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Abstract. In this paper, we consider a class of several species Lotka.Volterra systems with time delays and establish
sufficient conditions which ensure the systems to be permanent. We improve and extend the known conditions of the
permanence in Lu and Lu E, Lu et al. [f] and Nakata and Muroya [f]. Moreover, we give the conditions of the
permanence for a class of three species Lotka-Volterra predator-prey systems which need no restriction on the size of
time delays and improve the result in [2]. Some examples for comparison with the previous results are given to illustrate
the main results.

Keywords: Lotka-Volterra systems, permanence, time delays.
2000 Mathematics Subject Classification. Primary: 34K20, 34K25; Secondary: 92D30.

1 Introduction

Many authors have since studied the dynamical behavior of some ecological models governed by functional (ordinary)
differential equations (see, e.g., [IHIT] and the references therein). The way of interactions between species is also varied
depending on situations. For instance, a species may eat others, may be eaten by others and may compete or cooperate
with others. From the biological aspects, under the above circumstances, it is quite important to obtain the condition
which ensures coexistence of all species in multispecies communities.

In this paper, we consider the following n-dimensional Lotka-Volterra system with multiple delays:
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with initial conditions
x;(0) = ¢;(0) >0, 6 €[—m1,0], $;(0) >0, 1,2,...,n, (1.2)

where 7 > 0, each r;, a; and a;; are constants with ¢ is continuous on [—mr, 0]. It is said that system ([[CI]) is permanent
if there is a compact set K in the interior of R = { = (21,29,...,2,) € R™|z; > 0,7 = 1,2,...,n} such that all the
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solutions z(t) = (z1(t), z2(t),...,xn(t)) of system (I} with initial conditions (L2) ultimately enter K. That is, there
exists m and M for any solutions x(t) such that

0 <m <liminfx;(¢t) <limsupz,;(t) <M < +oc.
t——+o0 t——4o00
To examine the population dynamics of the ecological systems composed of such a variety of species, competitive or prey-
predator Lotka-Volterra systems have been widely discussed in the literature. For example, Ahmad and Lazer [I] have
established the average conditions for persistence on the nonautonomous Lotka-Volterra competitive systems with no
delays and Xu and Chen [I0] have studied the delayed nonautonomous three species Lotka-Volterra predator-prey systems
without dominating instantaneous negative feedback. For two species Lotka-Volterra predator-prey and competitive
systems with dominating instantaneous negative feedback, Wang and Ma [@], Lu and Takeuchi [G] obtained that delays
are harmless for the permanence. Recently, for the following three species Lotka-Volterra predator-prey system:

dw;t(t) — w1(t)[7“1 - auxl(t) + a12x2(t _ T) _ a13x3(t _ 27_)],
d%_;w = I'Q(t)[TZ — a21x1(t) — aggxg(t) + a23x2(t _ 7—)]’ (13)
dl‘;t(t) = x3(t)[rs + az121(t) — agaxa(t — 7) — azzxs(t — 27)],

where r; > 0, a;; > 01 <1¢,7 <3 and 7 > 0 are constants, Enatsu [2 Corollary 2.1] has obtained the following result
depending on the length of the delays:

Theorem 1.1. System ([L3)) is permanent if a1z > ass, age > a1z and rq — a3 M5 > 0, ro —a My > 0, r3 — ago My > 0,
where

~ a,12P a12P 1 a12P ~ T2 + 0,23M3 ~ T3 —|— a31M1 ’ Y
M, = — Fi—+— 1+ — 2T My = == My = 7e2(“+a31Ml)77
1 1 a11 1 a22 a33
My = MGQ(H*MSMS*GMMQT’ By = M’ Mg = w@(ﬁ*amﬂzz’*a%”k)‘f’
ail @22 Q33
and x = Z7 is a unique positive solution of the following equation:
2
- A (r1+r2)
:E(T’l — allx) + a2 P=0, P= > 0.

