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Abstract. In this paper, we propose a discrete epidemic model for disease with immunity and latency spreading in a
heterogeneous host population which is derived from the continuous case by using the well-known backward Euler method
and applying a Lyapunov function technique which is a discrete version of that in the paper [Priiss, Pujo-Menjouet,
Webb, Zacher, Analysis of a model for the dynamics of prions, Discrete and Continuous Dynamical Systems-Series B 6
(2006), 225-235]. It is shown that the global dynamics of this discrete epidemic model with latency is fully determined
by a single threshold parameter.
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1 Introduction

The application of theories of functional differential/difference equations in mathematical biology has been developed
rapidly. Various mathematical models have been proposed in the literature of population dynamics, ecology and epi-
demiology. Many authors have studied the dynamical behavior of several epidemic models (see [IHIT] and the references
therein).

Consider the following integro-differential system:

S'(t) =B —4S(t) — BS(t)I(t) + ol(t),
I't)y=p fot S(u)I(u)g(t —u)e 2Cdu — (6 + €+ + 0)I(t), (1.1)
(1) = 1{t) - OR (1),

where S(t), I(t), and R(t) denote the numbers of susceptible, infectious, and recovered of individuals at time ¢, respec-
tively. The non-negative constant (3 is the transmission rate due to the contact of susceptible individuals with infectious
individuals. The non-negative constants ¢, €, v and ¢ are natural death rates, disease-caused death rates, recovery rates
and immigration rates of infectives, respectively. The function g¢(t) is the probability density function for the time (a
random variable) it takes for an infected individual to become infectious defined by the following gamma distribution:

n—1

glu) = (ntiwe_“/b, (1.2)

*Corresponding author.
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where b > 0 is a real number and n > 1 is an integer.
By using “linear chain trick” to transfer from this model (see Yuan and Zou [I]), we can derive the following system
of ordinary differential equations for a disease with an immigration of infectives:

S'(t) = B — 6S(t) — BS()I(t) + o (1),
S(( NYnt1(t) — dyi (1), (1.3)

t) —dy2(t), 7=2,3,....n
dyn(t) — (€ + 0)yn+1(t),

where

—_

__BS _l p_ b _
C(S)_(l—&—&b)”’ d—i), e=0+¢€+7, b_1—|—5b’ Ynt+1(t) = 1(t). (1.4)

System ([3) always has a disease-free equilibrium E° = (S°,0,...,0) € R"*2  where

B
SO == 15
. (1.5)
The reproduction number of system (3] becomes
S0 S0
Ry = oAS7) _ B , (1.6)
eto (1+)"0+e+v+o0)

Apart from the disease-free equilibrium E°, system ([3)) allows a unique endemic equilibrium E* = (S*,y5,...,y%, I*)

Int(R™*2) under the conditions Ry > 1, with yf = 13(6 +e+y+o)[*>0,1=1,2,...,n For the case 0 = 0, Yuan
and Zou [I3] established a complete analysis of the global asymptotic stability of system ([[3)) with a single threshold
parameter Ry.

On the other hand, if n = 1, then ([[3)) is corresponding to the following continuous-time SEIS epidemic model:

§'(t) = B — mS(t) - BS(OI(L) + o1(2),
(1) = BS(I(1) - (2 + NE(), (L7)
I'(t) = AE(t) — (s + o)1 (1):

System (7)) always has a disease-free equilibrium Py = (B/pu1,0,0). Furthermore, if Ry := m > 1, then
system (7)) has a unique endemic equilibrium P, = (S, Ex, L) (see Priiss et al. [[Tl Theorem 2.2]), where
(/t2+>\)(lt3+¢7) B (3+a){ABB—p1 (p24+N) (p3+0)}y _ B
{ o _ ABB—pi( +>\)(< o Y <BE A Qs topatiams) N (1.8)
#1 M2 H3tTo
0 <L Bustoatuzns) <~ ui

By using a geometric approach developed in 2] have first proved Theorem A for the case u; = p3 < po2 below, and
later, by using appropriate Lyapunov functions, Priiss et al. [IT] established complete analysis of a mathematical model
for the dynamics of prion proliferation whose result is also applicable to system (1)) for Ro <1 and Ry > 1 as follows
(see Priiss et al. [II] Theorem 2.2)).

Theorem A. The disease-free equilibrium Py of system ([I.7) is globally asymptotically stable, if and only if, RO <1
Moreover, the endemic equilibrium P, is globally asymptotically stable in R\ [Ry x {0} x {0}], if and only if, Ry > 1.

In those cases, how to choose the discrete schemes which preserve the global asymptotic stability of the endemic
equilibrium of the models remained an open problem. For a delayed SIR epidemic model, a complete solution of this
problem has been elusive until recent paper Enatsu et al. [I].

