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Abstract — Direct numerical simulation of heat transfer in a fully developed channel flow has been
carried out in a range of low Reynolds numbers from Reτ = 180 down to 60 (based on the friction
velocity and the channel half width δ) with emphasis on a puff-like structure. For Reτ ≤ 80 with the
largest computational domain of 51.2δ × 2δ × 22.5δ, the turbulent puff is observed and significantly
affects the momentum and heat transports. The spatial structure of the equilibrium puff is examined with
taking account of two different thermal boundary conditions. It is revealed that there exists a localized
strong turbulent region, in which a secondary flow is induced by the puff. In consequence, at the present
lowest Reynolds number as low as Reτ = 60, the flow remains turbulent and the larger Nusselt numbers
than those without puff is obtained.

1. Introduction
Heat transfer at a low Reynolds number Re in a turbulent/transitional channel flow is of practical
importance with respect to a high temperature gas-cooled nuclear reactor, in which the low Re is
employed to obtain a high outlet gas temperature with maintaining turbulence. Since the process
of laminarization is also important in the field of both engineering applications and fundamental
flow physics, the transition from turbulence to laminar has been studied experimentally by a
number of researchers.
Direct numerical simulation (DNS) is a significant tool for the investigation of the turbulent heat
transfer in a channel. The first such DNS was made by Kim and Moin [1] with an assumption
of uniform heat generation at Reτ = 180, where Reτ is based on the friction velocity uτ and
the channel half width δ. Lyons et al. [2, 3] performed the simulation at Reτ = 150 with the
constant temperature difference boundary condition. At the same Reynolds number, Kasagi et
al. [4] executed DNS in the case of uniformly heated walls. Later, the Reynolds- and Prandtl-
numbers dependencies have been investigated by many research groups (e.g., Kawamura et
al. [5, 6]). On the other hand, not much work has been done on DNS of heat transfer in a tur-
bulent/transitional channel flow for a lower Reynolds number than Reτ = 150. This is because
it requires a larger computational domain in order to capture an elongated streaky structure due
to low Re. As for the transitional channel flow without a scalar transport, Iida and Nagano [7]
carried out the DNS at Reτ = 60–100 to investigate the mechanisms of laminarization. The
authors’ group [8] showed that an isolated-turbulent structure (termed ‘puff-like structure’) was
observed at Reτ = 80 by expanding the domain. The structure was found to be similar to the
‘turbulent puff’ in a transitional pipe flow studied by Wygnanski and Champagne [9].
Since most channel flows in various engineering systems can undergo laminar-to-turbulent tran-
sition below the critical Reynolds number given by the linear instability analysis, the subcritical
transition in a channel flow has also been studied in many works. An early experimental study
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Table 1: Reynolds numbers and domain box sizes of the present DNS: flow field with puff-like
structure, ◦; without puff, –. Bulk mean velocity, um; centerline mean velocity, uc; box length
in i-direction, Li.

Reτ (= uτδ/ν) 180 150 110 80 70 64 60† 80 64 60
Rem (= um2δ/ν) 5680 4620 3270 2290 2000 1850 — 2310 1770 1640
Rec (= ucδ/ν) 3320 2710 1940 1400 1260 1200 — 1430 1140 1070
with/without Puff — — — — — — — ◦ ◦ ◦
Box size Medium (MB) Large (LB) Extra-large (XL)
Lx × Ly × Lz 12.8δ × 2δ × 6.4δ 25.6δ × 2δ × 12.8δ 51.2δ × 2δ × 22.5δ

† This case resulted in a laminarization.

qw=const. Hot
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(a) Uniform heat-flux heating (cooling) (b) Constant temperature difference
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Figure 1: Configurations of the thermal boundary conditions.

