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Abstract. In this paper, we study the global dynamics of a delayed SIRS epidemic model for transmission of
disease with a class of nonlinear incidence rates of the form 35(t) fo I(t — 7))dr. Applying Lyapunov functional
techniques in the recent paper [Y. Nakata, Y. Enatsu and Y. Muroya On the global stability of an SIRS epidemic
model with distributed delays, accepted], we establish sufficient conditions of the rate of immunity loss for the global
asymptotic stability of an endemic equilibrium for the model. In particular, we offer a unified construction of Lyapunov
functionals for both cases of Ry < 1 and Ry > 1, where Ry is the basic reproduction number.
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1 Introduction

In order to understand epidemiological patterns and control communicable diseases, we have obtained qualitative results
of stability analyses of epidemic models (see [IH23] and the references therein).

Mena Lorcat and Hethcote [IT] formulated SIRS (Susceptible - Infected - Recovered - Susceptible) epidemic models,
which were initially applied to fit data for infectious diseases as regulators of laboratory population of mice.

In order to investigate the effect of the impermanent immunity of vector-borne diseases, many authors have now
carried out stability analysis of the equilibria for delayed SIRS epidemic models [I6RTH23].

Recently, Nakata et al. [I6] studied the following SIRS epidemic model with a bilinear incidence rate and distributed
delays,

%@:B uS(t) - 55(1) /f I1(t — 7)dr + SR(),
O _ s /f It = 7)dr — (I, (D)
) — 10) ~ (u+ D)RO)

S(t), I(t) and R(t) denote the fractions of susceptible, infective and recovered individuals at time ¢, respectively.
The positive constant B represents the birth rate of the population and the positive constant ;o represents the death
rate of susceptible, infected and recovered individuals. The positive constant  represents the recovery rate of infectives
and the nonnegative constant § denotes the rate at which recovered individuals lose immunity and return to susceptible
class. The positive constant [ is the contact rate between susceptible and infective individuals and & is a superior limit
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of incubation times. The incubation period distribution f(7), which denotes the fraction of vector population in which
the time taken to become infectious is 7, is assumed to be continuous on [0, k] satistying foh f(r)dr =1 and f(r) >0

for 0 <7 < h (see, e.g., MEAMD).

By applying Lyapunov functional techniques which is an extension of those in McCluskey [[2[I3] and the property
that the total population of the system ([I)) converges to a positive constant, Nakata et al. [I6] established that if
1<Ry<1+ %, then a unique endemic equilibrium of system (1) is globally asymptotically stable for any § > 0,

where Ro =
0<o6<

(ﬁ f,y) is the basic reproduction number of system ([[I]). Otherwise, they offered sufficient conditions
- such that the endemic equilibrium is globally asymptotically stable.

1+li

On the other hand, in modeling of those communicable diseases, nonlinear incidence rates have played a vital role in
ensuring that the model can give a reasonable qualitative description for the disease dynamics such as cholera epidemic
spread in Bari in 1973 (see, e.g., Capasso and Serio [3]).

Based on their idea, Xu and Ma [0 investigated the global dynamics for a delayed SIRS epidemic model with a
saturated incidence rate %((tt;? and established the global stability of the disease-free equilibrium and a sufficient
condition under which the endemic equilibrium is globally asymptotically stable by applying monotone iterative tech-
niques on a limit system obtained from the fact that the total population N(t) = S(¢) + I(t) + R(t) converges to a
positive constant (see Xu and Ma [20] Theorem 3.1]).

In this paper, by using the key properties of Lyapunov functional techniques in Nakata et al. [I8], we establish the
global asymptotic stability of a disease-free equilibrium and sufficient conditions of the rate of immunity loss for the
global asymptotic stability of an endemic equilibrium for the following SIRS epidemic models with a class of nonlinear
incidence rates and distributed delays:

dih(f) B — uiS(t) — BS(t / F(OGI(E = 7))dr + SR(E),
/ FGU(E — )T — (12 +)I(2), (1.2)
7_71() (3 + 0)R(t).

and offer a unified construction of the Lyapunov functionals for both cases that the basic reproduction number is less
than or equal and larger than 1.
The initial condition of system (L2 is given as follows.

5(0) = ¢1(0), () $2(0), R(0) = ¢3(0), (13)
¢i(0) >0, 6 € [—h,0], ¢;(0) >0, ¢; € C([-h,0],RT), i =1,2,3. '
For system ([Z), the positive constants pq, pe and ps satisfying p; < min{psg, s} represent the death rate of

susceptible, infected and recovered individuals, respectively. For the incidence function G, we assume the following.