Motivated by the above results, in this paper, we propose the following discrete epidemic model which is derived
from system ([3) by applying the well-known backward Euler method (cf. Izzo and Vecchio [H]).

s(p+1)=s(p)+B—ds(p+1) = Bs(p+ Dynr1(p+ 1) + oyna(p + 1),

yi(p+1) =y1(p) + c(s(p+ 1))yns1(p+ 1) — dy1(p + 1),

yilp+1) =y;(p) +dyj—1(p+1) —dy;(p+1), j=2,3,....n, (1.9)
Ynt1(P+ 1) = Yny1(p) +dyn(p+1) = (e 4+ 0)ynt1(p + 1),

i(p+1) =ynilp+1)>0, p=0,1,2,...,

with the initial conditions of system (L3)

s(0) >0, y;(p) >0, and j=1,...,n+1L (1.10)



Remark 1.1. To prove the positivity of s(p), y;(p), 1 < j < n and i(p) for any p > 0 and to apply both Lyapunov
functional techniques in Enatsu et al. [I] and a discrete time analogue to Priiss et al. [II], we need to use the backward
Euler discretization (see, e.g., Izzo and Vecchio [B] and Izzo et al. [f]) which is a different scheme from that of Jang
and Elaydi [ and Sekiguchi [[2]. Moreover, in order to consider only the positive solution (s(p + 1),y1(p + 1), y2(p +
1),-- ,i(p+ 1)) for (L) for any obtained positive solution (s(p),y1(p), y2(p), -, yn(p),i(p)), we need the restriction
i(p+1) > 0 in [C3), because without the condition i(p + 1) > 0 in (L), there exist just two solutions (s(p + 1), y1(p +
1,y2(p+1), -+ ,yn(p+1),i(p+1)) of (LI), one is i(p + 1) < 0 and the other is i(p 4+ 1) > 0 for any obtained positive
solution (s(p), y1(p), y2(p), - , yn(p),i(p)) (see Proof of Lemma [ZTI).

Using the threshold Ry, one can see that system () always has a disease-free equilibrium E° = (S°,0,0,---,0,0)
and if Ry > 1, then system (L3) has a unique endemic equilibrium E* = (S*,yf,y5, - - ,y5, I*) (see Lemma 2.3]).
Applying Lyapunov function techniques in Priiss et al. [I1] to both cases for Ry < 1 and Ry > 1, we establish a complete
analysis of the global asymptotic stability for the model (L3). In particular, we also apply techniques of Lyapunov
functionals in McCluskey [@ (see Lemma [B2)) to prove the global asymptotic stability of the endemic equilibrium of
@3 for the case Ry > 1 which no longer needs any of the theory of non-negative matrices and graph theory (cf. Guo
et al. @). Moreover, by applying results in Enatsu et al. [Il, Lemma 4.1], we give a proof of the permanence of (L3 for
Ry > 1, which is more simplified than that in Sekiguchi [I2] and Sekiguchi and Ishiwata [I3].

Our main result in this paper, is as follows.

Theorem 1.1. The disease-free equilibrium E° of system (I3) is globally asymptotically stable if and only if Rg < 1.
Moreover, the endemic equilibrium E* is globally asymptotically stable, if and only if, Ry > 1.

Remark 1.2. For the case o = 0, Theorem [[Tlis just a discrete analogue of the result in Yuan and Zou [I5] for system

@3).

The organization of this paper is as follows. In Section [ we offer some basic results for system (). In Section
Bl we give a proof of the first part of Theorem [Tl for Ry < 1. In Section @] by applying Lemmas . IH.4] we offer a
new proof to obtain lower positive bounds for the permanence of system (L3 for Ry > 1 (see Enatsu et al. [I] and cf.
Thieme [I4]). In Section B we prove the second part of Theorem [[T] for Ry > 1 by extending a discrete time analogue
of the Lyapunov function proposed by Priiss et al. [IT] to system (L9). Finally, short conclusions is offered in Section [6

2 Basic properties
The following lemma is a basic result in this paper (cf. Izzo and Vecchio [B] and Izzo et al. []).
Lemma 2.1. Let s(p), y;(p), j = 1,...,n, and yn4+1(p) = i(p) be the solutions of system (IL4) with the initial conditions

(ZI4). Then s(p) >0 and y;(p) >0, j=1,...,n+1 for any p > 0, and (L) is equivalent to the following iteration
system.

B+ s(p) +oi(p+1)
1 =
sp+1) 14+6+Bilp+1)
c(s(p+1)i(p+1)+
np+1) = (s(p ))1(pd ) yl(p)7
Qs r(p+ 1) b 5(0) @1)
yi-1(p yilp) .
yi(p+1) = == 1+d S i=2,3,.,m,
dy,, 1 ; .
i(p+1) = y(lpjer;z(p)’ and i(p+1)>0, p=0,1,2,...,
which is equivalent to
—B, + /B2 +4AC e
ip+1) = — ? - p (2.2)

24 B, + /B2 +4AC,

where

B{(1+ e+ o)1+ 6b)"(1 4 d)" Tt — §d"},

A
B, = {(1 +0)(1+e+o)(1+6b)"(1+d)"

n n—1
- B{d”(B + 5(p)) + (1 -+ 60)" (1 + d)" ! <(dl _y:g;i + é . g;“f)l +ot dly"T(Z) + z(p)) H

Cp = (14 8)(1+ 8b)"(1 + &)™+ ( Znilégi ; Z”:g)zyj)l ooy Q) i(p)).




Proof. It is evident that the first (n + 1) equations of (9] are equivalent to the second-(n + 2)-th equations of @2.1]).
The (n + 2)-th equation with the first (n 4 1) equations of (I3) is equivalent to the first (n + 1) equations of [ZI)) and

(I+e+to)i(p+1) =dyn(p+1)+i(p)
dyn—1(p+ 1) + yn(p) .