on the transitional channel flow was made by Davies & White [10]. Comparison of the exist-
ing experimental results indicates wide variation in the transitional Reynolds numbers. Patel &
Head [11] obtained the transition Reynolds number of about Rec = 1035 with high-intensity
disturbance in an inlet flow. Carlson et al. [12] made a flow-visualization study of turbulent
spots with a smooth inlet in order to achieve a low-turbulence background flow. Their obser-
vations indicated that natural turbulent spots appeared spontaneously, leading to a transition
at Rec (defined in Table 1) slightly above 1000 as in Patel & Head [11]. These transitional
Reynolds numbers are less than 20% of the critical Reynolds number (Rec = 5772) by the (two-
dimensional) linear instability analysis [13]. Later, theoretical results of Orszag’s group [14] in-
ferred a transitional Reynolds number of about 1000, when finite-amplitude three-dimensional
disturbance was considered.
These studies show the importance of nonlinear effects and of three-dimensional secondary
instability associated with transitional structures, i.e. spots and puffs. Turbulent spots in a
laminar channel flow have been studied extensively; turbulence characteristics inside a spot
and its maintenance of turbulence are investigated in experiments by Klingmann & Alfredsson
[15] and DNS by Henningson & Kim [16]. The structure of puffs in a transitional pipe flow
was studied by Wygnanski’s group [9, 17] and was found to be different from the structure
of fully developed turbulent flow. In the transitional channel flow, the puff-like structure first
observed by Tsukahara et al. [8], and this transitional structure must be significant for sustaining
turbulence. To the knowledge of the authors, moreover, few numerical studies had focused on
the effect of the transitional structure in a channel flow at turbulent-laminar transition range.
Therefore it is necessary to know a mechanism of scalar transport in the puff-like structure with
respect to enhancement of heat transfer.
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Table 2: Computational box size; Li, Ni and ∆i∗ (non-dimensionalized by δ) are a box length,
a grid number and a spatial resolution of i-direction, respectively.

Box size MB LB XL
Lx × Ly × Lz 12.8δ × 2δ × 6.4δ 25.6δ × 2δ × 12.8δ 51.2δ × 2δ × 22.5δ
Nx × Ny × Nz 512× (96–128) ×256 512 × 96 × 256 1024 × 96 × 512

∆x∗, ∆z∗ 0.05, 0.025 0.10, 0.05 0.05, 0.044
∆y∗

min–∆y∗
max 0.0011–0.033 0.0014–0.045 0.0014–0.045

In the present work, the various statistics associated with fully developed scalar fields for two
different thermal boundary conditions are presented and discussed with emphasis on the role of
the puff-like structure in the scalar transport. A series of DNS has been made for Reτ = 60–180
with the large computational box sizes as summarized in Tables 1 and 2.

2. Numerical procedure
The mean flow is driven by a uniform pressure gradient with passive scalar fields (see Figure 1).
One of the thermal boundary conditions is the uniform heat-flux heating over the both surfaces
(UHF), and the other is the constant temperature difference between the walls (CTD). The
periodic boundary condition is imposed in the horizontal directions and the non-slip condition
is applied on the walls. For the air of Prandtl number Pr = 0.71, all fluid properties are treated
as constant. The fundamental equations are the continuity and the Navier-Stokes equations:

∂ui

∂xi

= 0, (1)

∂u+
i

∂t∗
+ u+

j

∂u+
i

∂x∗
j

= −∂p+

∂x∗
i

+
1

Reτ

∂2u+
i

∂x∗2
j

+ δ1i, (2)

where δ1i corresponds to the mean pressure gradient. The energy equations are written as

∂θ+

∂t∗
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j

∂θ+

∂x∗
j
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ReτPr

∂2θ+

∂x∗2
j

+
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for UHF, (3)
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∂x∗
j

=
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ReτPr

∂2Θ+

∂x∗2
j

− v+ for CTD, (4)

where in CTD, Θ (= θ/∆T − y∗) is the deviation from the linear profile caused by the tur-
bulence effect, and quantities with the superscript of + indicate those normalized by the wall
variables and the friction temperature. The last terms on the right-hand side of Equations (3)
and (4) represent a production by streamwise mean temperature gradient, −u+∂xT