(H1) G(I) is continuous and monotone increasing on [0, +00) with G(0) =

(H2) I/G(I) is monotone increasing on (0, +00) with Ihrﬁo(l/G(I)) =1
—

We note that G is Lipschitz continuous on [0, +00) satisfying 0 < G(I) < I for all I > 0. Under the hypotheses (H1)
and (H2), system (C2) always has a disease-free equilibrium E° = (S°, I°, R?), where S° = ;TEi and I = R’ = 0. In
addition, if Ry > 1, then system (2] has a unique endemic equilibrium E* = (S*,I*, R*), where S* > 0, I* > 0 and
R* > 0 (see Lemma 27)).

The basic reproduction number of system (2] becomes as follows.

8B

Ro=——""
0 pa (2 + )

(1.4)

uz%w denotes the average infection period and the relation that limy_, ;¢ w =38"=p3 ;731 implies that 3 % denotes
the number of new cases infected per unit time by one infective individual at an initial infection state. Thus, Ry denotes
the expected number of secondary infectious cases generated by one typical primary case in an entirely susceptible and
sufficiently large population.

If G(I) = I, then the incidence rate becomes a bilinear form, which is proposed in [23] for the case pu; = us = u > 0,
e = p+c >0, Where ¢ > 0 denotes the disease-related death rate and [IG] for the case p1 = p2 = puz = p > 0.
Moreover, if G(I) = 1747 + 7, then the incidence rate describes saturated effects of the prevalence of infectious diseases,
which is proposed in 0] for the case pu; = s = uz = p > 0.

Our main results are as follows.



Theorem 1.1. Let Ry > 1. If
w1 S* —dR* >0, (1.5)

then the endemic equilibrium E* of system ([IQ) is globally asymptotically stable. Moreover, {I3) holds if the following
conditions are satisfied.

0<6§ <+, for 1<RO§1+%,
0<§<6:= ROL, for R0>1—|—%. (1.6)
T+

In particular, for the case G(I) =1, then (IA) is equivalent to (I.4).
Theorem 1.2. If Ry < 1, then the disease-free equilibrium E° of system (L3A) is globally asymptotically stable.

To prove Theorems [T and [[2] for £ = (S,I,R) and N = S 4+ I + R, we define

Sg (52 + 1 (42) + 58G () 3 1) J} 9 (S ) dudr
L8 (RO-R? 5y {N(t)-N+£21L(R(t)-R)}?
¢ };YS 2 {v(uz—p1)+(p2—p1) (p1+p3+9)}1S 2 ’
if either < or <
UE(t) = L M1 < ph2 M1 < {43, (1.7)
Sg(s(t))—i—lg gl(t))—&—ﬁSG fo ft 9 ( )dudr
s (R)—R) s (N@®)—-N)?
+35 2 + 105 2 )
it pn = po = pa,
where
N(t)=S(t)+I(t)+ R(t), and g(z)=2z—1—Inz>g(1)=0. (1.8)

We offer a unified construction of Lyapunov functionals in the proofs of the global stability of the disease-free equilibrium
E° for Ry <1 and the endemic equilibrium E* for Ry > 1, respectively as follows (see Section H);

0 *
UF (1) = Jim UE(D), and UE' (1) i= lim UE(1).

By using the relation

lim xzg (y) =y, for any fixed y > 0,
r—40 xT

we obtain that, for N0 = S§% + 9 + RO = §0 and N* = §* + I* + R*,

S0 (S52) + 1(t) + BS° [y £(7) ;. G(I(w))dudr
L0 (R(t)—R°)? n 5y {(N(&)=N®)+ #2211 (R(t) - R)}?
7S50 2 {v(uz—p1)+(p2—p1)(p1+ps3+0)}+S° D) s
E° if either py <po or p < /Lg,
Us" (1) = 0, (51 oy
S0 (55) + 1(t) + BS° [y (7). G(I(w))dudr
R(t)—R°)? s N() NO
+W 2 ) + 4;”50( 2 ) ’
it pn = po = ps,

and

S*g(s(t))+1* ( )4—55* (I*) foh ft g (Gcgﬁu)))dudT

48 (R®—R")” v {(N(t)=N")+"2 5L (R(t) - R")}*
s 2 {V(pa—p1)+(p2—p1) (p1+ps+06)}S* 2 ’
Ul . (1) = if either 1 < pg or py < pas,
* S(t) * I(t) * * h
S*g +I*g (52 ) + BS*GI*) [, f ft .9 dudr
6 (R(t)—R*)* (N(H)=N*)?
+W 2 + 441 S* 2 )

it = p2 = ps.