4ai1(aze — a12)

On the other hand, some authors have recently argued that cooperation is also an important interaction among species,
which is commonly seen in social animals and in human society. In addition to the above statements, in the real system,
the feedback of interspecific interactions and intraspecific competitions on the population dynamics are generally delayed.

However, there are few papers concerning multispecies Lotka-Volterra cooperative systems with delays to compare
with competitive and prey-predator systems. Lin and Lu [B] consider the following two species Lotka-Volterra cooperative
system with delays and obtain sufficient conditions which ensure the system to be permanent:

d%t(t) =21(t)(r1 — a121(t) — annx1 (t — 111) + a1222(t — 112)),
da?g(t) (14)
i = zo(t)(ro — agxa(t) + a2121(t — T21) — agexa(t — T22)),

where a; > 0, a;; >0, 7,5 > 0 and r; > 0 (i, j = 1,2) are constants.
Theorem 1.2. Systemn ([[L4) is permanent if r; > 0 and ajas — ajaaz; > 0.
On the other hand, Lu and Lu [ have investigated the permanence for the two species case of system (I, namely,

d%p = .'L'l(t)(rl - a%lxl(t — T) — a%lxl(t _ 27-) + a%zl‘Q(t _ 7_)),

(1.5)
dzo(t
x;t( - wa(8)(r2 + ady 21 () + ag 21 (¢ — 7) — afewa(t) — agywa(t — 7)),

where a;; >0, r; >0 (i,j = 1,2) and 7 > 0 are constants. The following result is obtained in [ Theorem 1.3].

Theorem 1.3. Let a3, = 0. Then system (L) is permanent if there exist constants C; > 0, D; > 0 such that
it < Cui(t) + Di (i =1,2).

{a%l (1—=2r7)+ ah (1- 7‘17)} a32 - aba%l > 0. (1.6)



From Theorem[[3] the delays may harm the permanence for Lotka-Volterra cooperative systems. For the similar analysis
of delay effect, Lu et al. [f] obtained the following result:

Theorem 1.4. For system ([[L4), let 791 = 0 and 112 = 722 > 0. Then system (L) is permanent if r; > 0 (i = 1,2),
a1 > ag1 and ase > ais.

Recently, Nakata and Muroya [f] establish new sufficient conditions for system (I3 to be permanent. Remarkably,
their conditions no longer depend on the size of time delays. They obtain the following result (see [ Corollary 1.2]):

Theorem 1.5. System ([T) is permanent if
1 0 2 1 0 1
aiy > Ggq, G711 > A1, Agp > Gy- (L.7)
Later, Enatsu [2] extended their result for a n-dimensional system, in which the following result is also obtained.

Theorem 1.6. System (LX) is permanent if
1 0o 2 10 1
ayy > agy, A1y 2 gy, g 2 Ay (1.8)

In the present paper, by using techniques of Nakata and Muroya [ and a boundary Lyapunov functional method in [,
we give the improved permanence conditions for systems ([3))-([[H). The main results are as follows:

Theorem 1.7. System (LX) is permanent if r1a% +r2ai; > 0, rial, +raa?; >0, alyady > adyal, and a?,a3y > alial,.
Moreover, we can extend the above techniques to the three species case for system (3] as follows.

Theorem 1.8. System ([L3)) is permanent if a13a22 > agzaiz, reair —riag > 0, r3aze —reaze > 0 and r1 A1 +roA2 +
T3A13 >0 hold. Here, A11 = Q22033 + a23a32, A12 — a12033 + a3z2a13 and A13 = 120923 — A13022.

Remark 1.1. Theorem [[.7] improves Theorems [[3] and since our permanence conditions are valid if either of
the following three cases hold:

i) a2, < ads, ii) ady < ai,, iii) ro < 0.

In addition, Theorem generalizes the results by Enatsu [2] Corollary 2.1] for three species and our conditions also
do not need the restriction on the size of time delay 7.