+, and a
production by wall-normal temperature gradient of the linear profile, respectively. For the spa-
tial discretization, the finite difference method is adopted. Further details of the numerical
scheme can be found in Kawamura et al. [6]. Uniform grid mesh is used in the horizontal di-
rections, and non-uniform mesh in the y direction. A coarser mesh (Ny = 96) is adopted for
the low Reynolds numbers not over Reτ = 80. At Reτ = 80, the wall-normal grid spacings are
∆y+ = 0.22–3.59, which correspond to 0.13η–1.25η (η is referred to as a local Kolmogorov
scale). These grid spacings are finer than ones used by Abe et al. [18], whose grid resolutions
were approximately equal to 0.3η–1.6η.
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(a) u′-field
u′-field at Reτ = 64 (LB)

25.6δ

(b) θ′-field (UHF) (c) θ′-field (CTD)
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Figure 2: Instantaneous velocity and thermal fields for Reτ = 64 (XL): high/low-speed (a) and
high/low-temperature (b, c) regions (red, u′+, θ′+ ≥ 3.0; blue, u′+, θ′+ ≤ −3.0). White iso-
surface in the flow field shows the contour of second invariant of the velocity gradient tensor:
II ′+ = ∂u′

i
+/∂x+

j · ∂u′
j
+/∂x+

i ≤ −0.03. The visualized volume is the lower half of the compu-
tational box, namely 51.2δ×δ×22.5δ. A velocity field in the case of LB at the same Reynolds
number is also shown for comparison.

A fully developed flow field at a higher Re is successively used as the initial condition for a
one-step lower Re. Note that various statistical data and visualized fields are obtained after
the scalar fields reached statistical-steady state. As for two-dimensional contours shown after,
quasi-mean velocity and temperature statistics are temporally averaged for a time of 150δ/uτ

(9600ν/u2
τ , 40 wash-out times). Further integration for 160δ/uτ was necessary to obtain stable

and accurate values of Cf and Nu presented here.

3. Results and Discussion
3.1. Instantaneous fields
The puff-like structure as mentioned in the introduction is observed in the present DNS at even
lower Reynolds numbers than Reτ = 80. Figure 2(a) shows the instantaneous flow field ac-
companied by the turbulent puff, which is sustained and equilibrium for Reτ = 60–80 (XL).
The quasi-streamwise vortices are well represented by the negative II ′ region, and the cluster
of these fine-scale turbulent eddies is spatially isolated as seen in Figure 2(a). Note that the
streaks elongated in the streamwise direction penetrate the computational domain in the case of
LB, indicating a shortage of the box size. Moreover, fine-scale eddies are evenly distributed in
the horizontal directions for LB. Flatness factors of the velocity fluctuations are affected signif-
icantly by expanding the box size (not shown here). Note also that in Figure 2, the computed
equilibrium puff stays constant in size, whereas a turbulent spot in a laminar channel flow is
known to be widely spread [19].
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Turning now to Table 1 obtained from the present DNS, it will be seen that a turbulence (but
spatially intermittent) is obtained at as low as Rec = 1070 (Rem = 1640), which is consis-
tent with the experimental results [11, 12]. At this Reynolds number, turbulence is spatially
intermittent, that is, coexistence of the turbulent puff-like structure and less turbulence in space.
With decreasing Re, the intermittent flow is first observed at Rem = 2300 in the present DNS;
on the other hand, an intermittent flow in an experiment occurs over the Reynolds number range
1380 < Rem < 1800, cf. [11].
The isolated highly-disordered turbulent region, in which streaks are densely crowded, is spa-
tially distributed in both x and z directions, while the turbulent puff of a pipe is intermittent only
in the streamwise direction [9]. We have confirmed that this oblique structure in the channel
flow was able to be captured even if an initial velocity field was a random distribution. Thus
one may regard the inclination of the puff-like structure as essential for a transitional channel
flow. As can be seen from Table 1, to capture the puff in a channel requires a large-scale domain
such as XL. Neither MB nor LB is large enough for the equilibrium to become established. It
is interesting to note that the self-sustaining puff in XL remains dominant with decreasing Reτ