The organization of this paper is as follows. In Section Bl some basic results are offered. In Section [3 we introduce
the essential ideas of Lyapunov functional technique in McCluskey [I2]. In Section H] we establish the global asymptotic
stability of the disease-free equilibrium EY and the endemic equilibrium E* of system ([[Z) for Ry < 1 and Ry > 1,
respectively. Finally, we offer a conclusion in Section



2 Basic results

In this section, we state some basic results of system ([L2). Let i = max{ua, 13}

Lemma 2.1. For system (I.3) with the initial condition (I3),

B B
limsup N(t) < —, liminf N(t) > —, (2.1)
t—+o00 1’ ttoo iz
Proof. It follows from system ([[2)) that
dN(t
V) _ B iiS(0) ~ ped (1) — msR(E) < B mN (D),
from which we obtain the first equation of Z1I). Similarly, from
dN(t
df ) > B — iN(t), (2.2)
we obtain the second equation of 2I). This completes the proof. O

Lemma 2.2. (Cf. Enatsu et al. [[]) If Ry > 1, then system (I3) has a unique endemic equilibrium E* = (8%, I*, R*)
satisfying the following equations.
B — p18* — 8S*G(I*) + 6R* =0,
BS*G(I*) = (p2 +7)I" =0, (2.3)
~I* — (us + 6)R* = 0.
Proof. From the second and the third equations of 23], the following equations hold.

(2 +)I* o I

S* = ) = . 2.4
BG(I*) ps + 0 (24)
After substituting ([24) into the first equation of (Z3]), we consider the following equation:
pa(pa + 7)1 vl
HIl)=B———F— — + )+ =0.

By the hypothesis (H2), H(I) is a strictly monotone decreasing function on (0, 400) satisfying

. o alpet) 1
[lim H(I) =B = —B<1 7 )= 0

and H(I) < 0 holds for all I > B/{pu2+~(1— H3+5)} Hence, there exists a unique positive I* > 0 such that H(I*) = 0.
By (Z4), we obtain the conclusion of this theorem. O

First, we prepare the following basic lemma.

Lemma 2.3. (Cf. Enatsu et al. [B]) Assume that I(s) < I* for any s such thatt —h <s <t. If I(t) < I(s) for any s
such that t —h < s <t then S(t) < S*. Inversely, if S(t) > S*, then there exists an s; € [t — h,t) such that I(t) > I(s;).

Proof. Assume that I(t) < I(s) < I* holds for any s such that ¢ —h < s < t. Then, by the monotonicity of G(I) in the
hypothesis (H2), we have
h
I = B0 [ HOGUE =)= u+ )0

> [ S BSOGUE— ) ~ 410 -7y b

_ GU(t—7)) _ _

= [0 {50 LD ()1 myar

h
G(I*
> [ {ﬁS(t) ) +7)} It - 7)dr
0

= BG( -5 / f(r)I(t—71)

Then, by I'(t) < 0, we hence obtain S(¢) < S*. The remaining part of the proof is evident. O

By applying Lemma [Z3] we now offer a simplified proof for the permanence of system (2] than that of Wang [I§]
(see also Xu and Ma [20]).



Lemma 2.4. If Ry > 1, then for any solution of system (ILA) with initial condition (I3), it holds that

B

Hminf S(t) > v = ———— >0,

t=oo #) = w p + BG(B/p)

liminf I(t) > va(q) := qG(I*)e~ H2+P@) ¢

t——+oo ~

. < _:

liminf R(t) > vs(q) : Tt 5v2(a) > 0,
where for any 0 < g < 1, p(q) > 0 is a constant such that

B
S* < 88 = 7(1—e7”)(‘7))7 and r=p + BgG(I"). (2.5)

Proof. Let (S(t),I(¢), R(t)) be any solution of system ([2) with initial condition (I3)). By Lemma 2] we have
limsup,_, | o, I(t) < B/py. Hence, for e > 0 sufficiently small, there is a T7 > 0 such that I(t) < B/u1 + € for t > T}.
Then, by the first equation of (L2), we derive

dS(t
% > B — {1 + BG(B/u + )}S(t),
which implies
lim inf S(t) b (2:6)

> .
e P\ 2 T BG (B + 0

Since ([24) holds for arbitrary € > 0, we get liminf;_,, S(t) = v;.