2 Preliminaries and some lemmas

At first, we introduce some basic lemmas. In particular, Lemma [Z2] plays an important role for illustrating the perma-
nence of the cooperative population system.

Lemma 2.1. Every solution of system (1)) with initial conditions exists in the interval [0,+00) and remains positive
for allt > 0.

The following result is obtained in [].
Lemma 2.2. Consider the following inequality;

du(t)
dt

<wu(t)la—bu*(t—7)]+ D

with initial conditions u(t) = p(t) for t € [—7,0] and ¢(0) > 0, where a > 0, b > 0, « > 0 and D > 0 are constants.
Then there exists a positive M,, < +oo such that

D D
limsupu(t) < M, = —— + ( + u*)e‘” > 0,

t——+o00 a a
where u = u* is a unique positive solution of u(a — bu®) + D = 0.

Lemma 2.3. For system ([[H), assume that r1als + real; > 0, riad; +raa?; >0, ai ady > adyaly and a3 ady > alialy
hold. Then there exists a positive constant o such that max{a3; /al,,al,/a31} < a < ady/aty and

(ria)ott

limsup 1 (t)z2(t —7) < N elredr)T o oo, (2.1)

i 0 Yo 0
t—+00 (ag; — agy)as,



Proof. Since al;ad, > a3 al, and a?;ad, > ad al,, it is clear that there exists a constant o with max{a9, /ai;,al, /a3, } <
a < a3y /al,. Furthermore, from riay + r2al; > 0 and r1al; + r2a?; > 0, we have ria + 72 > 0 and aal; —ad; > 0.

In order to show [ZII), we first suppose that limsup, ,, . 2{(t)z2(t — 7) = +00. Then there exists a subsequence
{tx} 125 such that

d
tkl_l}l’_Ii_l xf (tg)xa (ty, — T) = 400, and %x?(t)xg(t —7)|t=t, >0, k=0,1,2,....

From (A]), we obtain

2T (022t = 7) = 27 (A)a2(t — 7)1 +r2 — (aay; —ag))z(t — 7) = (aaf; — azy)z(t - 27)
- (agz - aa%z)@(t -7)— ‘182992(t —27)]

=z (t)z2(t — T)[ra+ 19 — (ozai1 - agl):cl(t —7)— agle(t —27)]. (2.2)
From 232)), it follows that
(oza%1 - agl)xl(tk — tau) — agle(tk —27) < rma+re.

Thus, we get x1(tp — 7) < % and za(ty — 27) < “;”% By integrating both sides of 22)) from ¢y — 7 to t, we
11 21 22
obtain

a1 (te)za(ty — 7) < @1 (ts — 7)o (ts — 27)eMOH2)7T < oo,

This leads to a contradiction. Thus, we have limsup,_, , . 1(t)2z2(t — 7) < +oo. Similar to the above discussion, we
obtain ([ZI)). The proof is complete. O

Lemma 2.4. For system ([[3), assume that riay + reat; > 0, riady +rea?; >0, alyady > a9 aly and a2 ady > adjaly
hold. Then it holds that

1
aly N ato N o
limsupz(t) < My = [—12 + (—12 —|—x*)em”} < 400,
t— o0 1 T

0 1 M
lim sup x2(t) < Mo 2t (a210—|— az) My
t—+oo Qg9

< 400,

where x = x* is the unique positive solution of x(ry — auxi) +al,N =0.

Proof. At first, we show that z1(¢) is bounded above. From Lemma [Z3] for any positive constant e > 0, there exists
a positive constant Ty such that x(t)z2(t — 7) < N 4 ¢ for ¢ > T;. For the functional V(t) := z{(¢), we have

dvi(t)

s M) [r1 — apyz1(t —7) — afyxi (t — 27) + ajyxa(t — 7))
1(

=z (t)[r1 —alyz1(t —7) — adyzi(t — 27)] + aaiy (N +e1)
=aV(t)[r1 — allVE(t —7)]+ aalQ(N +e1).

