Published in Nonlinear Analysis: Real World Applications 14 (2013) 1693-1704
DOI:{10.1016/j.nonrwa.2012.11.005|

Global stability for a multi-group SIRS epidemic model
with varying population sizes
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Abstract. In this paper, by extending well-known Lyapunov function techniques, we establish sufficient conditions
for the global stability of an endemic equilibrium of a multi-group SIRS epidemic model with varying population sizes
which has cross patch infection between different groups. Our proof no longer needs such a grouping technique by graph
theory commonly used to analyze the multi-group SIR models.

Keywords: Multi-group SIRS epidemic model, varying population size, global stability, Lyapunov function.
2000 Mathematics Subject Classification. Primary: 34K20, 34K25; Secondary: 92D30.

1 Introduction

Multi-group epidemic models have been studied in the literature of mathematical epidemiology to describe transmission
dynamics of various infectious diseases such as measles, mumps, gonorrhea, West-Nile virus and HIV/AIDS. A hetero-
geneous host population can be divided into several homogeneous groups according tomodes of transmission, contact
patterns, or geographic distributions, so that within-group and inter-group interactions could be modeled separately.

There are several group models, see, e.g., patch models [[I25] and as transport-related models [IAIHI]] and references
therein. In 2006, Guo et al. [B] have first succeeded to establish the complete global dynamics for a multi-group SIR
model, by making use of the theory of non-negative matrices, Lyapunov functions and a subtle grouping technique in
estimating the derivatives of Lyapunov functions guided by graph theory.

However, some researchers on multi-group SIR epidemic models, commonly follow this research approach to analyze
the global stability of various multi-group SIR epidemic models. On the other hand, recently, Nakata et al. [I9] and
Enatsu et al. [6] proposed a simple idea to extend Lyapunov functional techniques in McCluskey [I] for SIR epidemic
models to SIRS epidemic models, and Muroya et al. [[7] succeeded to prove the global stability for a class of multi-group
SIR epidemic models without use of the grouping technique by graph theory in Guo et al. [§].

Motivated by these facts, we are interested in the global stability of the following multi-group SIRS epidemic model
which has cross patch infection between different groups:

dSk n
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Sk(t), I(t) and Rg(t), k =1,2,...,n denote the numbers of susceptible, infected and recovered individuals in city k at
time t, respectively. by, k = 1,2,...,n is the recruitment rate of the population, px;, i = 1,2, 3 is the natural death rates
of susceptible, infected and recovered individuals in city k, k = 1,2,...,n, and 7y denotes the natural recovery rate of
the infected individuals in city k, &k = 1,2, ..., n, respectively. Functions describing the dynamics within city %k of each
population of individuals, might involve all populations of individuals that are present in each city. We suppose that
there are no between-city interactions and two cities are connected by the direct transport such as airplanes. Therefore,
for the model ([L1), the only input is the recruitment. Moreover, not only for infective individuals Iy in city k, disease
is transmitted to the susceptible individuals Sy by the incidence rate Sy Skl with a transmission rate g, but also we
consider cross patch infection between different groups such that for each I;, j # k who travel from other city j into
city k, disease is transmitted by the incidence rate Bj;S;I; with a transmission rate S3j;.

The initial conditions of system (L) take the form
Sp(0) = ¢F >0, I(0) = ¢5 >0, Re(0) =5 >0, k=1,2,...,n (1.2)
By the biological meanings, we may assume that
e < min(pge, prs), kE=1,2,...,n. (1.3)
Moreover, for simplicity in this paper, we assume that
the n x n matrix B = (8k;)nxn is irreducible, (1.4)

that is, an infected individual in the first group can cause infection to a susceptible individual in the second group
through an infection path. Put ~ ~
Ro = p(MI(S")), (1.5)

where the positive n-column vector 8 = (59,59,..., )T = (b1/p11,b2/pi21, - - -, bn/pn1)” and p(M(S%)) denotes a
spectral radius of the matrix M(S°) defined by

- GO
M(S%) = (M) . (1.6)
Hk2 T V% /) xen
Observe that if 0y = 0, k = 1,2,...,n, then the variables Ry, k = 1,2,...,n do not appear in ([IT) and hence, in this
case, we may consider only the reduced system for Sy and Iy, k = 1,2,...,n as follows.
dSk, .
- by, — w1 Sk — Sk <Z /Bkjlj>7
=t (1.7)

% = Sk (Zﬁm ) (k2 + i) Lk

For system (7)), the result of Guo et al. [{] is as follows.