We now show that liminf; . I(t) > va(q) for any 0 < ¢ < 1. It follows from (Z3) that S* = #‘gf;) <
WE(I*) = % for any 0 < ¢ < 1. Thus, there exists a positive constant p(q) such that [Z3]) holds. We claim that it
is not possible that for any solution of system ([2), there exists a nonnegative constant to such that I(¢) < ¢G(I*) for
all t > to. Suppose on the contrary that there exists a nonnegative constant to such that I(¢t) < ¢G(I*) for all ¢ > t.
Then, by the hypothesis (H1), G(I(t)) < ¢G(I*) holds for all ¢ > ty. This yields

ds(t
% = B = (i +BaG(I")S(t) = B—rS(t) forall t =t +h,
which yields
B

1— —r(t—to)
)

t
S(t) > eT(ttO)(S(to) +B/ e“"%)de) >
to

for any t > to + h. Therefore, we have
B
r

for any ¢ > to + h + p(q). By the second part of Lemma 3 we obtain I'(t) > 0 and for any ¢ > to + h + p(g), there
exists an s; € [t — h,t) such that I(t) > I(s;). For a positive constant I = min, ,(q)<s<to+h+p(q) L(5), we then have

St)> =(1—e @) = g5 > g* (2.7)

I(t)>1 forany t >ty + h+ p(q). (2.8)
We here consider the following functional.
h t
W(t)=1I(t)+ 5/ f(m) S(u+7)G(I(w))dudr.
0 t—1

For t > to + h + p(q), we have

AW (t)
dt

h h
= BS(t)/O f(T)G(I(t—T))dT—(u2+v)l(t)+ﬁ/0 FORS(E+7)G(1) = SE)GU(E = 7)) dr

h
8 / F@)S(t+ )G dr — (s +7)I(E)

GU(1))

= {552 S8 L

{52 S0 o+ 1)

I
> B(S4 - S*)%IA >0,

\%



which implies lim_, y o W (t) = 400. However, by Lemma[2T] it holds that limsup,_, , . W (t) < ﬁ +ﬁf’l G( ~) < +oo0.
This is a contradiction. Hence, the claim is proved.

By the claim, we are left to consider two cases. First, I(t) > ¢G(I*) for all ¢ sufficiently large. Second, I(t) oscillates
about ¢G(I*) for all ¢ sufficiently large. If the first case holds, then we get the conclusion of the proof. If the second
case holds, then we can choose t; and t5 (1 < ¢2) sufficiently large such that

I(t1) = I(t2) = ¢G(I*"), and I(t) < qG(I¥)
for t1 <t < ta. Since d(t) > —(ug +)I(t) for t > t1, we have
I(t) > [(tl)e—(lt2+7)(t—t1) > qG(I*)e—(u2+7)(t—t1)

for any ¢ > t1. Therefore, we obtain
I(t) > qG(I")e™ U2tV = 1y (g)

for t1 <t <t;+p(q). If t3 > t1 + p(q), then by applying the similar discussion to ([Z7) and 23] in place of ¢y by t1, we
obtain I(t) > va(q) for t1 + p(q) < t < ta. Hence, we prove I(t) > va(q) for t; <t < ts. Since the interval t; <t < 19
is arbitrarily chosen, we conclude that I(t) > vs(q) for all sufficiently large. Since ¢ is also arbitrarily chosen, Thus, we
obtain liminf, { o I(t) > v2(q), which implies liminf; , . R(t) > v3(q). This completes the proof. O

By Lemmas 2] and 224 we obtain the permanence of system (L2 for Ry > 1.

3 Lyapunov functional techniques for a delayed SIR epidemic model

In this section, we consider the case § = 0 for system ([Z). Then system (2) becomes an SIR epidemic model with a
class of nonlinear incidence rates and distributed delays as follows.

di(f ) =B —umS({t)—pS(t / f(O)GU(t —1))dr,
/ FRGU(E = 7))dr = (2 + (D), (3.1)
7 = ’YI( ) N3R( )

We consider the following Lyapunov functionals.
UL (t) = 8% (58 + 1(1) + BS° [ f(7) [}, G(I(u))dudr,
UE" (t) = 8¢ S“) + 17 (52) + 887G fy £(7) J), 9 (S5 ) dudr.