Since € is arbitrarily chosen, by Lemma B2 we obtain

1 N 1 N
timsup V(1) < — 12 4 (— +x>

t——+oco 1 T1

from which we obtain limsup,_, , . z1(t) < M;.
Next, we show that x4(t) is ultimately bounded. For any positive constant e > 0, there exists a positive constant
T, such that x,(t) < My + &5 for t > Ty. Therefore, we have limsup,_, , ., z2(t) < Ms. O

Similar to Lemmas and 224 we have

Lemma 2.5. For system ([L3)), assume that aj3ase > asszaia holds. Then there exist positive constants o such that
asg/a1s < a1 < age/aie and

limsup 27" (t)x2(t — 1) < Ny.

t——+o0



Lemma 2.6. For system [[L3), if a13a22 > aszais then it holds that

- N N
limsupz(t) < M, = {—(1121 + (—a12 !

1
&1
+x1‘>ea””] < 400,

t—+o00 r1 71

: ~ r3 + az M ~
hmsupxg(t) < M;= ¢e2(rs+a311\/fl)‘r < 400,
t—+oo ass

. ~ T + ags M,

limsup 2o (t) < My = =272 < 400,

t—+o00 a22

1
where x = 7 is the unique positive solution of x(r1 — aj1z°1) + a;2N1 = 0.

3 Proof of Theorem [I.7

In this section, we give a proof of Theorem [ 7]

Proof of Theorem [[.7]1 From Lemma 4] there are two positive constants M7 and My such that for sufficiently large
t, any solution of (CH]) satisfies 0 < z;(t) < M; (i = 1,2). We now consider the following functionals:

Vi(t) = z1(t) exp{—ah /tt a1(s)ds — aiy /t $1(3)d3}

-7 t—21

Va(t) = (21 (£)) %31+ (25(t))21r toha exp{<a;1a%1 —a}yaly) / w1(s)ds (3.3)

t—T1
t t
~ahfagy+ab) [ oa(opds + b+ aby) - ablady ) [ aato)is).
t—21 t—

T

Then we have
Vi) > Vi(t) (01 — Arxi(t)), Va(t) = Va(t)(d2 — Agza(t)),

where &1 = r1, Ay = ajy +afy, 02 = (aiy +aiy)r2 + (a3; +agy)r1 and Ag = (aj; +afy)(ad; + agy) — aip(ad; +ajy). Let
us fix 0 < h; < %= for (i = 1,2). If 2;(t) < h; holds for some i, then we have

dvi(t) _ 6;
> 2Vi(t), 4
oz S Vill) (3.4)
from which we obtain
myz(t) < Vi(t) < (1), (3.5)
1y (1 (£)) 1921 (5 (1)) 4190 < V() < Tn (1 (1)) “31+021 (g (1)) Ha 0, (3.6)

where

my = expl—(aly + 24%) M),
my = exp[—(aj a9, + 2a3,aly + 203,09, ) My7 — (a1,09; + afyag,)),

my = explay af; Mi7 + ajy(az; + az; ) Mat).
We now consider the two curves /; and Iy in the region {X € R%,|X; < M;,i = 1,2} defined by
ll : X1 = )\hl,

with A < m;. Moreover, we suppose that the intersection point of curve I; with Xs = hy is ()~(1, hs). We here choose C
such that

0<(C< mg(j(l)agﬁ_aél (h2)“%1+“%1
and then define [5 by

0 1 1 2
ayta aj,+a —
12:X121 21X211 1 :C/m2



By using the techniques in [G0], we first show that if there is a ¢ > to such that 1 (¢}) > hq, then the orbits will
remain on the right side of curve I for all ¢ > ¢{. In fact, if () meets {1 at t2 then there exists a t; € (£§, t2) such that
21(t1) = hy and 21 () < hy for any ¢ € (¢1,t2]. From [B4]), we have V(1) < Vi(t2). On the other hand, it holds that

Vi(te) < z1(t2) = Ay < myhy = mai(t1) < Vi(th).

