence {t,,}22; such that lilf I(t,) = I. Since
n—-+oo
liminf R(t,) > R, by B32), we have that

n—-+oo
0 < limsup S(t,) < b_ liminf I(¢,) — liminf R(t,) < b —I-R< 0,
n—s+o0 d n—otoo n—+o0 d
which is a contradiction. Thus, we have g I R >0. Similarly, we can prove that g —1- R >0 O
Lemma 3.2.
0>b—dS — kexp(—dr)SG(LI) + (5 —5 1),
0> kexp(—dr) (4 —1 - R)G(I) — (d+ )L, (3.4)



and
0 <b—dS —kexp(—dr)SG(I) + (2 — 5 1),
0 < kexp(—dr)(4 — I - R)G(L ) — (d+m], (3.5)
0<ul —(d+)R.

Proof. First, we assume that I(t) is eventually monotone decreasing for ¢ > 0. Then, by Theorem [Z1] there exists
lim;_, {00 I(t) = I = I > 0. Then, by the third equation of (I, we obtain that there exists lim; , R(t) = R = R > 0.
Then by the first equation of ([LI)), we obtain that there exists lim;, ;oo S(t) = S =S > 0. Since the endemic equilibrium

= (S*,I*, R*) is unique, we have that S* = S = S, I* = I=Tand R* =R=R. Thus, by ([4]), we obtain B3)).
Second7 we assume that I(¢) is not eventually monotone decreasing for ¢ > 0. Then, there exists a sequence {t,}52,

such that limy_ 4 o0 I’ (tn) > 0 and limy_y 4 I(t,) = I. Then, by @), it follows that

. b . o b 2
lirﬁigf S(tn) < 5 = lim I(ty) —liminf R(t,) < & — 1 - &,
from which we can obtain ([BH]). Similar to the above discussion, we can obtain (B4]). O

Hereafter, for simplicity, we assume that I* < I. Then, we easily obtain the following lemma.

Lemma 3.3.

. b(142) — I . . . .
5> S 2l L L JUNG SRR N S (3.6)
(d+7) + kexp(—dr)G(I, 1) kexp(—dr) d d+vy d+r
and
A b]_ Xy j A _ A 2 ~ A A
§< Utg) =0l p, ddn gt e M (3.7)
(d+7) + kexp(—dr)G(I) k exp(—dr) d d+~v d+~y

We now first take a initial value I, = 0 or more appropriate I, such that

0 < I, <liminfI(¢), (3.8)

t——+oo

and consider the following six sequences S,,, I,, R, S,,, I,, and R, (n =1,2,---) as follows (cf. Xu and Ma & (3.3)]).

u

K, 1 dn) =~ — 7L, 1,
(—n 1 TL) d d+'y 1 (39)
b [T
K(I :*—7177 :172a R
and _
g — bdty)/d—vlh L, _ _#
" (d+7) + kexp(—dT)G(L,,I,)" 7" d+y" (3.10)
< bd+7)/d =L, R — k7
"(d+) +hexp(—dn)G(L, )" " A+
Then, by Lemma B3] @) and (), we have that
I, <liminf I(¢t) < limsupI(¢) < I;. (3.11)

t—+oo t—+00

Lemma 3.4. For the sequences {I,}52 1, {1,152, {S,}22,, {S,}32, defined by () and (ZI0), assume I, < I.
Then, (LZ3) holds true, if and only if,

ko d+p Fl(lm_jl)_h(ll)
d+ 7 kexp(—dr) L -1, '

(3.12)



In this case, the three sequences {1, }7° 1, {S,, }n21 and {R,, }7° are strictly monotone increasing sequences and converge
to I", S* and R", respectively and the three sequences {In}52 1, {Sn}nzy and {R,}5%, are strictly monotone decreasing
sequences and converge to I*, S* and R*, respectively, as n tends to +00 satisfying

. — * <1 . <1 . < . 7 _ Tk

lim I, =1"< ltlglﬁgjl(t) <limsup I(t) < ngr}rlooln I~

n—+oo

t—+o0
. _ * < . . < . < . o — )
wi P Sn =8 < ipl 80) < meup (1) < Lim,_8n =57, (313)
lim R, =R" <liminf R(t) <limsup R(¢) < lim R, = R",
n—-+oo t——+o0 t— 400 n—-+oo
and B it B B ,
I" + ml + kexp(—dT)h(l )= (3.14)
and
d+ h(I*,I*)—=h(I*) _ ok T
L+ kexp(ﬁdT) I*—1I* - #a Zf I" <I~.
Moreover, assume that there exist two constants I < I such that
I <liminf I(t) < I* <limsupI(t) < I,
t——+oo t—+4oo
B d+p  h(Z1I)—h(I)
d+r~ k exp(—dr) I-1
and
I<I"<I*<I*<I, (3.15)
_ d - - b
reaCa T =g T
eXp —aT '}/ - * _ Tk T
and mmply I =1F=1T*.
* d+p * b nooF
I e == - —J"
£t k exp(—dr) (L) d d+~v

Then, the endemic equilibrium E, = (S*,I*, R*) of system (1) is globally asymptotically stable in the interior of R3.
In particular, if (L8) holds, then both conditions (313) and (311) are satisfied.