We introduce essential ideas of the global stability of the endemic equilibrium E* of &I for Ry > 1 in McCluskey [12].
For a fixed 0 < 7 < h, we put

(3.2)

Then, we obtain
c;izs{g(%(f))} - (51*_5115)){3 1 S(t) - BS(t /f t_T))dT}
_ W{B mS() — pS(t /f t—T))dT}. (3.3)

Substituting B = pu1.5* + 8S*G(I*) in B3)),

C‘ft{g<55§f))} - W{(ulswmwu*)) imS(t) - BS( /f t—r))df}

_ Q= h
= S S s -5+ [ 10N G - S0E - )

= —m (1 ;;t)> (Sét) 1) +BG(I*)/Ohf(T) (1 - SS(;) <1 - SS@ G(IG(EI*)T))) dr

~ (1 - 1) 20— 1) + BG(I )/Ohf(T) (1 - 1) (1= weior) dr. (3.4)

Tt




Similar to the above discussion, by the relation ps + v = %*(1*), we have
d I(t) I - I7 h
o (FD) = B Edssw [ rncta - - -+ o}
_Iw-r " e 5 CUY)
= Ao [ socu - mar - s S 10
e GUT) " (1. N (SGU-1) I{)Y
- o E2 [0 (1- 1) (F e - )
* h
_ BS*GY*)/O £(r) (1—;) (@efier — ye)dr. (3.5)

Finally, we obtain

jt{/h 1 /9 () duar = [ 6 - ol

The following lemma plays an important role to apply techniques of equation deformation in McCluskey [[2Z to the
global stability analysis for the endemic equilibria of system (2.

Lemma 3.1. If Ry > 1, then it holds that
1 - 1 ~ 1 T1Yt.r -
(1 - ) (1= z4firr) + (1 = > (@Gt r — ye) = —g<) - g(”’) — (9(ye) = 9(Fie.r))- (3.6)
Tt Yt Tt Yt

Proof. We have

1 N 1 ~ 1 - - - Tt
(1 - ) (1 —2¢Pe,r) + (1 - ) (Tt —y¢) = (1 - — — LYt T yt> + (xtyt,r _ T Yt + 1)
Yt € Yt

Tt t

1 . Ty
= 2—*4'%,7—&—%
Tt Yt

_ 1 xtgt,r ~
= g<xt> g( m ) (9(ye) = 9(Fe.r))-
This completes the proof. O

By Lemma 1] the time derivative of UL (t) along the solution of system (BII) becomes as follows.

dUilt* ) _ ms*(zt%l)Q _ 8BS G(IY) /Oh £(7) {g (;) +g <m7”) F(g(m) — g(gt))} i

t Yt

dUE" (t) .
In order to show —%——= < 0, we need the following lemma.
Lemma 3.2. If Ry > 1, then for allt > 0,
_ G(I(t)) — G(I )( I(ti 1 ) > 0.

9(yt) — 9(t) >

I G(I(t)) G(I)
Proof. First, we have g, — 1 = %I_?(I*) and
I Guw) _ Gu®)( 1) I
HTWET T gy T \GU@w) G )
Since ¢'(z) =1— 1 = 2=1 and ¢"(z) = % > 0 for all z > 0, by the hypotheses (H1) and (H2), we obtain
Nk T G(I(t))—G(I*)( 1(t) r )
— > — = — > 0.
9(e) — 9(Ge) > 7 (ye — 9t) I cuw " aa) >
Thus, we get the conclusion of this lemma. O

dU” (t)

By Lemma B2 we obtain < 0. From the permanence result in Lemmas 2] and B4, by applying LaSalle
invariance principle [l Corollary 5.2], the endemic equilibrium E* of system B)) is globally asymptotically stable.



Similar to the case Ry > 1, for Ry < 1, we obtain

— g0 h
o) =205 s -5 - ss [ st - nyar . (3.7
Then, we have
E° 0
WEO SO sy ) [ st o
h
+85(1) / FGU(E = m)dr = (ua-+ IO+ 55° [ F0){GUO) = GUI(e = r))}ar
0
- —uls(tf)+{580 1) ~ (2 + VI0)}
Y
= —Ml(s(t?g(t)s) + (p2 +7) (Ro G§I(i§)) - 1) I(t)
(5(t) - 57

< g+ () (R~ DI <0

By applying Lyapunov-LaSalle asymptotic stability theorem [[Il Theorem 5.3], the disease-free equilibrium E of system
B is globally asymptotically stable. Summarizing the above discussion, we obtain the following result.

Corollary 3.1. (See McCluskey [[2AM3]) The following statement holds true.
(I) If Ry < 1, then the disease-free equilibrium E° of system ([31) is globally asymptotically stable.
(I1) If Ry > 1, then the endemic equilibrium E* of system (Z1)) is globally asymptotically stable.

The results in Corollary Bl plays an important role to extend the global stability results for the case § = 0 to those
for the case § > 0. Recently, the similar global stability results for delayed SIR epidemic models with a wider class
of nonlinear incidence rates are obtained in [AB@M4]. We note that the differentiability of the incidence function as
imposed in B@I4] is no longer needed. In addition, the inequality estimation in Lemma is also extended in the
Lyapunov functional techniques for a delayed SIRS model with a nonseparable incidence rate in Enatsu et al. [1].