This is a contradiction.

Similar to the above discussion, we secondly show that if there is a t3 > to such that z1(¢3) > hy then z(f) cannot
meet [y for all ¢t > t3. In fact, if 2(f) meets Iz at t5, then there exists a t4 € (t3,%5] such that xz2(t4) = he and z2(t) < ha
for ¢ € (t4,t5]. By B4), we have

Va(ts) < Va(ts) < (a1 (t5)) 1921 (wy(t5)) 1 H91 = C.

However, since z(t) lies on the right side of I; and z2(t4) = ha, we have

Va(ta) > mg (w1 (ta)) 51931 (2o (tg)) Mrtoht > my X2 Fompginten 5 ¢

This is a contradiction.

Finally, We check that for any solution z(t) and any ty > 0, there is a tg > to such that either xi(tg) > hy or
xo(tg) > ha. Otherwise, x1(t) < hy and x5(t) < hy for all t > ¢,. By integrating (B4, we have Vi(t) — +oo as
t — +oo, this contradicts the boundedness of z1(t). Therefore, there is a tg such that z1(ts) > hi1. Now we show that
there is a t7 > tg such that xo(t7) > ho. Otherwise, for all t > t7, x9(t) < ho, then we have V5(t) — +o0 as t — +o0o,
this contradicts the boundedness of x(t). Therefore, we have proved that for any ¢ > tg, there t; > tg > to such that
.’El(t(;) > hl, 1’2(t7) > ho.

The above steps show that any solution z(t) = (z1(t), z2(t)) will enter a smaller region {X = (X1, X») € R |h; <
X; < M;,i=1,2} and will not leave the larger one. This shows the permanence. O

4 Proof of Theorem [L.8]

In this section, we give a proof of Theorem [[L]

Proof of Theorem [I.8l From Lemma 26| there are positive constants M; (i = 1,2,3) such that for sufficiently large
t, any solution of (LH) satisfies 0 < z;(t) < M; (i = 1,2,3). We now consider the following functionals:

t t
V1(t) = xl(t)Allxg(t)A12I3(t)Al3 exp |:(0,12A11 — CL32A13) / IQ(S)dS + (a31A13 — a21A12) / :zzl(s)ds
t—1 t—

$3(S)d3] T
z1(s)ds — az1a12 /:T za(s)ds (4.7)

t t

—(a13A11 — a33A13)/

t—21

Valt) = (1 ()~ (3(£) ™ exp { /

t—T
t t
“+az10a13 / l‘3(8)d8 + ai1a923 / $3(8)d8:| R
t—21 t—T1
t

Va(t) = (xa(t)) =2 (z3(t))*2 exp |:(a32a21 + a22a31)/t x1(s)ds

-7

t t t
—a32023 / Ig(S)dS — a320a99 / SCQ(S)dS — a9220a33 / l‘g(S)dS:| 3
t—r t—2T1 t—2T1

x3(s)ds + asz Ao /

t—7
t

Then we have
VI(t) = Vi(t) (61 — Az (t)),

where 01 = r1A11 + r2A12 + r3Ars and Ay = det(A) with the matrix

—ai; —a21 a31
@12 —a22 —a32
—a13 a32 —ass

and

Vi (t) = Vi(t)(6; — Diwi(t)), i = 2,3,

?



where 52 = T2a711 — 71021, AQ = a11a22 + G12021 and 53 = T3a22 — T'2a32, Ag = a92033 + G23032. Let us fix 0 < hl < 2(2'
for (i =1,2,3). If z;(t) < h; for some 4, then we have