Theorem A For (L), assume that pgr < pre, k = 1,2,...,n and (L) holds. Then, for Ry < 1, the disease-free
equilibrium E° = (59,0,59,0,...,52,0) of system (m) is globally asymptotically stable in T, and for Ry > 1, there
exists an endemic equilibrium B* = (SF,1*, 85,13, ..., 8%, I;’;) of system (L) (see [A]) which is globally asymptotically

stable in f‘o, where T is the interior of the feasible region r defined by
. bi
T = {(51,11,52,12,...,Sn,ln) € Rﬁ_" Sp < —, S+ < —, k=1,2,. },
HE1 M1

and RTy = {(21,...,2m) 12, >0, k=1,2,...,m}. The main theorem in this paper is as follows.

Theorem 1.1. For system (1), assume that (L3) and (LA) hold. Then, for Ry < 1, the disease-free equilibrium

= (59,0,0,59,0,0,...,59,0,0) is globally asymptotically stable in T, and for Ry > 1, system (L) is uniformly
persistent in T and there exists at least one endemic equilibrium E* = (S§, I, R}, S5, 13, Ry, ..., S5, I, RY) in TV,
where T'O is the interior of the feasible region T' defined by

b
r:{(51,11,31752,12,32,...,Sn,ln,R ) € R3"| S), < S, Sk+1k+Rk</T k=1,2,....n } (1.8)
k1

Moreover, for Ry > 1, if
wk1Sy — 0pRy >0, foranyk=1,2,...,n, (1.9)

then E* is globally asymptotically stable in T°.



The organization of this paper is as follows. In order to prove Theorem [T} we consider the reduced system of ([LIJ).
In Section[2] we offer eventual boundedness of the solutions. In Section Bl following the proof techniques in Guo et al. [§,
we similarly prove the global asymptotic stability of the disease-free equilibrium for Ry < 1 and uniform persistence
and the existence of the endemic equilibrium E* of system ([[ZI)) for Ry > 1 (see Proposition Bl and Corollary B)). In
Section [, for Ry > 1, using Lyapunov function techniques, under the condition (), we prove the global asymptotic
stability of the endemic equilibrium of ([ITJ).

2 Positiveness and eventual boundedness

In this section, we consider positiveness and eventual boundedness of solutions of (). Let S = (SY,59,...,89)7T =
(b1 /p11,b2/ 21, - - - bp/tn1)T be a positive n-column vector and N = Sj + I + Ry be the total population in city
k, k=1,2,...,n. Then, we have the following lemma;:

Lemma 2.1. It holds that

Sk(t) >0, Ix(t) >0, Rg(t) >0, foranyk=1,2,...,n andt >0, (2.1)
and under the condition (L3,
limsup Ni(t) < Sy, k=1,2,...,n (2.2)
t—+oo

holds.

Proof. First, by [2), we have Sk (0) > 0, Ix(0) > 0 and R (0) > 0 for any k = 1,2,...,n. Suppose that there exist a
positive t; and a positive integer k; such that Sk, (t1) = 0 and S (¢t) > 0, I;(t) > 0, Ri(t) > 0 forany k =1,2,...,n and
0 < t < t;. However, by (1)), we have 4 Sy, (t1) > by, > 0, which is a contradiction to the fact that Sy, (t) > 0 = Sy, (t1)
for any 0 < t < t;. Similarly, suppose that there exists a positive to such that there exists a positive integer ko such
that Ij,(t2) = 0 and Sk(t) > 0, Ix(t) >0, Ri(t) > 0 for any k =1,2,...,n and 0 < ¢ < to. But by ([[I]), we have that
4 It (t2) > 0, which is a contradiction to the fact that Sy, (t) > 0 = S, (t2) for any 0 < ¢ < t5. Similarly, we can obtain
the similar result for Ry (¢). Thus, we obtain 2.

By (1) and ([3]), we have

d d

@Nk(t) = @{Sk(t) + Ii(t) + Ri(t)} = b — pra Sk (t) — padie(t) — praRi(t)} < bp — ppaNi(t), k=1,2,...,n,
from which we obtain ([22)). O

3 Global stability of the disease-free equilibrium E° for Ry < 1

We can obtain the following proposition, whose proof is similar to that of Guo et al. [§ Proposition 3.1] (see the proof
of Proposition B in Appendix).