Proof. By ([[3) and 3,

- d+up - - b w
L+ ———=hl, 1. In) = 5 — 1, 1,
+ kexp(—dr) (L1 1) d d+~y "t (3.16)
_|_d+7“( ):é_LI‘ n=1.2.3.---
= kexp(—dr) " d d+~y" U
from which we have that for I, < I,, and n =1,2,3,---,
d+:u B(ln—hjn) - h(ln) T M T
1 — I,—1)=—( I
< kexp(—dr) I,-1, (In = L) d+7( n= L)
Hence, we obtain that for I,, < I,,,
T
T o — antl _ T — .
=t TR T A AR (I =Lpa), =123, (8:17)
kexp(—dr) I,—1I,

from which one can see that ([LI3) holds, if and only if, (312) holds. Then, by the monotonicity and inductions in
@I4), we can prove that I, ; < I, < I, < I,_1,n=2,3,---, @I3) and @I4) hold. Moreover, suppose that (EI3)
holds. Then, by I* < I and @I7), we obtain I* = I* = I*, from which we have $* = §* = §* and R* = R* = R*.
Hence, from (B8) and B7), E. is globally asymptotically stable in the interior of R3.

In particular, assume that (G) holds. By the first equation of BI4), we have that

kexp(—dr)
d+p

If I* > I, then, by (LX), (CJ) and the first equation of (L8, we have that

"+ h(I", I") = Ry d+p d+v" =

k exp(—dr)

1 < k exp(—dr) 7+ 1
d+p

Rexp(odr) . | I" +—— > Ry.
d+p G(I) d+p G(I)




which is a contradiction. Therefore, the first equation of (L) implies I* < I. Then, h(L,I) = h(I) = 1+ al? for any
0<I<I<I, and

MLD =MD _ (+al)=(4al’) o0

-1 -1
Then, by the second equation of [I@l), both conditions BI2) and BIH) are satisfied. Hence, we obtain the conclusion
of this lemma. O
Proof of Theorem [[LT] By Lemma [3.4] we can immediately obtain the conclusion of Theorem [T} O

~ Now, assume that Ry > 1 and consider the solutions /™ and I* of 3Id) in Lemma B4 Put [ = I* — € and
I* = I + k. Then, we need the following restriction:

0<e<I*—1I, and 0<rk<I —1I" (3.18)
Lemma 3.5. Assume Ry > 1. Then, under (Z13), there is a unique solution (I*, I*) of (3.14) in Lemma[37) such that
! o<1, (3.19)
or B
o>1, c<a(I*—1I,) orc<(oc—1)+a(lL —I"), (3.20)
then -
=1 =T, (3.21)
otherwise,
=1 — 2 and I* = I* + %‘L—U) (3.22)

Proof. First, assume that I* < I. By @Id), (L) and I* 4+ s < I, we have that

I — " = —1{1 1 =2
( —I—n)+d+7( €)+kexp(—d7){ + a(I* + K)%} =
I~ — — —{1 I — =2
=t gy Ut papran T ol — 9 =5 (3.23)
and
L+ repeaye{2l + (5 — e} = g5, if e+5>0.
Then, by () and [CII), B23) becomes
7di7(—e+an+aﬁ2):0, div(n—oe+ae2):0.

Thus,
k+e=0, or
octalk—¢)=1, if k+e>0,

from which we have e = k = 0, or kK = € + =2 if € > 0, respectively. Suppose that € > 0. Then, by & — g€ + ae = 0, it

a

follows that a?¢® + a(1 — o)e + (1 — o) = 0. Hence, we obtain that o > 1, e = < and k = %:U) > 0.
Second, we suppose that I* > I. Then, we have that %m — ﬁf) < 0 and by (CI) and BI4),
2