from 64 to 60, while the turbulent flow has become laminar with LB.
From the visualization of the thermal fields affected by the puff, it is observed that thermal
streaks in UHF (Figure 2(b)) are unevenly distributed and similar to the velocity field. This is
attributed to similarity of the boundary conditions. In the cases of u′ and θ′ for UHF, the vi-
sualized iso-surfaces of negative fluctuation (blue color) show the low-speed (low-temperature)
streaks in the wall region with an average spacing of 100 wall units. They are packed together
and most are located at downstream of the highly-disordered turbulent region. In addition,
this dense clustering of negative (also positive) fluctuations clearly exhibits a very large-scale
pattern in the UHF field.
In the case of CTD, both high- and low-temperature regions tend to exist uniformly in the
core region (see Figure 2(c)). Unlike UHF, the production of temperature variance for CTD
is non-zero in the channel central region, and the location of maximum temperature variance
is at the channel center. The thermal structure in the core region is dominant rather than the
near-wall streak as seen from Figure 2(c). Thus, neither large-scale pattern nor the clustering of
negative fluctuations is clearly observed in CTD with respect to puff-like structure. This will be
discussed later.

3.2. Puff-like structure
3.2.1. Flow field
The puff-like structure emerges spontaneously from featureless turbulence: however, its oblique
pattern is confined by the periodic boundary in both x and z directions, and parallels with a
diagonal of the domain, as given in Figure 2. Accordingly, let us define z′ as the coordinate
which is parallel to the diagonal line. A value spatially-averaged in the z′ direction and a
fluctuation from this quasi-mean value are defined as:

ui
z′(x, y) =

1

T

1

Lz′

∫ T

0

∫ Lz′

0
ui(x + umt, y, z′, t)dz′dt, u′′

i = ui − ui
z′ , (5)

θ
z′
(x, y) =

1

T

1

Lz′

∫ T

0

∫ Lz′

0
θ(x + umt, y, z′, t)dz′dt, θ′′ = θ − θ

z′
. (6)

Here, the propagation velocity of the puff was found, in the previous work [8], to be constant
and almost equal to the bulk mean velocity um. By assuming homogeneity of the puff in the z′
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Figure 3 For legend see page 7.
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Figure 3: Quasi-mean flow field in an (x-y) frame of reference moving with the puff at Reτ = 64
(XL): the ensemble-averaged pattern of (a) quasi-mean streamwise velocity uz′ , (b) uz′ − u,
(c) turbulent kinetic energy k′′ = u′′

i u
′′
i /2

z′
, (d) turbulence intensity u′′

rms, (e) v′′
rms, (f ) w′′

rms, (g)
p′′rms, (h) wall-normal component of quasi-mean velocity vz′ , (i) Reynolds shear stress −u′′v′′z′ ,
and (j) shear stress τ z′ of Equation (7), where all of quantities are normalized by uτ . Mean-flow
direction is from left to right. Solid and dashed lines represent positive and negative quantities,
respectively. The vertical lines are located at the streamwise locations where uc

z′ is maximum
(I) or minimum (III); k′′ maximum (II) or minimum(IV).

direction, i.e. the direction from (x, z) = (0, Lz) to (Lx, 0) in Figure 2, the ensemble-averaged
velocity and temperature fields with respect to the puff are obtained at Reτ = 64 (XL) as given
in Figures 3–5. In these figures, one should keep in mind that the vertical scale is four times the
abscissa scale. An overline of (·) denotes the spatial (in both x and z directions) and temporal
averaging.
Figure 3(b) shows that the large-scale regions of high- and low-speed fluctuations emerge occu-
pying the whole width in the wall-normal direction. At the channel centerline, the quasi-mean
velocity uc

z′ becomes maximum (on the line I in Figure 3) about 22δ upstream from the po-
sition of minimum uc