4 Proofs of Theorems [I.1] and

In this section, by applying Lyapunov functional techniques for the SIR epidemic model Bl in Section B we prove
Theorems [[LT] and
First, we consider the case Ry > 1 and prove Theorem [[T1 In addition to the notations in [B3), we put

R@t) ~~_ N(t)
R YT TN+
The following lemma also plays an important role as in Nakata et al. [I0].

Lemma 4.1. Let Ry > 1. Then it holds that

Zt =

(11> (zt1)<zt1)(xt1)(11> a1y

. - (e, (4.1)

Lemma 4.2. Let Ry > 1. Then ({IJ) holds if (Z4) holds. In particular, for the case G(I) = I, then (L3) is equivalent
to (14).

Proof. From [Z3), I'* satisfies the following equation.

Blus(pz + ) + p20} . I*
R I+ pa (p2 +7) = BB. (4.2)

From the hypothesis (H2), we have

L PP prr pn { BB~ + ”G(Iﬂ}
p3 +9
Blus(pa +v) + 20} BB =z +7)}
talpe £ +9) gy (4.3)

B{ps(pz + ) + p2d}



Therefore, from ([LO) and {3), we obtain

+ +0)R*
St — SR = gy 2t s+ 0)

(2 +7)(ps +6) — 6R”

. BrG(I)
= W{m(m + ) (ps +6) = ByoG(I7)}
> m%m{ul(MQ +7)(us +0) — ByoI"}
s )

- S e o

From the above discussion, it is obvious that (A is equivalent to (L) for G(I) = I. This completes the proof. O

Proof of Theorem [[.I We consider the following Lyapunov functional.

B 5 (R(t)—R")? 5y {(N(t)—N*)+221 (R(t)-R")}?
Ug” (t) + ¥5* 2 + {v(pa—p1)+(p2—p1) (1 +ps+6)}S* 2 ’
Ul (t) _ if either py < pe or p1 < ps,
n Jou 5 (R(H)—R")? 5 (N(H)—N*)?
Uy (t) + 5573 + T 2 g

it = po = ps,

where UF” () is defined in @2). First, by Lemma Bl the time derivative of UF" (t) along the solution of system (L2
becomes as follows.

dU(;lit*(t) - _“15*(%35;1)2 +OR (1 - 1) (2 —1) — /Oh f(r) {g <1> +g <W> + g(y) —g(g]t)} dr.  (4.4)

¢ Ty Tt Yt
Second, by I(t) = N(t) — S(t) — R(t), calculating the time derivatives of %W gives

d{ 5 (R(t)—R*)Q} 5

= (R(t) = B*){7I(t) — (n3 + 0)R(t)}

dt | vS* 2 vS5*
— (RO - R {3 (V) = S0~ R(O) ~ (s + ) R(0)
= Wg* (R(t) = R*) {v(N(t) = N*) = v(S(t) = 57) — (us + v+ )(R(t) — R")}
_ OR*N* . d(ps + +0)(R*)*
=~ (a1 = 1) = IR (z — )(a, ~ 1) = 3 e (2 — 1), (4.5)



For the first case either p; < po or py < ps, by S(t) = N(t) — I(t) — R(t), we obtain

d ({(N(t) = N*) + #2255 (R(t) — R")}?
il : |

= {(N(t) ~N*)+ % (R(t) — R") {B — S(t) — paI(t) — psR(t) %wm) - usR(t))}

|
- {(N(t) —-N*)+ % (R(t) — R*)}
(

x {B ~ N0 = (i = )10 = (s = ) RUE) = L2 1) — G + 5>R<t>>}

_ {(N(t) V) 2 (e - R*)} [B ~mN(t) - {WS -+ L 5)5’“)”

I (7 - )}

~y
(p2 — pa)(ps + 6) }
Y

[0 = )~ { (i = ) + (0 - 7).

= —Hl(N*)2(nt_1)2_ {(NS_N1)+ (M2_N1)(l;1+/143+6)

2t gy 4 2 2O e, e

}N*R*(nt —1)(z 1)

Combining [@4]), @A) and [@G), we have

E* 12
SR*N* . 6(us +v+6)(R*)? 5
I (Zt — 1)(7’% — 1) —0R (Zt — 1)(.’17t — 1) — ’yS* (Zt — 1)
N poy(N)? no—12 2 VR
{V(NB*,Ul)+(NQ*,LH)(U1+,U3+5)}S*( ¢~ g (=D =1

(2 — ) {y(ps — p1) + (2 — pa)(us + 8)}(R*)? (o0 1)
Yy (s — pa) + (p2 — pa) (pa + pz3 4 0) 1 S* ¢

_ /Oh f(7) {g (;) +g (%) +g(ye) — g(gt)} dr.