* * d+pu * T%] _ b
(I + 8) + 5 (I = ) + papian {1+ ol +n)2}+a(G21(f)—ﬁ)I]_g7

(I" =& + g (I +8) + pogtan {1+ all" = 9%} = 4,

xp(—dr 3.24
and if e+ x>0, then ( )
d+ * d+ 1 1 \F* _
I+ raptan o2 + (v — O} + gl g, — @)l = a5
Then, by G;( i % < 0, similar to the above discussion, we can derive that for B24), I[* > I* — g and I* <
I* + @, from which we can conclude that there exist the same two solutions that e = x =0, or ¢ > 1, ¢ = £ and
= c+(1-0) )

a
Next, we investigate the restriction BI8). If o < 1 then c is not a real number. Thus, we only have ¢ = k = 0 and

we only have the solution I* = I* = I*. If (320) holds, then

1— _
etl=0) 7

I*ZI*—E<10, or I*=1TI"+
a



Since by the monotone convergence of the sequences {I,,}°, {I,}°, to I* and I*, respectively, in Lemma B4 this
is a contradiction if € > 0. Thus, we conclude that under the restriction ([BIJ), there is only solution I* = [* = I*.
Suppose that o > 1 and [B20)) is not satisfied. Then, by Lemma Bl we conclude that (322]) holds. Hence, we complete
the proof of this lemma. O

By Lemmas B.4] and B3] we can obtain the following two theorems.

Theorem 3.1. Assume that Ry > 1, I* < I and for (II0) and suppose that (II3) and {T.13) hold. Then, the endemic
equilibrium E, = (S*,I*, R*) of system (L) is globally asymptotically stable in the interior of R

Theorem 3.2. Assume that Ry > 1 and I* < I and for {ILI0), suppose that (II13) and (I17) hold. Then, for {3:.14),
it holds that ~
l* — I* _c I* — I* + C—(Z—l)

a’

o oldey/d=nT" G oldty)/d—l”
8= () T expl—dn) G 5" = @R ew(—anaT (325)
B =gl R =350l

4 Lyapunov functional techniques for Ry > 1

In this section, we establish another conditions of the global stability of the endemic equilibrium E, of system (Tl by
Lyapunov functional techniques. We here note that the first and second equations of system ([LI]) do not depend on the
third equation, and the limit set of (II)) is on the plane S + I + R = b/d. Hence, the dynamics of system () in € is
equivalent to the following reduced system.

450 5 Gs) — ks(OGUI(t - 7)) - I(0).
d fl(tt) (4.1)
=2 = kSOGUI(E—7) — (d+ wI(2),
with the initial conditions
S(0) = ¢1(0), 1(0) = 62(0), 4:(0) >0, 0 € [~h,0], 6:(0) >0, ;€ C([~h,0},Ryp), i =12, )

where b=b+~y, d=d+~, k = kexp (—dr).

In this section, for the case Ry > 1, we offer sufficient conditions for the endemic equilibrium Q. = (S*,I*) of the
reduced system (ZJ) to be globally asymptotically stable. We recall that by Theorem [ZT] the existence of the endemic
equilibrium @, of this system is guaranteed for the case Ry > 1.

For preparations, we need some lemmas. Put

_ S _ 1) _It-7) _ GU({) _GU({t—T))
Ty = g Yt = I Yt,r = I = G(I7) ) Zt,‘r—w (4.3)
and g(x) =2 —1—Inx > g(1) = 0.
Lemma 4.1. For allt > 0, it holds that
o) = 90 = 7 (GU0) - G G5~ 7 ) (1.4
Proof. First, by [@3), we have that
1 *
=1 =G {GI(1) - GI)} (4.5)
and
_I®t)  GU®) _ GU®) (1) I
R i 1y L (o oy ke ) (9
Then, we immediately obtain
(o= D~ ) = g s (OT0) = G (i = 75 ) (4.7



Moreover, by ¢"(z) = &% > 0 for 2 > 0 and {@3), one can obtain that

9ye) —g9(z) > g'(2)(ye — 1)

(s

= Z%(Zt - 1)(yt — 2)

au) cu) N O
= Guw) rau CUE) -6 ”(G(I@)) G(I*))

1 I(t) I
= — I -G — 4.
60 - 6 G - air (1)
Hence, we get the conclusion of Lemma 1] O
Lemma 4.2. G(I) = 1—5—# is a unimodal function of I > 0 and it holds that
SE SR L O SNy Sy Sy R (4.9)
G~ G - - |
and ) I
{G(I) -G} -T") = _° (I —1%)% (4.10)

(14 al?)(14 a(I*)?)