z′ (III). This streamwise scale of the puff-like structure is almost same
as that of an equilibrium puff in a transitional pipe (see, e.g., [20]). Between the upstream
high-momentum (around the vertical-line I) and the downstream low-momentum regions (III),
an intensive-turbulence region (II) appears as seen in Figure 3(c). On the other hand, around
the line IV (called a ‘region IV’, hereafter), all the components of the turbulence intensity and
the pressure fluctuation are attenuated as given in Figures 3(d–g). Since the intensity of u′′ is
remarkably larger than those of the other two components, the contour of k′′ (Figure 3(c)) re-
semble that of u′′. The spatial extent of the reductions in k′′ and u′′ is coincided with the local
acceleration of the mean flow in the region IV.
The quasi-mean v-velocity is as large as ±0.05 just around the turbulent region (see Fig-
ure 3(h)), whereas in the fully turbulent channel flow the mean v must be zero. The high-
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Figure 4: Quasi-mean thermal field of UHF in an (x-y) frame of reference moving with the puff
at Reτ = 64 (XL): the ensemble-averaged pattern of (a) deviation between quasi-mean and
mean temperature (θ

z′ − θ), (b) temperature variance θ′′rms, and (c) wall-normal turbulent heat
flux −v′′θ′′

z′ , where all of quantities are normalized with a friction temperature (and a friction
velocity). Mean-flow direction is from left to right. Solid and dashed lines represent positive
and negative quantities, respectively. Positions of the vertical lines with the numerals I–IV are
same as those in Figure 3.

momentum fluid (around I of Figure 3(b)) impinges on the downstream low-momentum one
and is swept towards the walls in the upstream extent of the interface, ∼I∼II. On the contrary,
one can observe that the fluid converges towards the channel center as it crosses the interface
II∼III∼.
The contours of the Reynolds shear stress and total one (defined by the following equation) are
shown in Figures 3(i) and (j), respectively.

τ z′ = −uz′vz′ − u′′v′′z′ + ν
∂uz′

∂y
. (7)

Here, −uz′vz′ is very small compared to −u′′v′′z′ , so that −uz′vz′ is neglected here. A fully
turbulent channel flow is homogeneous in the horizontal directions, so that the all derivatives
with respect to x and z can be assumed to be zero, except for the pressure gradient ∂xp, which
drives the mean flow, cf. [21]. On the other hand, the flow with the puff is homogeneous only
in the z′ direction, so that the total shear stress is not strictly defined as Equation (7). However,
all derivatives with respect to x and z (not shown here) are small enough compared to the terms
of Equation (7). The maximum Reynolds stress is located at about y = 0.4δ in the region II ,
where the secondary flow appears with significant non-zero vz′ . Even though vz′ is small, its
effect on the velocity uz′ at the near-wall region is large. In consequence, the wall shear stress
(and the skin friction coefficient) changes about 40% in the streamwise direction.
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Figure 5: Same as Figure 4 but for CTD.

3.2.2. Thermal fields

Using Equation (6), the averaged properties for the thermal fields of UHF and CTD are given in
Figures 4 and 5, respectively. Figure 4(a) shows the contour of the quasi-mean temperature for
UHF, indicating the existence of large-scale structure (high- and low-θz′ regions) similar to that
of the velocity field shown in Figures 3(b). On the other hand, such structure cannot be found
in the case of CTD (Figure 5(a)). Also shown in Figures 4(b) and 5(b) are the root-mean-square
fluctuations θ′′rms for each temperature fields. The difference in the distributions of θ′′rms between
the two thermal boundary conditions results from the difference in each distribution of v′′θ′′

z′ .

Figure 4(c) shows the contour of v′′θ′′
z′ for UHF; it displays intermittent regions of large v′′θ′′

z′

similar to the spatial distribution of u′′v′′z′ . This implies that strong production of the scalar
fluctuation also takes place intermittently just as that of the velocity fluctuation. As for CTD,
the intermittent distribution of v′′θ′′