Proposition 3.1. (1) If Ro < 1, then the disease-free equilibrium E® = (59,0,0,59,0,0,...,59,0,0) of system (I1)
is the unique equilibrium of (L) and it is globally asymptotically stable in T.
(2) If Ry > 1, then E° is unstable and system (1)) is uniformly persistent in T°.

Uniform persistence of (I]) together with uniform boundedness of solutions in T'? (follows from the positive invariance
of the bounded region I') implies the existence of an endemic equilibrium of () in T'° (see 20, Theorem D.3] or Bhatia
et al. 2 Theorem 2.8.6]).

Corollary 3.1. If Ry > 1, then Q) has at least one endemic equilibrium E* = (S§, I, R},, 85,15, R5, ..., S5, I*, RS)
such that

(F(8*) - V)I" =0, (3.1)
where y 5
F(S) = (BrjSk)nxn and V = diag(p12 + 71, H22 + V2, -5 fin2 + Tn) (3.2)
and
S=(81,5,...,8)", 8 =(8;,85,....8)", 1* = (I}, I3,...,I")7. (3.3)

Now, we consider a relation between the reproduction number Ry and Ry in B3) (see also [23]). Put

Ry = p(M(8")), (34)



where the positive n-column vector S = (51, S, ..., S,)T and p(M(S?)) denotes the spectral radius of the matrix M(S°)
defined by
i3S
M(S) = (B"] - > : (3.5)
Hi2 t 5 ) nxn
Then, we have the following lemma (see the proof of Lemma Bl in Appendix):

Lemma 3.1. ~
Ry <1, ifandonlyif, Ry<1,
Ro=1, ifandonlyif, Ry=1, (3.6)
Ro>1, if and only if, Ry > 1.

Therefore, for convenience, we may use Ry defined by (CH) as a threshold parameter (see Guo et al. [B]) in place of
the basic reproduction number Ry defined by (B4).

4 Global stability of the endemic equilibrium E* for R, > 1

In this section, we assume Ro > 1, and we prove that an endemic equilibrium of []) is globally asymptotically stable in
I'%. By Corrollary Bl there exists an endemic equilibrium E* = (S7, I, R}, S5, I3, R3, ..., S:, I, R:) € T such that

n» n’

b = 1S+ > BriSily — Ok Ry,

j=1
R - (4.1)
(2 + )1 = Zﬂkjsk[j ,
j=1
W Ip — (urs +0x)Ry =0, k=1,2,...,n.
We rewrite (L)) as
dSk
=by — - Ii+6
T i1 Sk jzlﬂkjsk + 0 Ry,
Al _ 4.2
dat ;ﬂkjskfj — (w2 + ) ks (42)
dR,
dtk ’Yka*(Nk3+5k)Rk, k=1,2....n
Now, for some positive constants vy, vs, - - - , vy, let us consider
- « ( Sk o (1
U1:ka Sig o +Ig ) glxy=x—1—Inx >g(1) =0, forany z > 0. (4.3)
k=1 k k
Differentiating Uy, we have
dUL1(t) < S\ dSk Ik dly
= . - = 1-— .
di ,;”" s ) ar " it
Put
x St L _ k=12 n (4.4)
k S;; s Yk I;; ) RZ’ ) 4y s 10.
Lemma 4.1. Assume the conditions (L) and Ry > 1. Then,
dU, (t = . 1 1
dlt() :ka{—uk15k<1—x>( k—1)+(5kRk< CC)( k—l)}
Pt k k
=Y oY BrSil; {g(zk) ( J)}JrZ{ngﬁng uk2+vk)}fkg(yk)- (4.5)
k=1 j=1 k=1 ‘j=



Proof. By (1) and {2), we have

dSy, ~
o by, — 1Sk — ;ﬁkjskfj + Ry,

= —1un(Sk — Sp) Zﬁm (Sklj — Sil}) + 0n(Ri — R})
= — Sy (z — 1) Zﬁkﬁk (xry; — 1) + 0 Ry (21 — 1),

and
n

dI <
—k Zﬁk;skf — (w2 + ) I = ZBk]SkI wrys — (w2 + ) vk = > BriSels (zry; — ve).