Proof. Since G'(I) = ﬁ, G(I) is a unimodal function of I > 0. The remained part of this lemma is proved by

simple calculations. O

We now claim the following lemma which plays a crucial role to obtain Theorem

Lemma 4.3. It holds that
1— al(t)I*
(14 al?@)(1+ a(l*)?)
Assume that for (@3), it holds (Z18). Moreover, suppose that (I.1%) holds for (I10), and I* < I* for (313). If
1

0<a< T c_(‘;_l))I*, (4.12)

9(ye) = g9(z¢) 2 a(I(t) + I")I" (ye —1)% (4.11)

then for any sufficiently large t > 0,
1—al(t)[* > 0. (4.13)

Proof. By Lemmas Bl and 2] we obtain (@II). If (II7) and I* < I* hold, then for {@IZ), it holds that

1 —(c—-1
1—a(I(t)I*) > 1— . <1*+c(”)> I =0,
(I* + Cf(zf ))I* a
for any sufficiently large ¢ > 0. Hence, we complete the proof of this lemma. O

Now, by applying the best possible lower bound I and upper bounds I* of I(t) for a sufficiently large ¢ obtained by new
monotone techniques (see [B28]) in Theorem B2l which may be not convergent to I*) to Lyapunov techniques established
by McCluskey [B Proof of Theorem 4.1], we are in a position to prove the global asymptotic stability of the endemic
equilibrium F, for Ry > 1.

Proof of Theorem

i) By Theorem 3.1, it is evident.

ii) Now, assume ([LT6l). Let us consider the following Lyapunov functional (cf. McCluskey [B Theorem 4.1]).
1 I*

- %G(I*)US(t) T isan

Ur(t) + Uy (1), (4.14)

where




We now show that d({igt) < 0. First, we calculate 7dU5t(t).

dUs(t) _ 1 1
a S

S* - . 5
- )b s~ kswaut - ) 1)

Substituting b = dS* + kS*G(I*) + vI* gives

L0 - D {ci<S* - 5(0) + S"G(Y) — OG- 7)) 41"~ 1)}
~ a1 ) (1 - ) (=) + 25 (1= 2 ) 0=, (415)
We secondly calculate 21,

Uity I(t)—T* ;

& = i RSOGUE—7) ~ [+ I}

Substituting (d + p)I* = kS*G(I*) gives

o _ 1 Izt)f : {;;s<t>c<f(t_ kS* )
_ kS*G(I7) I* S(t)G(I(t—T) t)
- T (1-50) (*sar I>
_ kS ﬁ(f ) (1 - ;t)(xtzt,r — ). (4.16)
Next, calculatlng ( ) gives as follows.
dU.(t)  (GI(t)) GUt—7))\ _
;t —g( G(I") ) _g(G(I*)) =g(2) — 9(2t,7)- (4.17)

Since it follows that

(1= 2 ) @+ (1 2 (e =)+ {alen) — o)

Yt
Ttzt,r
= (1 — — — TtZtr +Zt7'> + (xtzt,r - y — Yt +1> +{z — 2 —Inz +1Inz }
t
= (—1—lnxt> — (W—l—lnwm> —(ye—1—Iny)+ (2 — 1 —1nz)
T Yt Yt

o (2)+o (222} - tot) - st
by combining [EI5)-EIT) and Lemma 3, we obtain
d[fzit) - _kgf;*) (1 N xlt>2 N ksvcl:( ") (1 N :zi) (=)
( - ;) (1—z4207) (1 - ;) (@ezer — ye) +{9(z) — 9(2,7)}
k(ix; (1 ) e ) (1 - :zi) (=)= {g ( ) (WH) ~ ol
5 i

1
dmt 1 1 a(l(t)+I)I*{1 —al(t)[*} Te2tr
1-— 1’) ]{;S G *) 1—:[) (yt_l)_ (1_’_&1—2( ))(1+a([*)2) (yt_l) g(%)
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Figure 1: A graph trajectory of I, ; and I,, forn>1(0=1,— I; — I, — ---) of [@I0) for the case ([E3).
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051

Or 2 4 6 8 10

Figure 2: A graph trajectory of S(t), I(t) and R(t) of (L) for the case [B3).

Since it follows from (ICI6) and the relation kS*G(I*) = (d + p)I* that
( NI )2 . dry  o(I(t) + I)I*{1 - oI()I"}
lS*G(I*) EG(I)  (L+al?(t)(1+a(l*)?)