z′ is clearly identified but large v′′θ′′
z′ is located at the chan-

nel center and slightly downstream from the line II, as given in Figure 5(c). Both Figures 4(c)
and 5(c) indicate that around the line II, the wall-normal heat flux becomes as large as twice of
its mean values (not shown here) in both of the thermal boundary conditions. This spatial inter-
mittency of the effective heat transport is associated with the wall-normal secondary flow (see
Figure 3(h)). The flow pattern of the secondary flow is symmetric about the channel centerline
whereas the wall-normal mean temperature profile of CTD is asymmetric. Hence a streamwise
variation of θ

z′ is negligible at the channel center as seen from Figure 5(a). As a result, no
large-scale structure of θ′ for CTD is found in the visualization shown in Figure 2(c). In the
near-wall region, however, Figure 5(a) shows significant variation of θ

z′ in the x direction, see
also Figure 4(a) for UHF. The wall heat flux qwall

z′(= ∂yθ
z′
) also changes about 60% in the x

direction for both thermal boundary conditions. This reveals that heat transfer (and, therefore,
Nusselt number) is spatially enhanced by the puff.
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θ profiles in viscous wall-units.
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3.3. Mean flow parameter
The dimensionless mean velocity and temperature profiles are shown in Figure 6. For Reτ ≤
80, the Reynolds-number dependence of the mean velocity profile in the present DNS data is
consistent with that by Patel & Head [11]. The friction Reynolds number of the experiment
was set to be Reτ = 59–77. If emphasis is placed on the data at Reτ = 80 (MB and XL),
the profiles suggest that the maximum (channel-centerline) values of u+ and θ

+ increase with
extending the box size up to XL, since the quasi-laminar region locally appeared in the flow
field. However, the Reynolds-number dependencies of both mean velocity and temperature
profiles in the flow involving the puff are significantly smaller than those without the puff. For
instance, the centerline velocity uc

+ is almost unchanged (or decreased 0.5%) with decreasing
Reτ from 80 to 64 in the case of XL, whereas increased by about 7% between Reτ = 80 (MB)
and 64 (LB), in which puff does not take place.
Figure 7 shows variations of the skin friction coefficient Cf and the Nusselt number Nu in
comparison with the empirical correlations for a turbulent flow, together with the experimental
data. They are non-dimensionalized in the present definition as

Cf =
τwall

1
2
ρu2

m

=
2

u+
m

2 , Nu =
h · 2δ

λ
=

2ReτPr

θ+
m

, (8)

where τwall, ρ, θm, λ and h are the averaged wall shear stress, the density, the bulk mean tem-
perature, the thermal conductivity and the heat transfer coefficient, respectively. The wall shear
stress and heat transfer are locally enhanced by the puff-like structure as indicated already. As
a result, both of Cf and Nu with the puff tend to be slightly higher than those without puff, and
stay closer to the empirical correlations even for very low Reynolds numbers.
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4. Conclusions
We performed DNS of turbulent heat transfer in a transitional channel flow with two different
thermal boundary conditions down to Reτ = 60, and investigated the characteristics of the flow
and thermal fields accompanied by a puff-like structure (called ‘puff’, hereafter).
The puff occurs over the Reynolds-number range Reτ ≤ 80 (Rem ≤ 2300, or Rec ≤ 1430) with
the computational domain of (Lx ×Lz) = (51.2δ × 22.5δ). The puff maintains the intermittent
turbulence as low as Reτ = 60 (Rem = 1640, or Rec = 1070), whereas the flow without the
puff becomes laminar at the larger Re (Reτ = 60–64) than the transitional Reynolds number
obtained in experiments [11, 12]. The puff oblique with respect to x and z directions is observed
to emerge from an initial random distribution, although the influence of the periodic boundary
condition cannot be neglected. The homogeneous direction of the puff is tilted at an angle of
tan−1(Lz/Lx) (= 24◦ in this case) to the x direction. The turbulent and heat transfer properties
of the puff are investigated. It is revealed that the secondary flow around the laminar-turbulent
interface induces the isolated strong-turbulence region. The streaky structure usually found in
fully developed turbulent flows are also present in the intermittent-turbulence part of the puff. In
consequence, an localized large Cf and Nu region occurs; moreover, their ensemble-averaged
values are significantly larger than those without puff for Reτ ≤ 64.
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