=d 1+d ip)

dZyn—l(p+ 1) | dyn(p) .
=T 114 1+a )
_d"(p+1) | d"ya(p) dyn(p) |
’(1+d)n—1+(1+d) SR A
_dre(slp+1))ilp+1)  dwi(p) | d"'ye(p) dyn(p) | .
B (1 + d)n+? (1+1d)n+(1+d)2n*1+”'4r 1+a 7@
B Bd™ B+s()+az(p+1)( +1)
(141 +d)" Tt 146+ Bi(p+1)

d"yi(p) | d"'ya(p) dyn(p) | .
R (1+d)2"*1 Tt T

and i(p+1) > 0for p=0,1,2,..., which is equivalent to the following quadratic equation P(x) = 0 with z = i(p+1) > 0
such that

Pz)=1+e+0o)1+6b)"(1+d)" (1 + 6+ z)x — Bd™(B + s(p) + ox)x

_(1+5b)n<1+d)n+1(dnyl(p) + dn_1y2(p)1 dyn< )+l( )) (1+(5+5$)

G+ xdrt T ita

=B{(1+e+0o)1460)"(1+d)" ! —od"}a? + [(1 +8)(1+e+oa)(1+6b)"(1+d)"

n n—1
- 5{dn(3 +5(p)) + (1+ 6b)"(1 + d)"*! <(dl _ng)’i - (dl - 3)2512)1 T dly’;(’;) + i(p)) H x

~ (14 8)(1 + 8b)"(1 + d)" ! ((dl"_zfilz)vi n (dl"; 3)275}_7)1 oot df/”T(Z) n i(p)).

For s(p) > 0 and i(p) > 0, it is evident that i(p + 1) defined by the first equation of ([Z1) is a unique positive solution
of the quadratic equation P(z) = 0.

Assume that s(p) > 0 and y;(p) > 0j =1,...,n+ 1 for some p > 0. Suppose that s(p + 1) < S°. Then, we have
B —0s(p+1) > 0. Then, system (L)) becomes

(1+ Byns1(p+1)s(p+1) =s(p) + {B —6s(p+ 1)} + oynt1(p+ 1) >0,

I+d)y(p+1) =y1(p) + c(s(p+ 1)) yntr(p+1) > 0. 23)
(1+d)yj(p+1)=y;(p) +dy;—1(p+1) >0, j=2.3,....n :
(I+e+0)ynt1(p+1) = yn+1(p) + dyn(p + 1) > 0.

Then, from the first equation of [Z3)), s(p + 1) > 0. For the other case s(p + 1) > S°, it is evident that s(p + 1) > 0.
Then, from the second equation of [23), we have y1(p + 1) > 0, and similarly we obtain ya(p + 1), ys(p + 1), -+,
Yn+1(p+ 1) =i(p+ 1) > 0. Hence by induction of p > 0, we complete the proof of this lemma. O

Hereafter, in order to simplify the proofs of remaining sections, let us set yo(p) = ynr2(p) = s(p) and

s=y, =y +2:Limi1£s(p), 5 =7y = Ypio = limsup s(p),

Y =liminfy;(p), vy, =limsupy,;(p), j=1, 2p._.>.+o:z+1 (2.4)
— p——+00 J ’ J p—+oo / ’ ’
and put
1
R=(L400)" k=g V) =s0) R +ray2(p) + -+ £ Y ()} (2.5)
Then, by (L4,
E>1>k>0, R"=1, (1—k)d=9d, and e>4. (2.6)



By (L3) and i(p + 1) = yny1(p + 1), one can see that

Vip+1)=V(p) =B —=ds(p+1) +oynta(p+1)
—F{(1 = R)dy1(p+1) = (1 = K)dy2(p + 1) + -+ K" (1 = £)dyn (p + 1)} = R&" (e + 0)ynt1(p + 1)
<B-46V(p+1). (2.7)
Then, we obtain the following basic lemma of the boundedness of s(p + 1) and y;(p+1), j =1,2,...,n+ 1.

Lemma 2.2. Let s(p) and y;(p), j = 1,...,n+ 1 be the solutions of system (L) with the initial conditions (LI0).
Then, it holds that

B
lim sup Vip) < 8% = 5 (2.8)
P o
and B 50
5350:? and ;< ———, j=12....n+1 (2.9)

Proof. Let V = lim Sup,,_, o V(p). First, we suppose that V = +o0. Then, there exists a sequence {p;}?°, such that
P <piy1, L=1,2,..., l lim p; = 400 and

—+o0

V(p) <V(p), foranyp<p, and lim V(p;) = +oo. (2.10)

l—+4oc0

By 1), we have
0<V(p)=V(p—1) <B-4V(p),

from which it holds V(p;) < £ = S° for any { > 1. This is a contradiction. Thus, we have V < +oo. If there exists a

sequence {g;}7°, such that ¢; < g;41, [ =1,2,..., lh-I:l q = oo and
—+00
V(g —1)<V(q), foranyl=1,2,..., and lim V(g)="V. (2.11)

l— 400

Then, similarly, we obtain that
B—dV(g) =2 V(g) — V(g —1) >0,
from which we obtain V' < S°. For the other case that V(p) > 0 is eventually monotone decreasing, there exists a

limy, 100 V(p) =V > 0, and hence, lim, , 1o (V(p+1) — V(p)) = 0. By @), we obtain 0 < B— 46V and V < S, from
which we get (Z3)). Hence, the proof of this lemma is complete. O

Lemma 2.3. System (I3) has an equilibrium E° = (5°,0,0,---,0), and if Ry < 1, then E° is a unique equilibrium,
but if Ry > 1, then there exists an another equilibrium E* = (S*,y7,y5,- - ,yn41), where BS* —o >0 and

} X . o) . Beus (2.12)
Y =ys = =yr = e‘g Ynits Yyl = AﬁS*I—LTT .