Jj=1 j=1
Then,
dU1

M:

i [(1 — ) {—ukls;;(xk —1) = > B Sil;(wry; — 1) + Ry (21 — 1)}
j=1
- ) > kS5 (s~ ]

-3 [—ukls; (1 - ;) (25 — 1) + 34 R} (1 - xlk> (2 — 1)]

+ Ok {Z ﬁkjskf*{ (1 - ) (1 — zpy;) + <1 — ylk> (zhy; — yk)H

=1

Mﬁ/LH

Sl

Next, for the last equation of ([£0]), we have

1 1 1 TRy
(1 - ) (1 — zry;) + (1 - ) (Tky; — yk) = (1 - — -y + yj) + (Ikyj T 1)
Yk Ty Yk

T

Tk Yk

Thus,

anvk [i BkjSZIf{ (1 - ;) (1 — zry;) + (1 - y1k> (Tryj — yk)}]

k=1 =1
= — ka[ﬁkﬁZﬁ{Q(i) +9<xkyj)H +ka25k35k1 {9(y;) — 9(yr)},
k=1 j=1

ZBk]SkI 9(y;) ka Zﬁk;SkI 9(yr)

M:

Dok BeSili{a(ys) — gy} =

k=1 j=

—

b
Il

—

Vj

{

Il
NE
M: il

BirSi Ir9(yk) ka (k2 + )11 9(yx)
1 k=1

<.
I
—

v Bk Sy —vk(ukz+’yk)}le‘9(yk)-

I
M-
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1
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Hence, from (G])- (3], one can obtain this lemma.

Moreover, let us consider the following condition:

Z{vas w(tta + m}fzg(yk) =0.

k=1

Then, we have the following lemma:

(4.7)



Lemma 4.2. The following system
n
ZUijkS;:Uk(Mk2+’Yk), k:1,2,...,7’l,
j=1
has a positive solution (vi,va,...,v,) defined by

(’Ul,’Ug, e ,’Un) = (0117022,. . ~7Cnn)a

where ~
ﬁkj :ﬂk]S;:I]*a 1 Skajgna
and ) ~ ~ ~ )
By —Ba o —Bm
j751~ ~ ~
) B2 Y By o P
B= J#2 ,
_Bln _BZn U Z an
L Jj#n J

and Cyy, denotes the cofactor of the k-th diagonal entry of B, 1 < k < n.

Proof. Consider a basis for the solution space of the linear system

Bv =0,

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

which can be written as [@II]) (see for example, Berman and Plemmons [3]). By the irreducibility of B, we know that

(Bkj)an is irreducible and vy = Cy, > 0, k =1,2,...,n. Then, by (@I4]), we have that

511 521 Bnl 1 321~
312 522 an V2 (2521')1)2

Bln 6277. e 67177, Un n

from which we have . .
ZUijk = UkZBkj, k=1,2,...,n,
Jj=1 j=1
which is equivalent to
n n
Zvjﬁij}‘I,j = Uk Zﬁkjs;ﬁf}‘ =vp(pre + )5, k=1,2,...,n.
Jj=1 j=1

Hence, by I} > 0, we obtain that {I0) has a positive solution (v1,vs,...,v,) defined by @II).

We offer a key inequality in [I9] to obtain our main result in this section.

Lemma 4.3.

1 1 xp — 1)2
(1- 2 ) G-+ G- D= = (1 ) 1= - 1 = - )
T Tk Tk
Now, for some positive constants ¢, k =1,2,...,n, consider
N7 ~ T K * * ~ * ~ Nk
Nk:Sk‘i'Ik‘i‘CkRk, Nk:Sk+Ik+ckRk’ andnk:ﬁ,kZLZ,...,n.
k

(4.15)



Then,

{ Ny — Ny —(Nk—N ) — (& — 1)(Ry — Ry), (4.16)
I — I = (Nk — Ni) = (Sk — Si) = (R — Ry) = (N — Nj) — (Sk — Sf) — é(Ry — RY).
Since by ([1l),
dR,
ditk = Yl — (prs + 0) R
=YLy — I}}) — (w3 + 0r) (R — Ry),
= {(Ny = Ni) = (Sk — Sj) — &(Re — Rp)} — (ps + 61) (R — Ry,
= e(Ni, = Ni) — (Sk — Sp) — (k + s + 0k) (Ry, — By),
and hence,
d ((Rx—Rp)®*\ _ o ARy
dt( 2 = (B = Bi) =5