W0 > S, (4.8
from which we obtain
ml.’El(t)A11$2(t)A12.’E3(t)A13 < Vl(t) S m(ﬂl(t)Allxg(t)Alzxg(t)A137 (49)
my (w1 ()7 (w2()) " < Va(t) < ma(z (1)~ (22(1)) " (4.10)
3(22(t)) "2 (23(1))** < Va(t) < ms(w2(t)) " (ws(t))*, (4.11)

where

m, = exp|(az1 A1z — ag1 A1o) MiT — 2a13A11 MaT),

[
1 = expl(azs A1z — 2a33A13) Ms7 + (a12A11 — azadis) Mat],
[—a11a21 My 7 — az1a12Mo7],
[(2a21a13 + ar1a23) M57],
[—az2a00 Mot — (2a22a33 + asaass) Mst),
[

= exp((as2a21 + G22(l31)M1T]

We now counsider the three surfaces Ly, Ly and L3 in the region {X € RiO|X¢ < M;,i=1, 2,3} defined by

L2 . Xl—a21Xa11 _ ()\2h2>a11M1—a21’

Ly : X a32Xll22 _ ()\3h3)a22M;a327
with A; < m,/m; (i = 2,3). Moreover, we suppose that the intersection of Ly and Ls with X; = hy is Xy = Xs5. We
here choose C’ such that

0 < C" < m, b Xghe pphe

and then define L; by

Ly : XM xghe xdhe — O fmy

We first show that if there is a ¢ > to such that z(t) = (z1(¢), z2(¢), z5(t)) lies on the right side of L, then the orbits
will remain on the right side of curve Ly for all ¢ > ¢{. In fact, if 2(t) meets Ly at t5 then there exists a ¢t; € (¢, t2) such
that zo(t1) = he and x2(t) < hg for t € (t1,t2]. From (LH)), we have Va(t1) < Va(t2). On the other hand, it holds that

Va(ta) < mg(w(ta)) " (w2 (t2)) ™ = my(My) ™% (Aghy)™1t
< my (M)~ hg = Mgy (1))~ (w2 (1) < Va(h),
provided A < my, /5.
Similar to the above discussion, we secondly show that if there is a t3 > to such that x3(¢t3) > h3 and z(t) lies on the
right side of L3 for all ¢ > t3, then x(t) cannot meet Lg for all ¢ > t3.
In this step, we show that if there is a t4 > to such that x2(t4) > ha, x3(ts) > hs and z(t) lies on the right side of

curves Ly and L3, then z(t) cannot meet Ly for all ¢t > t4. In fact, if 2(¢) meets Ly at tg, then there exists a t5 € (L4, t6]
such that x1(t5) = hy for ¢ € (t5,t6], z1(t) < hi. By [@3), we have

Vilts) < Vi(te) < My (te) M aa(te) 2 as(te) M = C'.
However, since z(t) lies on the right side of Ly, Ls and z1(¢5) = hi, we have
Vi(ts) > myay (ts) 1w (ts) A2 mg (15) 12
> mlhAn XA12MA13 =

This is a contradiction.

Finally, we check that for any solution z(¢) and any to > 0, there is a tg > to such that either z1(ts) > hy or
xa(tg) > hg or x3(tg) > hs. Otherwise, z;(t) < h; holds for all ¢ > t5, ¢ = 1,2,3. By integrating (L), we have
Vi(t) — 400 as t — +oo and this yields

Vl(t)(V3(t))al3 < ml(mg)‘”sml(t)A“mg(t)a”““ac?,(t)“12“23 — 400



as t — +oo. This contradicts the boundedness of z;(t). Therefore, there is a tg such that x1(tg) > h1. Now we show
that there is a t; > tg such that xo(t7) > ho or x3(t7) > hs. Otherwise, for all t > t7, xa(t) < ho, z3(t7) < hs and
we have Va(t) — 400 as t — +o0. This yields from @ITO) that Va(t) < 1 (t)~* T Mg" holds for sufficiently large t.
Hence z1(t) — 0 as t — 4o00. However, we know that there is a sequence ¢, — oo as n — 400 such that z1(t,) > hy.
Therefore, we have proved that for any t > tg, there are t; > tg > to such that x1(tg) > h1, z2(t7) > ho.