{ 0< g = leto) £ g0 ¢(S%) = ¢+,

Proof. By Lemma [Z] positivity of the sequences {s(p)};2; and {y;(p)};21, j=1,2,...,n+ 1 is assured. Then, the
equilibrium E = (3, 91,92, - ,§ns+1) of [CJ) satisfies the following equations.

{ B-4S= (65’ = 0)Jnt1, C(S’):‘)n-&-l = dyn, (2.13)
1 =32="=10n, and dj, = (6 + U)Z)n+1’
that is, R R R
B—-05=(BS—0)int1, and (c(S)—e—0)fnt1 =0. (2.14)
Then, .
nt1 =0, or c¢(S)=e+o. (2.15)

If §p41 = 0, then by 2I3), we have that
S=8% and §1=92=-=Gns1 =0. (2.16)

If Ry = Ce(%oa) < 1, then §,41 = 0, and by @I3), we have @IA). If Ry = 1, then ¢(S°) = e + 0. Then, by

@IH), S = S° and by @ZIF), we also have IB). If Ry > 1, then ¢(S°) > e + 0. Then, by (), there exists a

*

0<2<8=g5%= Wf(“) < 8% such that ¢(S*) = e + 0, and by @I3), it holds that n11 = ;. = F5os and

U =y; = %7 j = 1,2,-,n. Therefore, system (CJ) has an equilibrium E°. If Ry < 1, then E° is a unique

equilibrium, but if Ry > 1, then there exists an another equilibrium E*. This completes the proof of this lemma. O

=



3 Global stability of the disease-free equilibrium E° for R, <1

In this section we assume Ry < 1. By applying the similar Lyapunov function techniques in Priiss et al. [I], we prove
the first part of Theorem [[.1]

Proof of the first part of Theorem [[.J] By means of a Lyapunov functional, we show that in this case the disease-
free equilibrium E° = (S°,0,0,--- ,0) is globally asymptotically stable in Ri”. First, we consider the case S — % > 0.
We define

s(p) — S0)2 0 o n+l
R - G D ) (3.1)

Then, we obtain

W+ 1) - wip) = LoD =5 (@) =)

2 2
0
+ 25 (0= D) {etsto+ Vst 0 — o+
+dZ(yj_1(p+1)yj(p+1))+dyn(p+1)(e+o)yn+1(p+1)}
s _Q0N2 s(p) — §0)2 0
=S B SR B (50 5 ) oo+ Do+ 1) = (4 o+ 1)

By the relations Ry = % <1 and

_ Bslp+1)  (e+o)Ros(p+1)
 (1+6b)m S0 ’

c(s(p+1))

Ll )= 8 (60) = N4 D =) (508 (1)~ P+ 1)

2 B
L b+ 1)2f sm)® | (s(p+1) = S%)(s(p+ 1) — s(p)) + 5(50 - ;) (s(p+1) — 8%i(p+1)
_ (sl 1)27 SO | (s(p+1) = S)(B - Bs(p + 1)i(p + 1) — ds(p+ 1) + oi(p + 1))
+5(5° - ) 6o+ 1) - $ito-+ 1)
__(slp+ 1)2— s(p))* S(s(p+1) — S92 — B(s(p+1) — 50)(3(p+ 1) - ;)i(p—F 1)
#5(50- 5o+ 1) - ity + 1)
__(sp+ 1)2— s(p)® 5(s(p+1) — S°)2

CBlstp+1) - s°>{<s<p )-8+ (s° - ;) }i<p L
+ B(SO — ;) (s(p+1) — So)i(p +1)
=Gt D =0 (5 g4 1))(s(p+ 1) — S92 <0

for all p > 0. Thus, W(p+1) < W(p) < W(0) for all p > 0 and lim,_,, ., W(p) = 0.
If SO—% > 0, then lim,_, o W(p) = 0, if and only if lim,, ;o s(p) = S° = B/§ and y;(p+1) = 0,5 =1,2,...,n+1.
If S0 — % =0, then lim,,, o W(p) = 0, if and only if lim,,; s(p) = S% = B/s. By ) and Z7), we obtain that

Vip+1) =8 < 5 (V(0) = 89, V(p+1) < (£5)7(V(0) - 5°) and

[P

n+1 p
> 00 < (1575) (V0 -5 - 2alr) - 57

J=1



Therefore, for the case S° — % = 0, the disease-free equilibrium EY =(5°0,0,---,0) is uniformly stable, and hence, it
is globally asymptotically stable in Ri”.

Second, we consider the other case S° — % < 0. By Lemma 27 5 < S, and hence, there exists a sufficiently large
po > 0 such that s(p) — % < 0 for any p > pg. For liminf, , . s(p) = s, we first suppose that s = 0. Then, there exists
a sequence {p; }2, such that po <p; < pi1, { =1,2,..., limy oo p; =0 and

s(p) > s(pr), forany p<p;, and lim s(p) =0, (3:2)

l—+oc0

and by (L3), we have

0> s(p)—s(p—1) > B—ds(p) — (Bs(pi) — 0)i(pr) > B —ds(pi),

from which it holds s(p;) > ? = S for any [ > 1. This is a contradiction. Thus, we have s > 0. If there exists a

sequence {g;}72; such that ¢; < gi+1, 1 =1,2,..., limj_, ;o ¢ = +00 and
s(gg—1) > s(q), foranyl=1,2,...,and lim s(g)=s. (3.3)

l—+o0

Then, similarly, we obtain that

B —ds(a) < s(q) —s(q—1) <0,
from which we obtain s > S° > 3. Thus, lim,_, o s(p) = S°. Next, consider the other case that s(p) > 0 is eventually
monotone increasing. Then, by Lemma[22] there exists a lim,_, { s(p) = s > 0, and hence, lim,_, ;o (s(p+1)—s(p)) =
0. By (), we obtain 0 > B — ds and s > S° > 3, from which we also get lim,_, 1~ s(p) = S°. By ), we obtain
limp 400 yj(p) =0, j = 1,2,...,n + 1, which implies that the disease-free equilibrium E° = (5°,0,0,---,0) is globally
asymptotically stable in ]RT'Q. Hence, the proof of the first part of Theorem [[1lis complete. O

4 Permanence for Ry > 1

In this section, we assume that Ry > 1 and prove the permanence of system (LO) for Ry > 1. By Lemma 23 the
endemic equilibrium E* = (S*, 9,95, -+ ,y5,,) exists. We have basic lemmas as follows.