= (R — Ri){we(Ni = Njb) = (S — Si) — (Wb + pxa + 0x) (R — Ryp)}
= RN (2 = 1), — 1) = mRESE (21 — D@k — 1) — (Wk + s + 6k) (R (21 — 1)%. (417
Moreover, it holds that
dNy, N .
Tl b — pr1 Sk — { (k2 + V) — Cevi ke — {C (a3 + 0x) — Ok} R
= — k1 (Sk — Si) — { (w2 + 1) — ey} (e — I1;) — {Cr(prz + k) — on }(Ry — Ry),
= —per(Niy = N ) = {(pnz + v — pw1) — b1 — Gyt (I — Ii) — L@ (s + 0x) — (prr + 6) }(Ri — Ry).

Therefore, if we choose ¢, and & as

Cr = WJrl > 1, & = u(prs + 0x) — (k1 +0x) > pes — per >0, k=1,2,...,n, (4.18)
then B
dN, - o - X
7dtk :_Mkl(Nk:_Nk)_Ek(Rk_Rk)7 (419)
and hence,

d [ (Ny — N;)? dNy,
dt( 5 = (Ve = M) = dt

= (Ne = N {=pr1 (N = N§) — &(Ri — Bj)}

= — s (N])? (R — 1) — 6N R (g — 1) (21 — 1). (4.20)
As a result, one can easily obtain the following lemma:

Lemma 4.4. Under the condition ([3)),

d ((Rk - R’}

y 5 ) — RS (2 — D)z — 1) — (Wbr + s + 01) (RE)? (2 — 1) + v REN; (2 — 1) (g, — 1), (4.21)

Moreover, if we choose ¢, and & as @I]), then

d ((Nk — N})?

dt 2 ) = — k1 (N})? (R, — 1)® = E Ny Rj (7, — 1) (25 — 1). (4.22)

In paticular, if pp1 = pre = ez = p for k =1,2,...,n, then &, =1, &, = 0 and N}, = Ny, for k = 1,2,...,n. Hence,
#22) holds. For N = Si + I + R}, and W}, defined by

(Rp — Rp)? 1 { Vi }2 (N), — Ny)?
Wi = + = , 4.23
; 2 2(p + ik + Ok) 2 “23)
it holds that
AW (1) , N} ’
=— —1)—— "k (p,—1 1— .
o (1 + e + 5k){Rk(2k ) 5T v+ o) (e —1) ¢ + RSk (2 — 1)(1 — a) (4.24)



Otherwise, € > 0 and for W}, defined by

(Re — Rp)?* | v (Ni — k)2
Wy = — 4.25
k 9 + z 2 ; ( )
it holds that
dW(t * QK ~ *
Pll) RS (o~ 1) — 1) — (i s+ 9 (R (o — )2 — L ()2 — 1) (4.26)
Next, consider
U=Ui+Us, and Us = > v — Wy 4.27
1 2 2 kz::l k’YkSZ k (4.27)
Then, by Lemmas LT one can easily obtain the following lemma:
Lemma 4.5. Assume the conditions (L) and Ry > 1. Then,
dU(t) - N . 1 - - N 1 Ty,
7 = — ka{ﬂklsk + 5Rk(zt - 1)}(1 — .13k> (xk — ].) - Vi Z |:ﬂkJSkI { <$k> +g<ykj
k=1 k=1 j=1
n n n 5
+ Z{Zvjﬁjks}‘ — g (px2 + w}f,z‘g(yw =Y vk Who, (4.28)
k=1 Yj=1 k=1 Rk
where
N} ’
(4 vk +5k){RZ(Zk -1) - ﬁ(nk - 1)} s O Bk = ke = HE3 = [y
Wio = (1 + vk + k) (4.29)
—(WCr + pr3 + 0r) (RE)? (21 — 1)2 — %'ukl LR (NP (g, — 1)%, otherwise.

Proof of Theorem [[LTl If Ry < 1, then by Proposition Bl we can obtain the first part Ry < 1 of Theorem [Z1l We
now consider the case Ry > 1. Then, by Proposition Bl system (LI)) is uniformly persistent in I'°, and by Corollary
B there exists at least one endemic equilibrium E* = (S¥, I, S5, I5, ..., S5, ).