By the condition (LH) and Lemma F1] we have

dUi;(t) - _(MIS*JHS(R@)_R*))%J

. 0y (N2 19
{v(ps — pa) + (p2 — pa)(pa + pz +6)}S*
_ {5(uz — 1) {73 = ) + (w2 = ) (s + O)}(R)?  6(ps ++ 5)(3*)2} (2 — 1)
Hy(ps — ) + (2 — pa) (1 + ps + 0)} S yS* '

N _
—/ f(7) {g (;) +y9 (%) +9(y) — g(ﬂt)} dr
w16y (N ) (ny
{(s — pa) + (2 — p1) (g + pa + 6)}S*
B LT ) L T R, Lty VY
(s — pa) + (p2 — pa)(pa + ps + 6) }S* vS5*

[ o) +o () o

10

IN

—1)?

(4.8)



For the second case p; = po = ps, by S* + I* + R* = B/u1, we obtain
p1 = p2 = p t

_ N*)2
I O - 8 V() - N (B = V) = — 5 (V(0) — NP wo)
Combining [@4]), {3 and @3), we have
dU§ (t)

_ * (.Ift — 1)2 * i *
—0 = 1S B +0R* (1 - (2t = 1) —6R"(z: — 1) (xs — 1)

_@(zt Ny 5(4]21) (m — 1)
g LeYt,r - *)?
~os ey [ o {o () o (P82 4 g ) - g par - “UE e o) - 12

By the condition (CH) and Lemma [Tl we obtain

[ e o (5) o (Pm) ot —stifor - X v o -1y
<- % {R*(zt -1)— A;* (ne — 1)}2 B /Oh f(7) {g <xlt> +g (xtgt”> } dr — 5(7}§*)Q(N+5)(Zt e,

(4.10)

From [{J) and [@I0), for the both cases, we obtain @ < 0 for all ¢ > 0 with equality if and only if S(¢) = S*,
R(t) = R*. This implies lim;_, { o S(t) = S*, lim;—, ;o R(t) = R*, that is lim;_, ;o I(t) = I* holds. By an extension of
LaSalle invariance principle (see also Kuang [[I] Corollary 5.2]), the endemic equilibrium E* is globally asymptotically
stable. This completes the proof. 0

Proof of Theorem We consider the following Lyapunov functional.

Lo 5 (R()-R)’ 5y {(N (@)= N)+ 2221 (R(1) - R%) }*
Uo (8) + 75° 2 + {v(ks—p1)+(p2—p1) (p1+ps+6)}S° 2 )
U(SEO (t) _ if either J751 < M2 Or i < us,

0 R(t)-R°)* N(t)—-N°)?
UOE (t)+"/6ﬁ( 2 ) +4;LfSO( 2 ) ’

i 1= po = pa,

where UF’ (t) is defined in ). First, the time derivative of UZ" (¢) along the solution of system () becomes

E° _ Q0\2 0
dU(th ) = _m(S(t;(t)S) + (2 +7) <Ro GEI(S)) - 1) I(t)+4 (1 — ;;t)) (R(t) — R"). (4.11)
Second, calculating the time derivatives of %M gives
_ P02
i{fSO(R(t)?R)} = %(R(t) — R) {~7I(t) — (us + 6)(R(t) — R%)}
= %(R(t) — RO {y(N(@) = S(t) — R(t)) — (u3 + 8)(R(t) — R%)}
= %(R(t) — R%) {7(N(t) = N°) = ~v(S(t) = S°) — (us + v+ 6)(R(t) — R")}
— S ROWEO - N =500 - 1) (54 - 1) - LD iy - a2
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For the first case either u; < po or 1 < ps, similar to (Gl), we obtain