Lemma 4.1. For E* = (S*,y7,y5, - ,¥n41), it holds that

S*Vy* *.‘7 du*
%:1’ yj*lz]_’j:273’.“7n’ and %:1’ (4.1)
dy; Y; (e+0)yl
and g
45" =1 (4.2)
e+o
Proof. By ([ZI2)), we can easily prove this lemma. O
By Lemma 1] we put
_ oyl
J

Then, it follows from 1) that (LTI is equivalent to

s(p+1)—s(p) =B —6ds(p+1) —yp 1 (Bs(p+ 1) = 0)Fnta(p + 1),
il + 1) = a0) = d( CEED g ) -4 1). W

gilp+1) = g;(p) =d(gj—1(p+1) = gj(p+1)), j =2,3,...,n,
Unt1(P+1) = Gt (p) = (e + 0)(Gu(p + 1) = Jnta(p+ 1)), p>0.

Lemma 4.2. If

Juin gi(p+1) < min 5(p), (4.5)
then
pilp+1) = 1§Jé.nglgﬂyj(p +1) < 1§g_nggr;ﬂyj(p) and s(p+1) <S™ (4.6)
Inversely,
_ N o g .
np+1) >1§5n§1713+1y](p+1) or s(p+1)> 8%, (4.7)
then
Juin gi(p+1) = min g,(p) (4.8)



Proof. We choose jy such that g, (p+1) = mini<;<n+1 3;(p). It then follows from {3 that §;, (p+1) < mini<;j<ni+1 F;(p) <
Tjo (), which implies g, (p+ 1) — 74, (p) < 0 and §j,—1(p+1) — Fj, (p+ 1) > 0 hold. Suppose that 2 < jo < n+1. Then,
for the case 2 < jg < n, by [@4), we have

0> jo(p+1) = Fjo (p) = d(Fjo—1(p + 1) = Fjo (p+ 1)) 2 0,
which is a contradiction. If jo = n + 1, then by (@4,

0> Fnp1(p+1) = Gnta(p) = (¢ +0)(Gn(p + 1) = Gnta(p+ 1)) 2 0,

which is also a contradiction. Thus, we have jo = 1. Then, by §1(p+ 1) < §n+1(p) and the second equation of {4, we
have

_ _ c(s(p+1 _
0>+ 1) - i) >d CLED 15610,
c(5*)
from which we obtain s(p + 1) < S*. Hence, (1) implies [@6). The remaining part of this lemma is evident. O

Lemma 4.3. For {{])), it holds that

gi(p+1) > 595(p), i=12,...,n,

Iny1(p+1) > 75 0n1(p),

np+1) 2 15 g (0 + 1), (4.9)
7ip+1) > 50100 +1), i=2,...,n,

gn+1(p + 1) > ﬁ?jn(p + 1), p > 0.

In particular, if [{.0) holds for some p > 0, then

_ . c(s(p+1)) .
= 18 : > -7 . .
plp+1) 1<Gen ¥ (p+1)= c(S%) gn+1(p) (4.10)
Proof. The proof of this lemma is evident from (@4 and (Z5). O

Hereafter, in order to simplify the proofs of remaining sections, let us set yo(p) = yn42(p) = s(p) and

S = liminf s(p), S = limsup s(p),

p—+o0 p—r+o00
y:hmlnfy](p)a yj :limsupyj(p)a j:1727"'7n+1a (411)
— p—+oo p——+00

I= gnJrl’ I= yn""l'

Lemma 4.4. If Ry > 1, then for any solution of system (L4), it holds that

B
S>vp=——"—->0
2= =586 T
e - s c(vp)
agn-l-l Z gn - gn—l Z R gl - d gn-&-l’ (412)
dn 1 lo(g)+1
I = > = I">0
ES gn+1 _'Un—‘rl(Q) (1+d)n<1+€+0) > U,
where for any 0 < g < 1, the integer lo(q) > 0 is sufficiently large such that
B 1 lo(a)
S*< —<1—| — d ky,=90 I 4.13
“wl-(mm) f o meoe (9

Proof. By Lemmas ] and [Z2] we obtain that every sequence {s(p)}72q, {v;(P)}p20, = 1,2,...,n and {i(p)};2, is
positive and eventually bounded, that is, § < S° = % and I = Yot < %. Then, we have 0 > B — 65 — 3SI, from
which we obtain S > ﬁ > ﬁ. Thus, we obtain the first equation of {12).

By ([3), we also obtain the second equation of [{{I2).

Now, we show the last equation of [@I2]).