Finally, we show that there is a tg > t7 such that x3(ts) > hs. Otherwise, for all ¢ > tg, x3(t) < hs, we have
V3(t) — +o00. This also yields from @I0) that Vi (t) < zo(t)~*2mzM32* holds for sufficiently large ¢. Hence xo(t) — 0
as t — +o00. However, we know that there is a sequence t, — +00 as n — +o0o such that x5(t,) > hs. Hence, for any
t > tg, there t; > tg > tg such that .’L‘l(tﬁ) > hy, .’132(157) > ho.

The above steps show that any solution z(t) = (z1(t), z2(t), z5(t)) will enter a smaller region {X = (X1, X2, X3) €
Rio|hi < X; < M;,i=1,2,3} and will not leave the larger one A. This shows the permanence. O

5 Concluding remarks and some examples

In most natural systems, biological models (such as population dynamics, epidemiology, neural networks) involving time
delays have been studied by a lot of authors, since time delays can express the maturation period of a species, the
incubation time of a disease, the maturation of blood cells, etc.

In the present paper, we consider the permanence property for a class of Lotka-Volterra cooperative systems with
multiple delays and obtain sufficient conditions without any restrictions on the size of time delays which improve the
results of AMAEID. We illustrate our criteria by the following examples:

Example 5.1.
dxc;t(t) = 21(8)[1 — az1 (t - 27) — ey (t = 7) + 27 Tt — 7)), 5.1
ddet(t) = xo(t) |7 + bx1 () + geixl(t —7T)— %@(t) - %eg%(t =7 Y
Ifa=1,b=0,7 =1, in [, system (&I is permanent if 7 satisfies 0 < 7 < 7* := # ~ 0.74 and in (I, the

permanence result is improved for any 7 > 0 and a > b > 0. In this case, our criterion in Theorem A also holds true.
But if either of the following parameter set:

(51) a=1,b=1% —2e7 7 <r<0,
(5-11) 7">0:;mda:1<b<%e%7

then conditions of Theorems 1.2, 1.4 and 1.5 fail, but Theorem A guarantees that system (B remains permanent.

Example 5.2.
dan(t) _ 21 (t)[1 — aozy (t) — 221 (t — 711) + 22(t — T12)],
dxdt(t) 1 1 (52)
;t = 22(t) |1 = Jw2(t) + g (t) = 2w2(t — 722) |-

If 119 = T2 = 7 and g, from [B Theorem 1.3], system (B2]) is permanent, but if ag € (1/4,1/2), the conditions
in [B Theorem 1.3] fails. On the other hand, we see that the condition of Theorem B holds, thus system ([@.2)) is

s _5
1+e7§e 2

permanent for g € (1/4,1/2). satisfies 0 <7 < 7" := —52— ~ (.74 and in 21H,
Example 5.3.
da (t) 11 3
= — —7) = Sas(t—2
p x1(t) 1 3z1(t) + x2(t — 1) 45(13(t )|,
dza(t 5 1
o) — )|~ 1lt = 7) = 20alt) 4 e 1) (53)
dZL'3(t)

= 1’3(t)[3+$1(t—7’) —.’EQ(t—T) — 31’3(t— 27')]

From Enatsu [2], we see that if 7 € (0,0.0759], system (5.3) is permanent, but the conditions in the present paper need
no restriction on the size 7. It is clear that the condition of Theorem C is satisfied. Hence, our criterion guarantees that
system (B3] is permanent for any sizes of time delays.

Recently, Nakata [§] considered the general case of system (1.5) and gave some sufficient conditions for the per-
manence, in fact, our technique can also work in those cases. Some ideas in this paper are also applicable to the
nonautonomous Lotka-Volterra cooperative systems with delays and a class of the n-species Lotka-Volterra cooperative
population systems with delays. These become our future topics.
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