By Lemma 2] we have that there exists a positive n column vector v = (v1,va,...,v,) such that (ZI0) holds. Let
v = (v1,v9,...,0,) be chosen as in [@I0) and suppose that (L9) hold. Then, for [@28), it holds (@) and

wk1SE + OR (2 — 1) > up1 S; — Ry, > 0,

and hence, we obtain dzgt) < 0. Moreover, W — 0 if and only if

zr=1, yo =1, and zp =1 forany t >0, j=1,2,...,n, k=1,2,...,n. (4.30)
Therefore, the only compact invariant subset where dl{lgt) = 0 is the singleton {E*}. By Proposition B and a similar
argument as in Section Bl E* is globally asymptotically stable in I'?, if Ry > 1. Hence, the proof is complete. O
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Appendix

Proof of Proposition Bl Let S = (51,52, ,5,)T and 8% = (59,89, --. 89T and put

M(S) = (B’“J‘gk) . (A.1)
Mk + Y%/ sn

Since in I', it holds that 0 < 5, < Sg forl1<k<nand Q< M(S) < M(SO). Since B is irreducible, we know M(S)

and M(S) are irreducible. Therefore, p(M(S)) < p(M(S")), provided S # S (see, for example, 24 Lemma 2.3]).

If Ry = p(M(S%)) < 1, then for S # S°, by the above, p(M(S)) < 1, and

M(S)I =1

has only the trivial solution I = 0. Thus, E? is then only equilibrium of system ([LT)) in I" if Ry < 1.
Let (wi,wa,...,wy,) be a left eigenvector of M(SY) corresponding to p(M(S?)), i.e.,

(wi,wa, . .., wn)p(M(S?)) = (w1, ws, . .. ,wn)M(S°).

Since M(SO) is irreducible, we know wy > 0 for k =1,2,...,n. Set

-1

P I
0 oty 0 I,
L= (wi,ws,...,wp) ) ) . ) .

Differentiations gives

L' = (wlaWQa s 7wn)[M(S)I - I] < (w17w27 cee 7wn)[M(SO)I - I]
:{p(M(SO))—1}(W1,WQ,...,WH)ISO, if RO < 1.
If Ry = p(M(S%)) <1, then L' =0 <= I=0. If Ry = 1, then L’ = 0 implies
(wi,wWa, ..y wn)M(S)T = (wy,ws, . .., wp)L (A.2)

If S # S then ~ y
(w1, wa, ., wn)M(S) < (w1, ws, ... ,wn)M(SO) = (w1, Wz, ..., Wn).

Thus, ([(A2) has only the trivial solution I = 0. Therefore, L' =0 <= I =0 or S = S° provided Ry < 1. It can be
verified that the only compact invariant subset of the set , where L' = 0 is the singleton {E°}. By LaSalle’s Invariance
Principle (see [I0]), E° is globally asymptotically stable in T if Ry < 1.

If Ry = p(M(S°)) > 1 and I # 0, we know that
(w1, wa, ... 7</Jn)1\~/I(SO) — (w1, wa, ..., wy) = {p(M(SO)) — 1H w1, wa, ... ,wp) > 0.

and thus L' = (w1, wy, .. .,w,)[M(S)I—I] > 0 in a neighborhood of E® in T'°, by continuity. This implies E° is unstable.

Using a uniform persistence result from Freedman et al. [] and a similar argument as in the proof of Li et al. [I]
Proposition 3.3], we can show that, when Ry > 1, the instability of E? implies the uniform persistence of (CT). This
completes the proof of Proposition 311 O

Proof of Lemma [3.11 Since

Szﬁ(znjﬁkjff) — (e + ) =0, k=1,2,...,n, (A.3)
j=1
we have
(M)nm((m 7, (2 +72) T s (e +70) I T = ((y + ) IF, (2 +92) I (i + ) I)T
(M)nxn(1f71;7...,I;)T =50, 1T,

(A4)

%) )45, :
p((ﬂj"‘%‘ nxn P\ ik + e xn b (4.5)
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from which we obtain



that is,

p(M(S7)) = p(M(S7)) = 1, (A.6)
where for S = (S}, 55,...,S,) and F and V defined by B2), we set
M(S) = F(S)V ! = (5’”5’“ ) and M(S) = V-1F(S) = (ﬁkﬂ's’“ ) . (A7)
Kit %/ nxn Pk Yk / pxen

Hence by ([[A), B4), Lemma 7] and the above discussions in the first part of proof of Proposition Bl on irreducible
non-negative matrices theory (see for example, Varga [24] Chapter 2]), we can easily obtain ([B0). O
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