First, we prove the claim that any solution (s(p),y1(p),y2(p), - ,yn(p),i(p)) of system ([T does not have the
following property: for any 0 < g < 1, there exists a non-negative integer py such that y;(p) < qy;, J=1,2,...,n,
and i(p) < ¢I* for all p > pg. Suppose on the contrary that there exist a solution (s(p), y1(p),y2(p), -, yn(p),i(p)) of
system ([LI) and a non-negative integer po such that y;(p) < qyj, j = 1,2,...,n and i(p) < ¢I* for all p > pg. Then,
gi(p) <gq, j=1,2,...,n+1 for all p > po.



Consider the sequence {w(p)};2, defined by

~5i(P) | Gnsa ()
27 e++ p (4.14)
Then, by [@4), we have
w(p+1) —w(p) = (((p;k)l))ynﬂ(p +1)-gilp+1)+ Z Ui-1(p+1) = gi(p+1)) + In(p +1) = Jns1(p +1)
_ (cls(p+1)) -
= <C(S*) - 1>yn+1(p +1). (4.15)

|

i) Consider the case that {s(p)}52, is eventually monotone increasing. Then, there is a limit of lim,,, s(p) = S <

We show that S = S* holds true.
Suppose that 35S —o < 0, then S < % and there exists an integer p; > pg such that 8s(p+1) —o < 0 for any p > p;.

By I9), we have

s(p+1) —s(p) =B —ds(p+1) — (Bs(p+
and by p — 400, we have that S—S§>B- 6§, that is, S > % thh implies that < 3> S > 8. On the other hand,
since by ([C®) and Lemma 23] S* = M and Ry = < %) =

eto
G — ¢ = (4db)etdbo o 0, we have that B >S5 > Z % which is a contradlctlon Thus, we prove that 35S — ¢ > 0.

Then by the first equation of (L)), we have that

1)—o)i(p+1)>B—-4ds(p+1),

2= > 1, we have that S° = 6 > S*. Moreover, by

B-4ds(p+1) > s(p+1)—s(p)=B—0ds(p+1)—(Bs(p+1)—o0)i(p+1)
> B—ds(p+1)—(Bs(p+1) — o)l

and by p — 400, we have that B — 85 > 0> B — 65 — (BS‘ — 0)qI*, that is, & > S > ?Igg* > %
Consider the following S > 0 such that

B+ oql*

Then,by%<S*<SOZ?,WehaveﬁB—a(5>Oand
= B I* B I* B—06)(1—¢q)I*
§_gr= 2104 tol*  (BB-od)1-oI" (4.17)

5+ Bql* 0+ BI*  (6+Bql*) (s + BI¥)

Thus, we obtain that S >8> 5% Then, there exists an integer p; > 0 such that s(p + 1) > S* for any p > p;.
Therefore, by the second part of Lemma [£.2]

1) > i f > 4.1
1<Ijn<m+1yj(p+ ) 1<rjn<lgﬂyg(p), or any p > pi, (4.18)

and hence, there exists a positive constant y such that 1<In<in+1gj (p) > y for any p > p;. Thus, from [IH), we have
Y S Y

lim w(p) = +oo. However, by [@I4) and Lemma 2 it holds that there is a positive constant @ such that w(p) < w

p—00

for any p > p1, which leads to a contradiction.
ii) Consider the case that {s(p)}52, is not eventually monotone increasing. Then, there exists a sequence {p;};<
such that

B
s(pp+1) <s(p), and llim spp+1)=8<— (4.19)
— o0

5
We show that S — o > 0. If 8S — 0 < 0, then there exists an integer I; > 0 such that Ss(p;+ 1) — o < 0 for any I > ;.
By the first equation of (L) and IJ), we have

0>s(p+1)—s(p) =B —=ds(p+1)— (Bs(pi + 1) —o)i(p + 1) > B — ds(p + 1),

and by | — 400, we have that 0 > B—4S, that is, S > ?, which implies that there is a limit of lim,_, ., s(p) = ? > S* and

by the above discussion on {@IH), we conclude that limy, oo (s(p), y1(P), y2(p), -+, yn(p), i(p)) = (S*, ¥, ¥5,++  yn, I7).
This is a contradiction. Thus, we prove that 55 — o > 0.



By the first equation of (L)) and (@I9]), we have

B—6s(p+1)>0>s(p+1) —s(p) = B—0s(py +1) — (Bs(pr + 1) — 0)i(pr + 1)
> B—éds(p+1) = (Bs(p+1) —0)ql”,

and by | — +oo, we have that B — 65 > 0 > B — 68 — (8S — 0)qI*, that is, £ > § > § = % > %. Hence, by

BB — od > 0 and [@IT), we obtain that S > S > S*, which similarly leads to a contradiction by the above discussion
on ([@TIH). Hence, the claim is proved.

Put g(p) = mini<;j<n+1{y;(p)}. Then, by the claim, we are left to consider the two possibilities. First, §(p) > ¢ for
all p sufficiently large. Second, we consider the case that §(p) oscillates about ¢ for all sufficiently large p. If the first
condition that §(p) > ¢ holds for all sufficiently large p, then we get the conclusion of the proof. For the second case
that §(p) oscillates about g for all sufficiently large p, let p3 < ps be sufficiently large such that

g(p3s —1),9(psa+1) >¢q, and F(p) <q for any p3 <p < py.

We first estimate the lower bound of §,+1(p) for ps < p < p3 + lo(¢). By the last equation of [@4), we have that for
p3 < p < p3+lo(q),

p+1—p3 lo(q)+1
It (p) > G (p—1) > > [ — Jnia(ps —1) > (——
Yn4+1\P) = 1+e+ayn+1p = “1teto Yn+1(P3 lteto q.