d [{(N(t) = N°) + 22 (R(t) - RY)}?
il 2 |

= {v @ - 50+ 22 (e - 1) b B - nS(0) - pal(0) = () - 2 100~ o)}

0 H2 — K1 0
{(N(t>—N)+7(R(t)—R)}

B i ¥(0) = 16) = RO) = 110~ waRl0) - 2= 01(0) - pare)}

0 M2 — 1 0
{(N(t)—N )+#(R(t)—R )}

B = N0 = (2 = )0 = s = i) R0~ 2L 10 — G+ )R |

{04 220 (i) - 1) 3 a0 = {a = ) + L2100 E D e |

M2 — 1
{vey - w0+ 2221 (ro) - 1)}

y [_M(N(t) _NY) - {(ug )+ (2 —le)(ug +9) } (R(t) - Ro)}

= i 0¥0) = 82 = { (o = ) + V2L (v 9 () - )
P2 — (2 — pu1)(ps + 0) 0\2
et g gy 4 PO () g, (413)
Combining (I1)), @I2) and [@I3), we have
E° _Q0)2 0
W~ nBOZSE ) () - 1) 105 (1 355 ) (R0 - )
+ e (RO~ YV - ) = o(r(e) - 70 (5 1) - L E 2D ey - o2
3 107y A0N2 i 70 _ po
{y(us — 1) + (p2 — pa) (pa + pz + 0)}5° (N(t) = V) (N(®) - N)(E(®) - B

0(p2 — p){y(ps — ) + (p2 — pa) (s + )} e
Y{v(ks — ) + (p2 — ) (1 + p3 + 0)}15° (R(t) — R")".

Similar to Lemma ] we use the following equation (see [If]).

0 0 Q02
(1 - ;(t)> (R(t) — R®) — (R(t) — R%) (SS<§> - 1) = (1 - Ss(t)> (1 - SS(?) (R(t) — R%) = —%R(t) <0.

Then we obtain

Ion Q0N2
dUiT(t) = —(mS°+ 5R(t))w(2)5(g) + (u2 +7) <R0 G%?) - 1) I(t)
o (N(t) — N°)?

{7y (us — 1) + (2 — pa) (1 + ps + 0)}S*
C0(p2 = ) {v(ps — ) + (p2 — ) (s +9)} o
G — ) + (i — i) (r + pas £ 9)}50 )~ D
_ Q0y2
< —us”+ R EGEE 4 a4 - 100
_ p107
{v(ps — p1) + (p2 — pa)(pa + pz + 6)}5*
_5(M2—u1){7(u3—u1)+(u2—u1)(u3+5)} L0y2
Y (ks — pa) + (p2 — p1) (p1 + p3 +6)}S° (R(t) = B7)".

(N(t) = N%)?

12



For the second case 1 = ug = pg, similar to (£9), we obtain

_ A70y2
i{4uf50 (N () . N7) } — _4;;0(]\7@) — N2, (4.14)
By ([@I4), we obtain
dUf' () (S(t) — 8% GU(1))
1) 9 ) ) 2 5(U +9) 2
g RO + G RON() = N%) = = (N(1) = N9)? = 222 = R(t)
_ Q0)\2
< ~n8°+ 0RO TGT T (a0 - 1100
_ N0 2

0
From (@I4) and (@I3), for the both cases, we obtain W < 0 for all t > 0 with equality if and only if S(t) = S°,
R(t) = R® and N(t) = N°. Therefore, we have lim;_, 4, S(t) = S, lim;_, o, R(t) = R? and lim;_, o, N(t) = N, which
imply that limy_, o I(t) = I° holds. By an extension of LaSalle invariance principle (see also Kuang [ Corollary
5.2]), the disease-free equilibrium EY is globally asymptotically stable. From Lemma 2] the proof is complete. O

5 Conclusion

To investigate global behavior of disease prevalence has played a vital role to predict the dynamics of the disease
transmission in the long run and take more efficient control measures such as vaccination for immunization in the
communicable diseases.

In this paper, by applying deformation techniques of the time deriavtive of Lyapunov functionals in Nakata et al. [I6]
(see Lemma[T]) and constructing a Lyapunov functional U, fo (resp. UF") for Ry < 1 (resp. Ry > 1), we established the
global asymptotic stability of the disease-free equilibrium E° (resp. the endemic equilibrium E*) of an SIRS epidemic
model with a class of nonlinear incidence rates and distributed delays for Ry < 1 (resp. Rp > 1).

Our model incorporates the assumption that the death rates of susceptible, infective and recovered individuals is
different each other and the monotone properties of G(I) and I/G(I) in (H1) and (H2) are satisfied when considering
a class of nonlinear incidence rates which describes saturation effects observed in the literature of epidemiology [3].
Theorems [[.T] and show that, if Ry < 1, then the diseases transmission with impermanent immunity will eventually
disappear, and if Ry > 1, then the diseases will be permanent. Furthermore, without imposing any restriction on the
size of a latent period h, if the basic reproduction number R lies in an interval (1,1 + pa/7], then the disease will
equilibrate at an endemic steady state for any rate of immunity loss § and otherwise, we establish the maximal rate of
immunity loss 6 which guarantees the global stability of the endemic steady state.
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