( I )2 2 4isee ES*GI*) a(I(t) +I'){1 —al(t)I*}
wsau) ) T (I+alP@) I+ oI

( 1 )2{72_4(d+u)(d+7)5(t)'

a(I(t) + I*){1 — aI(t)I*}
PR }<0’

(14 al2(6)(1+ a(I*)?)

for any sufficiently large ¢ > 0, we obtain %ﬁt) < 0. By Theorem [Z7] solutions of system (I limit to M, the largest
invariant subset of {d[ilgt) = 0}. Since dl{lgt) =0 holds if z; =1, y» = 1 and w42+ /y: = 1 or equivalently, if S(¢) = S*
and I(t) = I'*. Therefore, M consists only the endemic equilibrium @, of (ZI]). It follows from the permanence result in
Theorem and LaSalle’s invariance principle that Q. is globally asymptotically stable. This corresponds to the proof

of the main part of i) in Theorem [[2] and the last part of Theorem is evident by Theorem O

(4.18)

5 Numerical Examples

In this section, we provide two numerical examples which is applicable to one of Theorems [[.T] and Set

_ kexp(—dr) _d+y d+p <)
fl—m-i-?—Roy f2—7u (1+kexp(d7')]> 1, (5-1)

and
a(l* +I*)(1 — al*I¥) 9
(14 a(I)2)(1 + a(I*)?)

fs =4(d+p)(d+7)S"
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Figure 3: A graph trajectory of I,,_; and I,, forn>1 (0=1,— Iy — I, — ---) of @I8) for the case ([E4).
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Figure 4: A graph trajectory of S(t), I(t) and R(t) of (II) for the case (E4).

If f1 > 0 and fo > 0, then the condition (LGl in Theorems [Tl holds true and if I* < I and f3 > 0, then the condition
([I6) in Theorem holds true.
First, consider an example of (IIl) with

b=4, k=6, a=01,d=vy=p=1, and 7 =1, (5.3)

and consider (CIO) with I, = 0. Then, I; < b/d = 4. For this case, we obtain that Ry = 4.4145--- > 1 and
B, = (12178 - ,1.8547--- ,0.9273---). Then, it holds that f; = 1.0754--- > 0, fo = 4.3612- - > 0. By Theorem [
we obtain that the endemic equilibrium E, of system (L)) is globally asymptotically stable. Figure [[]indicates that the
both sequences {I,,},;:>5 and {I,}> defined by @), converge to I* for the case ([E3). Figures B shows us a graph
trajectory of S(t), I(t) and R(t) of (I for the case [E3)) which indicates that the endemic equilibrium E, of system
([T is globally asymptotically stable for the case ([&3)).

Second, we give an another example of ([T with

b=4, k=9 a=02 d=v=p=1, and 7 = 1. (5.4)

For this case, Ry = 6.6218--- > 1 and E, = (1.0662---,1.9558--,0.9779---) with I* < [ = 2.2360, but f, =
—0.9201--- <0, fo = 3.3629--- > 0. If we chose that I* = I, = 0 and [* = b/d = 4, then 1 — alpI* < —0.5646--- < 0.
Thus, the conditions in Theorems [T and (LI0) in Theorem are not satisfied. On the other hand, by monotone
iterations ([B3), we use that I* = I, = 1.9552--- and I* = I, = 1.9568 - - -, from which we obtain 1—alI* = 0.2345--- >
0 and f3 > 0.0039--- > 0. Therefore, by applying Theorem [[.2] we obtain that the endemic equilibrium F, of system
([T is globally asymptotically stable. Note that for the case (B4, Figure Blindicates that the both sequences {I,,};>5
and {I,,}:72 defined by ([B3), seems to converge numerically to I*, as n — oo. Figures ll shows us a graph trajectory of
S(t), I(t) and R(t) of () for the case (&) which indicates that the endemic equilibrium FE, of system () is globally
asymptotically stable for the case (G4)).
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6 Conclusion

In this paper, for the basic reproduction number Ry > 1 of system (LI]), applying both of new monotone iteration
techniques and Lyapunov functional techniques in McCluskey [], we establish two types of sufficient conditions for the
global asymptotic stability of endemic equilibrium F. of system (), one (see Theorem [[]) is obtained by a simple
conditions of contractive convergence for suitable monotone iterations (see [83)), and the other (Theorem [[2) is derived
by applying the best possible lower bound I* and upper bounds I* of I(t) for a sufficiently large ¢ which are obtained
by new monotone iterative techniques (see ([B25) in Theorem B2) to Lyapunov functional techniques to an SIR model
by perturbation (see Lemma B4 and Section ). Note that by the sake of Lemma B3] our monotone iterative techniques
become much improved one than that in Xu and Ma [§] (see also Xu and Ma [{]) which was applied to the saturated
incidence rate G(I) = ﬁ

Then, we have solved the conjecture to the example in Huo and Ma [H] that the endemic equilibrium of system ([II])
is globally asymptotically stable if Ry > 1, and also give partial answers to the open problem in Huo and Ma [4] and
also Yang and Xiao [9].
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