Second, by [#I3), since one can obtain that for p3 < p < p4,
s(p+1) 2 s(p) + B—0s(p+1) = Bs(p+1)gl" = s(p) + B— (6 + BqI")s(p+ 1) = s(p) + B — kes(p+ 1),
we get

s(p+1) > for p3 < p < p4,

which yields

1 p+1—ps3 B P—p3 1 l
1) >
s+1) =2 <1+kq> stes) + 7 l_0(1+kq>

N B 1_(ﬁ)p+1—p3
T 14k 1—ﬁ

B 1 p+1—ps3
2 k{l_(1+k> }; for any p3 < p < ps.
q q

Therefore, if py — ps > lo(q) — 1, then by [@I3]) we have that for any ps + lo(q) < p+1 < p4,

A B 1 lo(q)
1) > =—<1—(— S* 4.20
i< Efi ()} »
and by the second part of Lemma B2l we obtain
. _ . , <
min {y;(p+ 1) = min {y;(p)} for any ps +1o(q) <p < pa, (4.21)

which implies that min {y;(p)} > min {y;(ps+1lo(q))} for any ps +1ly(¢) < p < ps. Thus, s(ps + lo(g)) > S* and
1<j<n+1 1<j<n+1
by @3) in Lemma E3] we have

L ) . d d? a1t d c(s(p+1)) _
. >
1S 0i(p (@) 2 mm{mm(l’ 1+d (1+d)?* ’(1+d)”1)1+d c(s*) ’1}%“@3”0@)’
ar
> mynﬂ(m +1o(q))

dn 1 lo(q)+1
> .
- (1+d)”<1+6+0’> q

dn 1 lo(q)+1
> ql™.
Y41 = (1+a)m (1+e+o)

Hence, we prove that
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Since ¢ (0 < ¢ < 1) is arbitrarily chosen, we may conclude that

- dn 1 ZO(Q)+1I*
yn*‘l*(l—i—d)” l+e+o ’

Hence, we prove the last equation of (£I2)). This completes the proof.

By Lemmas [Z] and B4 we obtain the permanence of system (L3).

5 Global stability of the endemic equilibrium £* for R, > 1

Assume Ry > 1. Then, by LemmalL4] system (L)) is permanent and by Lemma[Z3] system (L)) has a unique endemic
equilibrium E* = (S*,y1,y5,- - , 4y, [*). Moreover, (L9 is equivalent to (4}, which has a unique endemic equilibrium
E* = (S*, 95,05, »Un:Upp1) With g7 = g5 = --- = 7 = 9,1 = 1. In the rest of this paper, we prove that the endemic

equilibrium E* of @) is globally asymptotically stable.

_e8Y) _ BS°
By Ro = eto  (1+0b)" (6+etvto) > 1, we have

B _(14+6)"(0+e+v+o0)
- >

g s

and 8S* —o=(1+)"(+e+v+0)—c=(1+8)"(+e+7v)+{(1+)" —1}o > 0. We define

Us(p)g(sé€)>, ij(p)g<yﬂ£)>, i=1,2,...,n, Uz-(p)g(iyj))

SOI — 9*

where g(x) =2 —1—1Inz > ¢g(1) = 0. For simplicity, we put

s(p+1)
S*

i(p+1)
I*

z(p+1)= 2(p+1) = = Gn+1(p +1).

The following lemma is a key result which is a discrete version to that in Priiss et al. [].

Lemma 5.1.

o . B _BS*(oI*2(p+1) +485%) (z(p+1) —1)*
(1‘*‘%)5 (Ustp+1) = Us(p)) < 55 o P
+B8*T* <1 - M) (1—z(p+1)-2(p+1)).

Proof. By (), we have that

Uiyt 1) =0t = G S
o st —slp) spt+1) —s@)
B 5 s(p+1)
_ slpt+1) -5
= Tssprn T -s@)

because In(1 — z) < —x holds for all < 1, one can obtain that

- =ndi- (1- 285 ) < -(1- ) - -

11
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Substituting B = 8S*I* + §S5* — oI* into (B3], we see that

Up+1)—Usp) < W(BS*I* +658* —ol* —Bs(p+1)i(p+1) —6s(p+1) + ci(p+ 1))
o dslp+) =8 S _slp+1) i(p+1)
= sy (1 s<p+1>)<1 CE >

o (1 - o 1>> (i(pft e 1)

_ (zp+1) -1 1 . .
B o z(p+1) +5I (1 x(p—|—1)>(1 (p+1)-2(p+1))
ol* 1

On the other hand, by B = S*I* + §5* — oI*, we have

s(p+1)—s(p) = B-0Fs(p+1i(p+1)—ds(p+1)+oilp+1)
= BSI"+65"—0I" — Bs(p+ 1)i(p+1)—ds(p+ 1)+ oi(p+1)
= —(Bilp+ 1) +0)(s(p+1) 57~ (85" —0)(ip + 1) = ")
+BS " + 065" —ol* — (Bilp+1)+6)S*+BS*(ilp+1) —I*) + oI"
= —(Bilp+ 1) +0)(s(p+1) — 5 — (BS" = d)(ilp+1) — I"),

and hence,

U(p+1) - Us(p) = w w S(i(;:)l)
_ st D) —s(p) sp+1) —s(p)
= g s(p+ 1)
= 6405005~ 355
= G+ ) + sl 1) = 5 + (55— o)y 1) — 1) DS
= —(BI*z (Z‘(p+1)—1)2_(55*_0)1* . B 1
= —(BI"z(p+1)+9) z(p+ 1) o +1) 1)(1 x(p—i—l))'

Thus, we have

(1 n 55*0— U)S*(U(p+ 1) - U(p))

< —55*W +BS T (1 _ x(plﬂ)> (—a(p+1)-2(p+1) + oI (1 _ x@ig) (z(p+1) - 1)
a1 + 5)W ~or ) -1 (1- ot )
= s {on T sy + o) LD s (1oL -+ D2+ 1)
- ARl ) ros) (x@;jplj 1_)1)2 +Bs T (1 oo 1)>(1 (p+ Dz(p + 1)),
Hence, the proof of this lemma is complete. O

The following lemma plays an important role to apply techniques of equation deformation in McCluskey [@ Proof of
Theorem 4.1] to the global stability analysis of endemic equilibrium of system (L9).
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Lemma 5.2. If Ry > 1, then it holds that

1
(1—M>(1—x(p+1)~z(p+1))

n+1
n (1 - (1+U)<x<p+ D) e (p+1) — G (p + 1)) + Z(l - ~(1))@j1<p+ D=gile+1)

= yilp+1

g () S ) <

Jj=2

Proof.

1
(1= st )=l 1) -2+ 1)

1 3 ) n+1 1 . 3
(17 e 4 D e+ D =l 1)+ 3 (1= =) G 1) - 350+ 1)

1
_ e +1) o0+ 1) iy Jioilp+1)
+2(p+1) Gnt1(p+1) - z]l(p++1) —7i(p+ 1)+1+j§_2<yj_1(p+1)_ﬂj(p—&-l) —yj(P+1)+1)

~ +1 -
1 24D gonlp+1) G+l
z(p+1) np+1) = Ulp+1)

- _{g<x(p1+1)> +g(x(p+yz(pyn++11 e > +”ZI (yé/glpp:l)l))} =0

j=2

= n+2-

Hence this completes the proof. O

Proof of the second part of Theorem [I.J]l Consider the following Lyapunov function (see Priiss et al. [I1]).

1 o . 1< 1
U0 = 557 (14 3575 )S V-0 + D200+ 0 (55)

where

Usp) = g(sg?), Uy, (9) = 9(i5(p). 3= 1,2, Uilp) = gis (p))-

First, by the relation C(i((’;t)l)) = S(Ztl) = x(p+1), calculating Uy, (p+1) = Uy, (p) for j = 1,2,...,n+1 gives as follows.
U0+ 1) =0 ) = 3o+ 1) = G5(p) — n LD
yilp+1) —y;(p
< : Gip+ 1) — gy(p) — 2 gj(p)+ I)J( )
- W G0+ ) - 5,)
a(1- y1<pj+1> @+ 1) Gualp+1) ~ap+ 1)), W5 =1,
= d 1—m (Gi—1(p+1) —g;(p+1)), ifi=2.3,...,n,
(e+0) (1 — 3771+1(P+1)) Gnp+1) —Gny1(p+1)), ifj=n+1.
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Therefore, by Lemmas B.J] and B2 we have that
(oI*z(p+1) + pS*) (z(p+1) —1)?

Up+1)-Ulpp) < - (35 —o) i)
+<1x(p1+1>)(1w(p+1)~z(p+1))
(1= o )@ D G 1) = G+ 1)
+Z( ot ) (B 0 -+ )
+<1 - W)(Z?n(p-F 1) = Gnra(p+1))
_al*z(p+1)+SF (z(p+1) — 1)
- (S — o) z(p+ 1)
3 1 z(p+1) Gniar(p+1) gi—ilp+1)
{g(ﬂf(P+1)>+g( gilp+1) ) z; (yj (p+1) )}
< 0.

Hence, U(p + 1) — U(p) < 0 for any p > 0. Since U(p) > 0 is a monotone decreasing sequence, there is a limit
limy, 400 U(p) > 0. Then, lim, o (U(p+ 1) — U(p)) = 0, from which we obtain

pgglooS(erl):S, pgrfooyj(p+1)=yj7 Ji=12...,n+1,

that is, limy— oo (s(p), y1(P), y2(P), * , Ynt+1(P)) = (S*, ¥1, Y3, -+ ,Yp41)- Since U(p) < U(0) for all p > 0 and g(z) > 0
with equality if and only if x = 1, E* is uniformly stable. Hence, the proof is complete. O

6 Conclusions

In this paper, we propose a discrete epidemic model for disease with immunity and latency spreading in a heterogeneous
host population which is derived from the continuous case of model by using the well-known backward Euler method,
and applying a Lyapunov functional technique which is a discrete version to that in Priiss et al. [I], it is shown that
the global dynamics of this discrete epidemic model with latency are fully determined by a single threshold parameter.
Despite the proofs of main results in Yuan and Zou [I5] make use of the theory of non-negative matrices, Lyapunov
functions and a subtle grouping technique in estimating the derivatives of Lyapunov functions guided by graph theory,
we apply the techniques of Lyapunov functions in McCluskey [ and Priiss et al. [[I] to prove the global asymptotic
stability for the endemic equilibrium of system ([L3) for the case Ry > 1 which is simpler and no longer needs using
any of the theory of non-negative matrices and graph theory (cf. Guo et al. [@]). Moreover, we offer new techniques
(cf. Muroya et al. [I0]) for obtaining lower bounds for the permanence of group epidemic models which are derived by
the backward Euler method from continuous group epidemic models and will be useful in applications (cf. persistence
theory in dynamical systems, for example, Thieme [[4], Freedman et al 8] and Guo et al. @]). The extension of these
techniques to the other types of discrete and continuous group epidemic models will be considered in future work.
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